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Preface to the Fourth Edition

The fast progress in many areas of research related to non-equilibrium thermo-
dynamics has prompted us to write a fourth edition of this book. Like in the
previous editions, our main concern is to open the subject to the widest audi-
ence, including students, teachers, and researchers in physics, chemistry, engineer-
ing, biology, and materials sciences. Our objective is to present a general view
on several open problems arising in non-equilibrium situations, and to afford a
wide perspective of applications illustrating their practical outcomes and conse-
quences. A better comprehension of the foundations is generally correlated to an
increase of the range of applications, implying mutual feedback and cross fertil-
ization. Truly, thermodynamic methods are widely used in many areas of science
but, surprisingly, the active dynamism of thermodynamics as a field on its own
is not sufficiently perceived outside a relatively reduced number of specialized
researchers.

Extended irreversible thermodynamics (EIT) goes beyond the classical for-
malisms based on the local equilibrium hypothesis; it was also referred to in an
earlier publication by the authors (Lebon et al. 1992) as a thermodynamics of the
third type, as it provides a bridge between classical irreversible thermodynamics
and rational thermodynamics, enlarging at the same time their respective range of
application. The salient feature of the theory is that the fluxes are incorporated into
the set of basic variables. The urge and interest of elevating the fluxes to a central
role is illustrated by our everyday experience, the fluxes of people, of goods, of
money, of energy, of pollutants, of information, are among the main protagonists of
our epoch of globalization. Lowering or exceeding some critical values of the fluxes
may be determinant in the survival or collapse of our economical and (or) social sys-
tem as it has been dramatically illustrated by financial and economical crises. Fluxes
are not only essential in social sciences, but also in biology: complex and delicate
networks of fluxes of matter, energy and information are basic to life. Thus, paying
a special attention to the fluxes seems in tune with science and society of our time.
This does not mean that they are the only possible choice for describing systems
beyond local-equilibrium, but certainly they are a logical and appealing possibility,
worth of exploration.

Our aim in this new edition is to update the previous versions by including new
materials and new applications to parallel the vertiginous developments of modern
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vi Preface to the Fourth Edition

technology. To enhance the pedagogical value of the book, we have increased the
number of applications, and figures comparing theory and experimental results.

In comparison with the third edition, the present one has been extensively remod-
elled. Several fundamental chapters have been restructured and rooted on intuitive
physics rather than on lengthy mathematical expressions. Fundamental questions
as the definition of temperature, entropy, fluctuations of the fluxes, and the nature
of boundary conditions are now becoming clearer than some years ago, and have
deserved a new presentation. More explicitly, a new chapter 10 on heat transport at
micro- and nano-scales is included; Chaps. 2, 11, 13 and 15 have been revisited in
depth, and several new sections have been added throughout the book. Some partic-
ular subjects or mathematical developments which can be omitted in a first reading
have been collected in boxes. Other aspects treated with detail in the authors’ other
books Understanding non-equilibrium thermodynamics (Springer 2008) and Ther-
modynamics of fluids under flow (Springer 2000) have been suppressed in this new
edition. Some misprints in the previous edition have been corrected, and the set of
proposed problems has been slightly enlarged and updated.

The present edition has benefited from the precious technical help of
Drs. V. Méndez and V. Ortega-Cejas. We are indebted to Dr. P. Galenko for
his contribution to Sect. 13.7 and for promoting the Russian translation of
our book (Rasshirenaia Neobratimaia Thermodinamika, published by Reguliar-
naia Kaoticheskaia Dinamika, Moscow-Itzvhesk, 2007). Fruitful discussions with
many other colleagues, among which the late Prof. A.M. Anile, are gratefully
acknowledged in the prefaces of the previous editions. David Jou and José Casas-
Vázquez have benefitted from the Grants BFM2000–0351-C03–01, BFM2003–
06033, FIS2006–12296-C02–01 of the Spanish Ministry of Education and Science,
and 1999SGR00095, 2001SGR00186 and 2005SGR00087 of the DGR of the Gen-
eralitat of Catalonia, Georgy Lebon acknowledges partial financial support from the
ESA Prodex Belgium Program.

Bellaterra, Barcelona David Jou
Liège José Casas-Vázquez
July 2009 Georgy Lebon



Preface to the Third Edition

In writing this third edition, we proceeded having in mind two main objectives:
pedagogy and physics. One of our essential concerns is indeed to open the sub-
ject to a large audience of scientists with a diversity of interests. This is the reason
we have emphasized the pedagogical aspects, starting with the simplest situations
before treating more complex problems. Our aim is to show that thermodynamics
is not restricted to the study of purely thermal phenomena but that it largely cov-
ers many different areas, going from continuum mechanics to statistical physics,
from nuclear collisions to cosmology, by passing, for instance, through chemistry,
rheology and biology.

Our second objective is to stress the physical aspects in their broadest sense, i.e.
trying to clarify the foundations and relating the theoretical results with experimen-
tal data and applications, rather than introducing formal and lengthy developments.
Important sections of the book are devoted to the discussion of fundamental notions,
such as the selection of basic variables, the definition of entropy, temperature, pres-
sure, and chemical potential outside equilibrium and the statement of the second
law. We feel that these crucial questions deserve special attention when they cross
the borders of classical theories. We have included new original results and opened
the door to new extensions and applications.

For the student or the researcher it may be stimulating to go beyond the classical
theories and to discover a domain of new ideas, new applications, and new problems.
This is what extended irreversible thermodynamics (EIT) offers nowadays: it does
not pretend to solve all the problems raised in continuum physics and statistical
mechanics, but it can be viewed as an emergent new global framework of non-
equilibrium thermodynamics and a rapidly advancing frontier with new applications
being treated and fundamental questions being asked and tentatively clarified.

This edition has been extensively remodelled compared to the first two. We have
gone from 12 to 18 chapters as a result of splitting some of the former chapters into
shorter ones and focusing better on the foundations and on the introduction to the
basic ideas of the latest developments. As for the two preceding editions, we have
clearly separated the structure of the book into three parts, namely the general the-
ory (Part I), microscopic foundations (Part II), and selected applications (Part III).
Amongst the most visible changes, we have split the general presentation of EIT into
two chapters: Chap. 2 devoted to establishing the transport equations and dynamical
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viii Preface to the Third Edition

aspects, and Chap. 3 in which we introduce the non-equilibrium equations of state
emphasizing the meaning of entropy and temperature in non-equilibrium states.
Comparison with the rational version of extended thermodynamics has been made
more explicit. Chapter 4 shows an overview of Hamiltonian formulations, which
have developed in recent years into a promising domain.

The microscopic foundations are discussed in Chaps. 5–9, with two new chap-
ters concerning information theory and computer simulations. Both topics were
already present in the former editions as subsections of other chapters, but recent
developments have justified a renewed and updated presentation.

Applications cover half of the book: nine chapters from the total 18. They show
that the exploration of new theoretical grounds is both an intellectual challenge and a
source of new practical possibilities. Since contemporary technology strives towards
higher speed, power, and miniaturization, the transport equations must incorporate
memory, non-local, and non-linear effects. Compared to the generalised transport
equations incorporating the aforementioned effects, EIT plays a role similar to that
played by classical irreversible thermodynamics with respect to the classical trans-
port equations. Diffusion and electrical phenomena, treated in a single chapter in
the previous editions, are the subject of two different, updated chapters; the rela-
tivistic formulation has also been split into two different chapters, one devoted to
the foundations and the other to cosmological applications. Finally, let us mention
that a wide overview of the literature on EIT as well as the solutions to the proposed
problems can be found on the http://telemaco.uab.es website.

This book, in its successive editions, has widely benefited from the fruitful sug-
gestions and comments by colleagues, including M. Anile, J. Camacho, M. Criado-
Sancho, L.S. Garcı́a-Colı́n, M. Grmela, P.T. Landsberg, R. Luzzi, W. Muschik,
D. Pavón, M. Torrisi, A. Valenti and many others. We acknowledge the financial sup-
port of the DGICyT of the Spanish Ministry of Education and Culture under Grant
Nos. PB90–0676 and PB94–0718, of the DGR of the Generalitat of Catalonia, under
Grant Nos. 1997SGR 00378 and 2000SGR 00095, of the Belgian Ministry of Sci-
entific Policy under PAI Grant Nos. 21, 29 and IV 6, and a grant from the European
Union in the framework of the Program of Human Capital and Mobility (European
Thermodynamic Network ERB-CHR XCT 920 007).

Bellaterra, Barcelona David Jou
Liège José Casas-Vázquez
March 2001 Georgy Lebon



Preface to the First Edition

Classical irreversible thermodynamics, as developed by Onsager, Prigogine and
many other authors, is based on the local-equilibrium hypothesis. Out of equilib-
rium, any system is assumed to depend locally on the same set of variables as when
it is in equilibrium. This leads to a formal thermodynamic structure identical to that
of equilibrium: intensive parameters such as temperature, pressure and chemical
potentials are well-defined quantities keeping their usual meaning, thermodynamic
potentials are derived as Legendre transformations and all equilibrium thermody-
namic relations retain their validity. The theory based on this hypothesis has turned
out to be very useful and has collected a number of successes in many practical
situations.

However, the recent decade has witnessed a surge of interest in going beyond
the classical formulation. There are several reasons for this. One of them is the
development of experimental methods able to deal with the response of systems to
high-frequency and short-wavelength perturbations, such as ultrasound propagation
and light and neutron scattering. The observed results have led to generalisations
of the classical hydrodynamical theories, by including memory functions or gen-
eralised transport coefficients depending on the frequency and the wavevector. This
field has generated impressive progress in non-equilibrium statistical mechanics, but
for the moment it has not brought about a parallel development in non-equilibrium
thermodynamics. An extension of thermodynamics compatible with generalised
hydrodynamics therefore appears to be a natural subject of research.

An additional reason has fostered an interest in generalising the classical trans-
port equations, like Fourier’s law for heat conduction, Fick’s law for diffusion,
and Newton’s law for viscous flow. It is well known that after introducing these
relations in the balance equations, one is led to parabolic partial-differential equa-
tions which imply that perturbations propagate with infinite speed. This behaviour
is incompatible with experimental evidence and it is also disturbing from a the-
oretical point of view, because collective molecular effects should be expected to
propagate at finite velocity, not only in a relativistic framework, but even from
a non-relativistic point of view. This unpleasant property can be avoided by tak-
ing into account the finite nonvanishing relaxation time of the respective fluxes,
e.g. heat flux, diffusion flux, momentum flux, sometimes generically called dissipa-
tive fluxes. The subsequent equations are however not compatible with the classical
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non-equilibrium thermodynamics, since they lead in some circumstances to negative
entropy production. Thus, a thermodynamic theory compatible with these phenom-
ena is highly desirable, because it may provide new insights into the meaning and
definition of fundamental thermodynamic quantities, as entropy and temperature,
and may clarify the limits of validity of the local-equilibrium hypothesis and of the
usual formulations of the second law out of equilibrium.

The former problems are not merely academic. It has been observed in several
systems that the dissipative fluxes are characterized by long relaxation times. Typi-
cal examples are polymeric fluids, heat and electric conductors at low temperature,
superconductors, and so on. An accurate understanding of these systems may thus
be important not only from a theoretical point of view, but also for practical pur-
poses. In real situations, these systems are out of equilibrium. Accordingly, there is
an urgent need for a non-equilibrium thermodynamic theory able, on the one hand,
to cope with the effects of long relaxation times and, on the other, to complement
other formalisms based on the use of internal variables.

There are other reasons for the present study. One should be aware that classical
irreversible thermodynamics is not the only non-equilibrium thermodynamic theory:
other theories, in particular the so-called rational thermodynamics, have achieved
some valuable results. To reconcile the classical and the rational points of view, it
would be of interest to have a theory able to provide a sufficiently wide ground
for discussion, thus making their common points evident and their main differences
understandable. Extended irreversible thermodynamics is a promising candidate.

Extended irreversible thermodynamics received a strong impetus in the past
decade. Besides the classical thermodynamic variables, this theory introduces as
new independent variables the dissipative fluxes and aims to obtain for them evo-
lution equations compatible with the second law of thermodynamics. The central
quantity is a generalised non-equilibrium entropy, depending on both the con-
served variables and the fluxes, which sheds new light on the content of the second
law. This generalised theory is corroborated from a microscopic point of view by
the kinetic theory, non-equilibrium information theory and other formulations of
non-equilibrium statistical mechanics.

The purpose of this book is to provide an introduction to the foundations of
extended irreversible thermodynamics, to discuss the main results and to present
some of its applications. After more than twenty years of research and several hun-
dreds of papers published by many groups in several countries we feel such a book is
sorely needed. Guided by the aim to be as illustrative and pedagogical as possible,
a relatively simple formulation of the theory is presented, but this is nevertheless
more than sufficient for the description of several phenomena not accessible to the
classical theory. The various topics treated in this book range from thermal waves
and phonon hydrodynamics to material and electrical transport, from ultrasound
propagation and generalised hydrodynamics to rheology, from kinetic theory to cos-
mology. Of course, other formulations of extended thermodynamics and other kinds
of applications are possible. They are likely to arise in the near future. We hope that
this book will be useful in providing a general view of present achievements and in
stimulating future research.
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We are very pleased to acknowledge many stimulating discussions with our col-
leagues Carlos Pérez-Garcı́a, Josep-Enric Llebot, Diego Pavón, José-Miguel Rubı́
and Joseph Lambermont for more than fifteen years of joint research, and also
with many other colleagues from the different groups which have devoted their
attention to extended irreversible thermodynamics. We also acknowledge the finan-
cial support of the Comisión Asesora para la Investigación Cientı́fica y Técnica
of the Spanish Government during the years 1979–1986 under grants 3913/79 and
2389/83, and of the Dirección General de Investigación Cientı́fica y Técnica of the
Spanish Ministry of Education, under grants PB86–0287, PB89–0290, and PB90–
0676. The collaboration between our groups in Bellaterra and Liège has been made
economically possible because of the NATO grant 0355/83.

Bellaterra, Barcelona David Jou
Liège José Casas-Vázquez
March 1993 Georgy Lebon





Contents

Part I General Theory

1 Classical, Rational and Hamiltonian Formulations
of Non-equilibrium Thermodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1 The General Balance Laws of Continuum Physics . . . . . . . . . . . . . . . . . . . 4

1.1.1 The One-Component System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.1.2 The Multicomponent Mixture. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.1.3 Charged Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.2 The Law of Balance of Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.3 Classical Irreversible Thermodynamics .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.3.1 The Local-Equilibrium Hypothesis .. . . . . . . . . . . . . . . . . . . . . . . . . 14
1.3.2 Entropy Production and Entropy Flux . . . . . . . . . . . . . . . . . . . . . . . 15
1.3.3 Linear Constitutive Equations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.3.4 Constraints on the Phenomenological Coefficients . . . . . . . . . 20
1.3.5 The Onsager–Casimir Reciprocal Relations . . . . . . . . . . . . . . . . 20
1.3.6 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.4 Rational Thermodynamics .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.4.1 The Basic Axioms of Rational Thermodynamics .. . . . . . . . . . 24
1.4.2 Constitutive Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
1.4.3 Critical Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

1.5 A Hamiltonian Formulation: the GENERIC Formalism . . . . . . . . . . . . . . . 32
1.6 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2 Extended Irreversible Thermodynamics: Evolution Equations . . . . . . . . . 41
2.1 Heat Conduction in Rigid Solids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.1.1 Motivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.1.2 The Generalised Gibbs Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

2.3 One-Component Viscous Fluid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
2.4 The Generalised Entropy Flux and Entropy Production .. . . . . . . . . . . . . 55
2.5 Linearized Evolution Equations of the Fluxes . . . . . . . . . . . . . . . . . . . . . . . . 57
2.6 Rational Extended Thermodynamics .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.6.1 Heat Conduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
2.6.2 Viscous Fluids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

xiii



xiv Contents

2.7 Some Comments and Perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
2.8 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3 Extended Irreversible Thermodynamics: Non-equilibrium
Equations of State . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.1 Physical Interpretation of the Non-equilibrium Entropy . . . . . . . . . . . . . 71
3.2 Non-equilibrium Equations of State: Temperature . . . . . . . . . . . . . . . . . . . 74

3.2.1 Zeroth Law, Second Law, and Temperature .. . . . . . . . . . . . . . . . 75
3.2.2 Evaluation of � in Some Special Situations . . . . . . . . . . . . . . . . . 79
3.2.3 Alternative Definitions of Generalised Temperature .. . . . . . . 79
3.2.4 Experimental Hints for the Non-equilibrium Temperature . 81

3.3 Non-equilibrium Equations of State: Thermodynamic Pressure . . . . . 82
3.4 Concavity Requirements and Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

3.4.1 Heat Conduction in a Rigid Solid . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
3.4.2 Heat Conduction in Ideal Gases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
3.4.3 Shear Viscous Pressure in Viscous Fluids . . . . . . . . . . . . . . . . . . . 88

3.5 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

Part II Microscopic Foundations

4 The Kinetic Theory of Gases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.1 The Basic Concepts of Kinetic Theory .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.1.1 Balance Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
4.1.2 The H-Theorem and the Second Law.. . . . . . . . . . . . . . . . . . . . . . . 96

4.2 Non-equilibrium Entropy and the Entropy Flux . . . . . . . . . . . . . . . . . . . . . . 98
4.3 Grad’s Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
4.4 The Relaxation-Time Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .104
4.5 Dilute Non-ideal Gases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .106

4.5.1 Entropy and Evolution Equations .. . . . . . . . . . . . . . . . . . . . . . . . . . .107
4.5.2 Microscopic Identification of Coefficients . . . . . . . . . . . . . . . . . .109

4.6 Non-linear Transport . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .110
4.7 Beyond the Thirteen-Moment Approximation .. . . . . . . . . . . . . . . . . . . . . . .114
4.8 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .119

5 Fluctuation Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .123
5.1 Einstein’s Formula: Second Moments of Equilibrium Fluctuations .123
5.2 Ideal Gases. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .128
5.3 Fluctuations and Hydrodynamic Stochastic Noise . . . . . . . . . . . . . . . . . . .131
5.4 The Entropy Flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .131
5.5 Application to a Radiative Gas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .133
5.6 Onsager’s Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .135
5.7 Experimental Observations of Fluctuations of the

Fluxes and Flux Fluctuation Theorem.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .137
5.8 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .139



Contents xv

6 Information Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .143
6.1 Basic Concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .143
6.2 Ideal Gas Under Heat Flux and Viscous Pressure . . . . . . . . . . . . . . . . . . . .148
6.3 Ideal Gas Under Shear Flow: Non-linear Analysis . . . . . . . . . . . . . . . . . . .150
6.4 Ideal Gas Submitted to a Heat Flux: Non-linear Analysis . . . . . . . . . . .153
6.5 Relativistic Ideal Gas Under an Energy Flow . . . . . . . . . . . . . . . . . . . . . . . . .154
6.6 Heat Flow in a Linear Harmonic Chain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .157
6.7 Information Theory and Non-equilibrium Fluctuations . . . . . . . . . . . . . .162
6.8 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .166

7 Linear Response Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .169
7.1 Projection Operator Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .169
7.2 Evolution Equations for Simple Fluids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .175
7.3 Continued-Fraction Expansions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .179
7.4 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .181

8 Computer Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .183
8.1 Computer Simulations of Non-equilibrium Steady States . . . . . . . . . . .183
8.2 Non-equilibrium Equations of State . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .185
8.3 Dependence of the Free Energy on the Shear Rate:

Non-linear Approach .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .188
8.4 Shear-Induced Heat Flux and the Zeroth Law . . . . . . . . . . . . . . . . . . . . . . . .190
8.5 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .192

Part III Selected Applications

9 Hyperbolic Heat Transport in Rigid Conductors . . . . . . . . . . . . . . . . . . . . . . . . .199
9.1 Linear Wave Propagation: Second Sound

and Telegrapher Equation .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .200
9.2 Transient Heat Conduction: Parabolic Versus

Hyperbolic Regimes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .202
9.2.1 Formulation of the Problem in Absence of

Internal Source .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .202
9.2.2 Results for Diamond Films. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .204
9.2.3 Heating in Presence of Internal Energy

Source: Application to Thermal Ignition . . . . . . . . . . . . . . . . . . . .205
9.3 Beyond the Cattaneo Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .208

9.3.1 Guyer–Krumhansl’s Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .209
9.3.2 A Generalised Guyer–Krumhansl’s Model . . . . . . . . . . . . . . . . . .210
9.3.3 Other Examples of Flux Limiters . . . . . . . . . . . . . . . . . . . . . . . . . . . .219

9.4 Phonon Hydrodynamics.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .222
9.5 Two-Temperature Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .223
9.6 Other Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .224
9.7 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .225



xvi Contents

10 Heat Transport in Micro- and Nano-systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .233
10.1 EIT Description of Heat Conduction

at Micro- and Nano-scales . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .234
10.1.1 Effective Heat Conductivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .235
10.1.2 Transient Temperature Distribution in a Micro Film . . . . . . .239

10.2 The Equation of Phonon Radiative Transfer . . . . . . . . . . . . . . . . . . . . . . . . . .241
10.3 The Ballistic Diffusion Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .245

10.3.1 The Model Equations .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .246
10.3.2 Illustration: Transient Heat Transport in Thin Films. . . . . . . .249

10.4 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .251

11 Waves in Fluids: Sound, Ultrasound, and Shock Waves . . . . . . . . . . . . . . . . .253
11.1 Sound Propagation in Fluids: Linear Waves . . . . . . . . . . . . . . . . . . . . . . . . . .253

11.1.1 The Classical Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .254
11.1.2 Extended Thermodynamic Theory .. . . . . . . . . . . . . . . . . . . . . . . . .256
11.1.3 Particular Results for Monatomic Gases . . . . . . . . . . . . . . . . . . . .258

11.2 Non-linear Acceleration Waves in Monatomic Ideal Gases . . . . . . . . . .262
11.3 Shock Waves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .264

11.3.1 The Classical Navier–Fourier–Stokes Approach .. . . . . . . . . . .264
11.3.2 The Extended Irreversible Thermodynamics Approach . . . .266
11.3.3 Shock Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .269

11.4 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .271

12 Generalised Hydrodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .275
12.1 Density and Current Correlation Functions . . . . . . . . . . . . . . . . . . . . . . . . . . .275
12.2 Spectral Density Correlation .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .277

12.2.1 The Classical Hydrodynamical Approximation .. . . . . . . . . . . .277
12.2.2 The EIT Description .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .280

12.3 The Transverse Velocity Correlation Function:
The EIT Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .282

12.4 The Longitudinal Velocity Correlation Function: The
EIT Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .285

12.5 Influence of Higher-Order Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .288
12.6 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .289

13 Non-classical Diffusion, Thermo-diffusion and Suspensions . . . . . . . . . . . .291
13.1 Molecular Diffusion in Perfect Fluid Mixtures . . . . . . . . . . . . . . . . . . . . . . .292
13.2 Telegrapher’s Equation and Stochastic Processes . . . . . . . . . . . . . . . . . . . .297

13.2.1 Correlated Random Walk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .298
13.2.2 H–Theorem for Telegrapher Type Equation .. . . . . . . . . . . . . . . .299

13.3 Non-Fickian Diffusion in Polymers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .301
13.4 Hyperbolic Reaction–Diffusion Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . .306
13.5 Thermo-diffusion in Binary Mixtures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .308
13.6 Suspensions of Solid Particles in Fluids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .311

13.6.1 Suspensions Versus Molecular Diffusion. . . . . . . . . . . . . . . . . . . .312
13.6.2 EIT Description of Suspensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . .313



Contents xvii

13.6.3 Comparison with Other Models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .316
13.7 Microstructure in Rapid Solidification of Binary Alloys . . . . . . . . . . . . .318
13.8 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .321

14 Electrical Systems and Micro-devices Modelization . . . . . . . . . . . . . . . . . . . . . .327
14.1 Electrical Systems: Evolution Equations .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .327
14.2 Cross Terms in Constitutive Equations: Onsager’s Relations . . . . . . . .331
14.3 Hydrodynamical Models of Transport in

Semiconductors and Plasmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .334
14.3.1 Transport in Semiconductors.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .334
14.3.2 Transport in Plasmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .338

14.4 Dielectric Relaxation of Polar Liquids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .340
14.5 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .343

15 From Thermoelastic Solids to Rheological Materials . . . . . . . . . . . . . . . . . . . .347
15.1 Thermoelasticity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .348
15.2 Viscoelasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .351
15.3 Plasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .354
15.4 Relation of EIT to Kinetic Polymer Models . . . . . . . . . . . . . . . . . . . . . . . . . .359

15.4.1 The Rouse and Zimm Models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .359
15.4.2 EIT Description of the Rouse and Zimm Models . . . . . . . . . . .360
15.4.3 Kinetic Justification of the EIT Results. . . . . . . . . . . . . . . . . . . . . .361

15.5 Non-Newtonian Fluids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .365
15.5.1 General Considerations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .365
15.5.2 EIT Description of Second-Order

Non-Newtonian Fluids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .369
15.6 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .376

16 Thermodynamics of Polymer Solutions Under Shear Flow . . . . . . . . . . . . . .383
16.1 The Chemical Potential Under Shear. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .384
16.2 Explicit Solution for the Rouse–Zimm Model . . . . . . . . . . . . . . . . . . . . . . . .388
16.2 Chemical Reactions Under Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .393

16.2.1 Shear-Induced Effect on the Affinity . . . . . . . . . . . . . . . . . . . . . . . .393
16.2.2 Illustration: Polymer Degradation Under Flow . . . . . . . . . . . . .394

16.4 Dynamical Approach.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .397
16.5 Shear-Induced Migration of Polymers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .399
16.6 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .403

17 Relativistic Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .407
17.1 The Macroscopic Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .408
17.2 Characteristic Speeds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .411
17.3 Relativistic Kinetic Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .414
17.4 Nuclear Matter and Relativistic Ion Collisions . . . . . . . . . . . . . . . . . . . . . . .417
17.5 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .419



xviii Contents

18 Viscous Cosmological Models and Cosmological Horizons . . . . . . . . . . . . . .423
18.1 Viscous Cosmological Models and Accelerated Expansion.. . . . . . . . .424
18.2 Particle Production and Effective Bulk Viscosity . . . . . . . . . . . . . . . . . . . . .430
18.3 Extended Thermodynamics and Cosmological Horizons . . . . . . . . . . . .432
18.4 Astrophysical Problems: Gravitational Collapse . . . . . . . . . . . . . . . . . . . . .435
18.5 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .436

A Summary of Vector and Tensor Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .439
A.1 Symmetric and Antisymmetric Tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .439
A.2 Decomposition of a Tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .439
A.3 Scalar (or Dot) and Tensorial (Inner) Products . . . . . . . . . . . . . . . . . . . . . . .440
A.4 (Inner) Tensorial Product (also Named Dyadic Product) . . . . . . . . . . . . .441
A.5 Cross Multiplication Between Two Vectors

and Between a Tensor and a Vector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .441
A.6 Differentiation .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .441
A.7 Tensor Invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .442

B Useful Integrals in the Kinetic Theory of Gases. . . . . . . . . . . . . . . . . . . . . . . . . . .443

C Some Physical Constants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .445

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .447

Author Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .469

Subject Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .477





Part I
General Theory





Chapter 1
Classical, Rational and Hamiltonian
Formulations of Non-equilibrium
Thermodynamics

The nineteenth century was the golden age for classical thermodynamics: as this
theory concerns essentially systems at equilibrium, we shall refer to it as equilibrium
thermodynamics. It was developed by a pleiad of exceptionally brilliant scientists
as Carnot, Mayer, Joule, Helmholtz, Clausius, Lord Kelvin, Maxwell, Boltzmann,
Gibbs, Planck, Duhem, etc.

Equilibrium thermodynamics is based on two major statements:

1. The energy of the universe is constant (first law).
2. The entropy of the universe never decreases (second law).

Only in the first half of the twentieth century it was felt necessary to go beyond the
equilibrium approach. Lars Onsager published two seminal and pioneering papers
on non-equilibrium thermodynamics in the Physical Review in 1931 (Onsager 1931).
The merit of Onsager was recognized by the Nobel Foundation, which awarded
him the Nobel Prize for chemistry in 1968. Other fundamental contributions to non-
equilibrium thermodynamics are due to Eckart, Meixner and Prigogine (Nobel Prize
for chemistry in 1977). The formalism proposed by Onsager, Eckart, Meixner, and
Prigogine is usually referred to as classical irreversible thermodynamics (CIT). This
theory has seen an extraordinary expansion since the 1940s and has been widely
applied in physics, biophysics, chemistry and engineering science. Excellent papers
and monographs on the subject are those of Eckart (1940), Meixner and Reik (1959),
Prigogine (1961), and de Groot and Mazur (1962). Other useful contributions are
Denbigh (1950), Haase (1969), Gyarmati (1970), Woods (1975), Lavenda (1979),
Kreuzer (1981), Kjelstrup and Bedeaux (2008), Lebon et al. (2008b) among many
others.

In this chapter, a broad outline of classical non-relativistic irreversible thermo-
dynamics is presented. Although CIT has been able to describe a large number of
non-equilibrium processes in complete agreement with experiment, it suffers from
some limitations: several phenomena do not comply with the framework of CIT.
Efforts have been made to enlarge the range of application of CIT and these emerge
in the formulation of a new theory, called by its authors rational thermodynamics
(RT). This formalism, mainly developed by Coleman (1964), Truesdell (1968, 1984)
and Noll (1974), has significantly contributed to the advancement of the knowledge

D. Jou et al., Extended Irreversible Thermodynamics,
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of continuum thermodynamics, and it is our opinion that this subject deserves a
place in this review section.

In parallel to the above approaches, a Hamiltonian structure of non-equilibrium
thermodynamics has also been developed. It was originally proposed as a general-
ization of the Poisson bracket formalism (Grmela 1984) and more recently Grmela
and Öttinger (1997) have arrived at a new framework known as GENERIC (Gen-
eral Equation for the Non-Equilibrium Reversible–Irreversible Coupling) (see also
Öttinger 2005). The main merit is to impose restrictions on the reversible part of the
evolution equations while the previous formalisms, in particular CIT and RT, place
solely restrictions on the irreversible part. In GENERIC, the evolution equations
are expressed in terms of two potentials, energy and entropy, generalizing Landau’s
potential (Landau and Lifshitz 1985) widely used in mechanics and fluid dynamics.
GENERIC has been extensively applied to the modelling of the flow properties of
rheological fluids. The main ideas underlying this theory are briefly presented in the
last section of the present chapter.

1.1 The General Balance Laws of Continuum Physics

This section is preparatory to all the other sections and will concern the establish-
ment of the general balance laws of mass, momentum, and energy. Here, for the
sake of simplicity, relativistic effects are not considered. We consider a portion of
matter of massM occupying a volume V limited by a boundary†. We suppose that
the continuum hypothesis holds and that for any extensive quantity B one has

lim
�M!0

�B

�M
D b; lim

�M!0

�B

�V
D �b or B D

Z
V

�bdV ;

where � is the total mass density and b the specific value of B referred to per unit
mass.

The most general form of the balance equation for any quantity b is given by

Z
V.t/

@

@t
.�b/dV D �

Z
†.t/

J b � nd†C
Z

V.t/

�bdV; (1.1)

where @=@t is the local or Eulerian time derivative, a middot means the scalar prod-
uct, J b represents the quantity B flowing per unit area and unit time through the
boundary †, n is the positive unit normal to †, oriented by convention in the out-
ward direction of the volume V , and �b is the rate of production (>0) or destruction
(<0) per unit volume of the quantity B . The flux J b is a vector (or tensor) if b is
a scalar (or vector), and �b has the same tensorial rank as b. Assuming that (1.1) is
valid for any volume V and that the integrands are continuous functions of position,
one obtains the following local form of the balance equation:

@

@t
.�b/ D �r � J b C �b ; (1.2)
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after use is made of Gauss’ theorem,

Z
J b � nd† D

Z
r�J bdV;

where r denotes the nabla operator. When �b is zero, the quantity b is said to be
conserved.

If the integrands in (1.1) are not continuous, there exist discontinuities inside
the volume taking for example the form of a surface. By imposing balance laws
on a volume surrounding the discontinuity surface and letting the volume go to
zero, one obtains the so-called jump conditions. Under rather general conditions
(Truesdell and Toupin 1960), it is possible to show that relation (1.2) leads to the
jump condition

� Œ��nb�C Œn � J b� D �b
†: (1.3)

Brackets denote the jump of the corresponding quantity across the discontinuity;
�n is the normal speed of displacement of the surface with respect to the material
and �b

† the rate of production per unit area. On a material discontinuity surface one
has �n D 0. Obviously, the production term �b

† vanishes for a conserved quantity.
For a detailed examination of the thermodynamics of surfaces see Kjelstrup and
Bedeaux (2008).

An elegant and quick derivation of the balance equations of mass, momentum and
energy can be achieved by starting from the first law of thermodynamics and impos-
ing the principle of Galilean invariance. Other criteria of invariance, like Euclidean
invariance are also common in continuum physics.

1.1.1 The One-Component System

The first law of thermodynamics, which expresses the balance of total energy, takes
for an electrically neutral system the form

dE

dt
D dW

dt
C dQ

dt
; (1.4)

withE D UCK;E is the total energy, equal to the sum of the internal energyU and
the kinetic energy K , W is the work performed by the body forces per unit mass
F and the contact forces T , and Q is the heat exchanged with the outside world
through the boundary. More explicitly, U , K , dQ=dt , and dW=dt are given by

U D
Z

V.t/

�udV; K D 1
2

Z
V.t/

����dV; (1.5a)

dQ

dt
D �

Z
†.t/

q � nd†;
dW

dt
D �

Z
†.t/

T � �d†C
Z

V.t/

�F � �dV; (1.5b)
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where T is related to the pressure tensor P by means of Cauchy’s relation T D�P�n.
The notation in (1.5a and b) is classical: u is the specific internal energy, v the
velocity field, and q the heat flux vector. We now make use of the Reynolds transport
theorem, which, for an arbitrary quantity b, can be written as

d

dt

Z
V.t/

bdV D
Z

V.t/

@b

@t
dV C

Z
†.t/

bv � nd†:

After substitutions of expressions (1.5) in the first law (1.4), one is led to the local
form of the energy balance

�.PuCv� Pv/C
�

uC 1

2
v � v

�
. P�C�r�v/ D �r�q�PT W rv�v�.r�P/C�F �v; (1.6)

where superscript T means transposition, an upper dot stands for the material or
Lagrangian time derivative (i.e., d=dt D @=@t C v � r) and a colon the double scalar
product

A W B D
X
i;j

AijBj i :

A short summary of basic concepts in tensorial calculus may be found in
Appendix A.

According to the Galileo principle, (1.6) must be invariant with respect to the
transformation v ! v C v0, where v0 is a constant and uniform velocity. After
substitution in (1.6) of v by vC v0 and subtraction of (1.6), one obtains

1
2

v0 � v0. P�C �r � v/C v0 � Œ. P�C �r � v/vC �PvCr � P � �F � D 0: (1.7)

This relation could be invariant with respect to v0 on condition that the following
equations are satisfied:

P� D ��r � v; (1.8)

�Pv D �r � PC �F : (1.9)

With these results in mind, (1.6) reduces to

� Pu D �r � q � PT W rv: (1.10)

It is also convenient to express the balance of mass (1.8) in terms of the specific
volume v (D 1=�); this leads to

�Pv D r � v: (1.11)

Relations (1.8–1.10) are the laws of balance of mass, momentum, and internal
energy respectively, written in the Lagrange representation; the balance of mass
is also known as the continuity equation.
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Table 1.1 Fluxes and supply terms (sources)

Quantity, b Flux, J b Source, �b

Mass �� 0

Momentum P C ��� �F

Internal energy q C �u� �PT W r�

In terms of the local time derivative (Euler representation), Eqs. (1.8–1.10) take
the form

@�

@t
D �r � .�v/; (1.12)

@.�v/
@t
D �r � .PC �vv/C �F ; (1.13)

@.�u/

@t
D �r � .q C �uv/� PT W rv; (1.14)

where vv is a dyadic product. Expressions (1.12–1.14) are useful because they allow
one to identify the various fluxes and supply terms corresponding respectively to the
mass, momentum, and energy, as shown in Table 1.1.

Clearly the mass is conserved. The quantities P and �vv are the conductive and
convective transport of momentum respectively; if no external (or body) force is
acting on the system, momentum is conserved. Similarly, q describes the transport
of internal energy due to conduction, while �uv is the contribution arising from
convection; the term �PT W rv represents the internal energy supply.

Addition of (1.13), after scalar multiplication by v, and (1.14) yields the balance
equation of total energy:

@

@t

�
�
�
uC 1

2
v � v�� D �r � �q C � �uC 1

2
v � v� vC P � v�C �F � v; (1.15)

from which it follows that in the absence of external force the total energy is
conserved.

For later use, we split the velocity gradient (a tensor) into a symmetric and an
antisymmetric part

rv D VCW; (1.16)

with

V D 1
2

h
rvC .rv/T

i
;W D 1

2

h
rv � .rv/T

i
;

or, in Cartesian coordinates,

Vij D 1

2

�
@vj

@xi

C @vi

@xj

�
;Wij D 1

2

�
@vj

@xi

� @vi

@xj

�
:
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The rate of deformation tensor V may be further decomposed as

V D 1
3
.r � v/UC 0

V; (1.17)

where U is the identity tensor and
0

V the deviatoric traceless tensor.
Without loss of generality, the pressure tensor can be decomposed into an

equilibrium part p and a viscous part Pv:

P D pUC Pv: (1.18)

Further, the viscous pressure tensor Pv can be split into a scalar bulk viscous pressure

pv and a traceless deviator
0

Pv according to

Pv D pvUC
0

Pv; (1.19)

with
pv D 1

3
Tr Pv:

In the absence of intrinsic rotational motions and external couples, conservation of
the angular momentum implies the symmetry of the pressure tensor (de Groot and
Mazur 1962): P D PT . Along this book, tensor P is assumed to be symmetric. For
a hint of the physical meaning of the antisymmetric part of P see Problem 1.5.

1.1.2 The Multicomponent Mixture

Let us consider a system containing N different constituents labelled k D
1; 2; : : : ; N; with mass density �k , among which take place n chemical reactions.
It is assumed that every point in space is occupied simultaneously by particles of
all the constituents. The balance equations of mass, momentum, and energy of the
individual constituents are derived in many books and papers (e.g. De Groot and
Mazur 1962; Woods 1975; Truesdell 1984) and we just list the results:

@�k

@t
D �r � .�kvk/C �

nX
lD1

�kl
P�l .k D 1; 2; : : : ; N /; (1.20)

@

@t
.�kvk/ D �r � .Pk C �kvkvk/C �kF k C 	k .k D 1; 2; : : : ; N /; (1.21)

@

@t

�
�k

�
uk C 1

2
vk � vk

�� D �r � �qk C �k

�
uk C 1

2
vk � vk

�
vk C Pk � vk

�
C �kF k � vk C ek: .k D 1; 2; : : : ; N /

(1.22)
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In (1.20), the term �kl
P�l represents the rate of production of constituent k in the l th

chemical reaction, �kl is the stoichiometric coefficient of constituent k in the chemi-
cal reaction l times the ratio of the molecular mass of k and a constant mass, say the
total mass of the reactants (�kl is positive for products of the reaction and negative
for reactants), and �l is the rate of advancement of reaction l . In (1.21) and (1.22),
F k is the specific body force acting on constituent k, and the quantities Pk , qk , uk

denote respectively the partial pressure tensor, heat flux, and internal energy corre-
sponding to component k. The production terms 	k in the momentum law (1.21)
and ek in (1.22) play similar roles as the mass production due to chemical reactions
in (1.20): the productions	k and ek of momentum and energy contain contributions
due to the interaction forces and the exchange of momentum and energy between
the various components, respectively.

Let us define the total density � and the centre-of-mass velocity v by

� D
NX

kD1

�k (1.23)

and

�v D
NX

kD1

�kvk: (1.24)

By mass fraction of the constituent k is meant the ratio

ck D �k

�
; (1.25)

with, obviously,
NP

kD1

ck D 1.

It is customary to introduce the diffusion velocity wk and diffusion flux J k as:

wk D vk � v; (1.26a)

J k D �k.vk � v/; (1.26b)

with the property
NX

kD1

J k D 0: (1.27)

Bearing in mind these definitions, the balance law for the mass fraction takes the
form

� Pck D �r � J k C �
nX

lD1

�kl
P�l : (1.28)

The balance equations (1.12), (1.13), and (1.15) for the total mass, momentum, and
energy must be satisfied, and this requirement is reflected in the following constraint
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equations:

NX
kD1

�kl D 0 .l D 1; 2; : : : ; n/; (1.29a)

NX
kD1

.Pk C �kwkwk/ D P;
NX

kD1

�kF k D �F ;

NX
kD1

	k D 0; (1.29b)

NX
kD1

�k

�
uk C 1

2
wk � wk

�
D �u;

NX
kD1

�
qkC �wk.uk C 1

2
wk � wk/C Pk � wk

� D q;

(1.29c)
NX

kD1

ek D 0: (1.29d)

Equation (1.29a) expresses the conservation of mass in each chemical reaction.
Equation (1.29b and c) indicate that the sum of the partial pressure tensors, inter-
nal energies, and heat fluxes represent only partial contributions to the total pressure
tensor, internal energy, and heat flux respectively.

1.1.3 Charged Systems

In this subsection, we shall reformulate the balance equations for a mixture of N
charged components subject to an electromagnetic field. Denoting by zk the charge
per unit mass of constituent k, the total charge per unit mass is given by

�z D
NX

kD1

�kzk : (1.30)

The current density is defined by

I D
NX

kD1

�kzkvk; (1.31)

which can be cast into

I D
NX

kD1

�kzk.vk � v/C
NX

kD1

�kzkv: (1.32)
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Defining the conduction current by

i D
NX

kD1

�kzk.vk � v/ D
NX

kD1

zkJ k (1.33)

and using expression (1.30), we find that (1.31) becomes

I D i C �zv; (1.34)

where �zv is the convection current.
We now assume, for simplicity, that the components are chemically inert and that

polarization effects are negligible. The charge conservation law is directly derived
from the mass fraction balance law (1.28). After multiplying (1.28) by zk and adding
up all the N constituents one obtains

�Pz D �r � i ; (1.35)

or, equivalently,
@

@t
.�z/ D �r � I : (1.36)

The laws of momentum and energy are obtained by using the same procedure
as in Subsect. 1.1.1. The only difference with the above developments is expres-
sion dW=dt , which now contains an additional term arising from the presence of
electrical forces and is given by

dWel

dt
D
Z

V.t/

NX
kD1

�kF k � vkdV ; (1.37)

where Wel is the work performed by electromagnetic forces and F k stands for the
Lorentz force acting per unit mass of constituent k,

F k D zk.E C vk � B/; (1.38)

E being the electrical field and B the magnetic induction. It is a simple exercise to
show that (1.37) can be rewritten as

dWel

dt
D
Z

V.t/

NX
KD1

Œ�kzk.E C vk � B/ � vC i � .v �B/� dV: (1.39)

Denoting by Ut the sum of the total internal energy and the diffusion energy,

Ut D U C 1
2

Z
V.t/

NX
KD1

�kwk � wkdV; (1.40)
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one can write the balance of total energy (1.4) as

dUt

dt
C dK

dt
D dQ

dt
C dWmec

dt
C dWel

dt
; (1.41)

where K is the kinetic energy of the centre of mass,

K D 1
2

Z
V.t/

� v � vdV ; (1.42)

and dWmec=dt is the power developed by the mechanical forces,

dWmec

dt
D �

Z
V.t/

Œr � .v � P/ � �F � v�dV;

where (1.13) and (1.14) have been used.
It is readily checked that (1.41) is locally given by

� Put C �v � Pv D �r � q C
"
�F � r � PC

NX
kD1

�kzk.E C vk � B/
#
� v

Ci � .E C v � B/� P W rv: (1.43)

Let " be the Galilean invariant quantity

" D E C v �B (1.44)

representing the electric field measured in a moving reference frame with velocity v.
In terms of ", (1.43) becomes

.��PvC �F � r � PC �z"C i � B/ � v D � Put Cr � q C P W rv � " � i : (1.45)

The invariance with respect to the Galilean transformations results in the following
balance equations for momentum and internal energy:

�Pv D �r � PC �F C �z"C i � B; (1.46)

� Put D �r � q � P W rvC " � i : (1.47)

In addition to the mechanical forces, the momentum balance (1.46) contains extra
contributions coming from the Lorentz force �z" and the Laplace force i �B acting
on current i . In the energy law, the supplementary contribution " � i is identified as
the rate of dissipated energy.



1.2 The Law of Balance of Entropy 13

1.2 The Law of Balance of Entropy

In analogy with equilibrium thermodynamics, it is assumed that outside equilibrium
there exists an extensive quantity S , called entropy, which is a sole function of the
state variables. In general, the rate of change of S can be written as the sum of two
terms:

dS

dt
D deS

dt
C diS

dt
; (1.48)

where deS=dt is the rate of entropy exchanged with the surroundings, which may be
zero, positive, or negative, and diS=dt derives from processes occurring inside the
system. According to the second law of thermodynamics, diS=dt is a non-negative
quantity:

diS

dt
� 0: (1.49)

diS=dt is zero at equilibrium or for reversible transformations and positive for
irreversible processes.

Without loss of generality, we can define a local specific entropy s, a local entropy
flux J s , and a local rate of production �s , respectively:

S D
Z

V.t/

�sdV ; (1.50a)

deS

dt
D �

Z
†.t/

J s � nd†; (1.50b)

diS

dt
D
Z

V.t/

�sdV : (1.50c)

After replacing (1.50a–c) in (1.48) and making use of the Gauss and Reynolds
theorems, one obtains the local Lagrangian form of the entropy balance:

�Ps D �r � J s C �s ; (1.51)

and, in Eulerian form, one has

@

@t
.�s/ D �r � .J s C �sv/C �s ; (1.52)

with
�s � 0 (1.53)

in either case. Inequality (1.53) goes beyond the usual formulation of the second law
in equilibrium thermodynamics, where only the global increase of entropy between
two equilibrium states in an isolated system is considered. Here it is assumed that the
statement (1.53) holds at any position in space and any instant of time, for whatever
the evolution of the system.
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One of the main objectives of non-equilibrium thermodynamics is to express
�s as a function of the quantities characterizing the irreversible processes. This is
important because it displays the sources of irreversibility occurring in a process.
Moreover, it will be shown later that the very form of the local rate of entropy
production may serve as a guide to determine the constitutive relations describing
the dynamical response of the system to external or internal solicitation.

1.3 Classical Irreversible Thermodynamics

This section is devoted to the derivation and discussion of the main results of clas-
sical irreversible thermodynamics (CIT). Here we only examine the macroscopic
aspects, but it must be realized that these are deeply rooted in the microscopic point
of view. The reader interested in a detailed analysis is referred to the authoritative
treatises mentioned in the introduction. The range of application of CIT comprises
those systems satisfying the hypothesis of local equilibrium, which is analysed in
full in the next subsection.

1.3.1 The Local-Equilibrium Hypothesis

The fundamental hypothesis underlying CIT is that of local equilibrium. It postu-
lates that the local and instantaneous relations between the thermal and mechanical
properties of a physical system are the same as for a uniform system at equilibrium.
It is assumed that the system under study can be mentally split into a series of cells
sufficiently large to allow them to be treated as macroscopic thermodynamic subsys-
tems, but sufficiently small that equilibrium is very close to being realized in each
cell.

The local-equilibrium hypothesis implies that

1. All the variables defined in equilibrium thermodynamics remain significant. Vari-
ables such as the temperature and the entropy are rigorously and unambiguously
defined just as they are in equilibrium. In each cell, these quantities remain uni-
form but they take different values from cell to cell; they are also allowed to
change in the course of time in such a way that they depend continuously on the
space and time coordinates .r ; t/.

2. The relationships in equilibrium thermodynamics between state variables remain
valid outside equilibrium provided that they are stated locally at each instant
of time. Thus, the entropy outside equilibrium will depend on the same state
variables as at equilibrium.

For an N -component fluid, the specific entropy s will be a function of the specific
internal energy u, the specific volume v, and the mass fractions ck of the different
components, i.e. s.r ; t/ D sŒu.r ; t/; v.r ; t/; ck.r; t/� and in differential form,
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ds D
�
@s

@u

�
v;ck

duC
�
@s

@v

�
u;ck

dvC
NX

kD1

�
@s

@ck

�
u;v;ck0

dck .for k0 ¤ k/:
(1.54)

Defining, as in equilibrium thermodynamics, the absolute temperature T , the pres-
sure p, and the chemical potential 
k by

T �1 D
�
@s

@u

�
v;ck

; T �1p D
�
@s

@v

�
u;ck

; T �1
k D �
�
@s

@ck

�
u;v;ck0

;

(1.55)
respectively, one obtains from (1.54) the local form of the Gibbs equation, namely

T ds D duC pdv �
NX

kD1


kdck: (1.56)

This equation is fundamental for finding out the rate of entropy production, as shown
in the next subsection. Note that (1.56) is written in the centre-of-mass reference
frame, since equilibrium thermodynamics cannot cope with convective phenomena.
A simple procedure allowing one to determine the form of the Gibbs equation for a
wide variety of systems (one-component fluids, mixtures, electromagnetic systems)
was proposed by Lambermont and Lebon (1973).

3. A third consequence of the local-equilibrium hypothesis is that it permits one,
from the concavity property of entropy, to derive locally the thermodynamic con-
ditions of stability, such as the positiveness of the specific heat and the isothermal
compressibility.

A precise limitation of the domain of validity of CIT cannot be obtained from the
macroscopic formalism itself: it requires either a wider macroscopic theory or a
microscopic theory like the kinetic theory of gases. Starting from the Chapman–
Enskog development, Prigogine (1949) has shown that the hypothesis of local
equilibrium is satisfactory provided that the distribution function is limited to the
first-order term. Explicit conditions under which the local-equilibrium hypothesis
holds are established in Chap. 4.

1.3.2 Entropy Production and Entropy Flux

Our objective is to explicitly calculate the entropy flux and entropy production in a
system in which different irreversible processes are under way. Consider a mixture
of N charged components among which n chemical reactions may take place. In
terms of time derivatives, the Gibbs equation (1.56) can be written as

T Ps D PuC pPv �
NX

kD1


k Pck: (1.57)
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By multiplying (1.57) by � and replacing Pu, Pv, and Pck by their values determined
from the energy balance equation (1.47), the total mass conservation equation
(1.11), and the mass fraction balance equation (1.28) respectively, we obtain the
following expression for the rate of change of the entropy:

�Ps D � 1
T
r � q � 1

T
Pv W rvC 1

T

NX
kD1


kr � J k C �

T

nX
lD1

Al
P�l C 1

T
" � i : (1.58)

In establishing (1.58), it was assumed that the external forces applied to each
species k D 1; : : : ; N are all identical and that the time derivative of the dif-
fusion velocities wk may be neglected, which is a hypothesis frequently used in
CIT. Otherwise, (1.58) would contain a supplementary contribution of the form
�Pk J k � Pwk (de Groot and Mazur 1962). The quantity Al is the affinity of the
l th chemical reaction, defined by

Al D �
NX

kD1

�kl
k .l D 1; 2; : : : ; n/: (1.59)

By using the decomposition (1.19) of the pressure tensor, and rewriting the diver-
gence terms, (1.58) may be also rearranged as follows:

�Ps D �r �
"
1

T

 
q �

NX
kD1


kJ k

!#
C q � r

�
1

T

�
�

NX
kD1

J k � r
�

k

T

�

� 1
T
pvr � v � 1

T

0

Pv W 0

VC �
T

nX
lD1

Al
P�l C 1

T
" � i : (1.60)

A comparison of this expression and the general balance equation of entropy (1.51)
reveals that J s and �s are respectively given by

J s D 1

T

 
q �

NX
kD1


kJ k

!
(1.61)

and

�s D q � r
�
1

T

�
�

NX
kD1

J k � r
�

k

T

�
� 1

T
pvr � v� 1

T

0

Pv W 0VC �
T

nX
lD1

Al
P�l C 1

T
" � i

(1.62)

Expression (1.61) shows that the entropy flux splits into two parts: the first is con-
nected with heat conduction and the second arises from the diffusion of matter.
From (1.62) it is concluded that six different effects contribute to the rate of entropy
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Table 1.2 Independent fluxes and forces

Flux: J˛ q J k p�
0

Pv � P�l i

Force: X˛ rT�1 �r �
T�1
k

� �T�1r � � �T�1
0

V T�1Al T�1"

production: the first is related to heat conduction, the second to matter flow, the third
and fourth to mechanical viscous dissipation, the fifth is due to chemical reactions,
and the sixth to electric currents. Relation (1.62) for �s is a sum of products of two
factors called respectively thermodynamic flux J˛ and thermodynamic force X˛

(explicit expressions of these quantities are given in Table 1.2). In terms of them the
rate of entropy production presents the bilinear structure

�s D
X

˛

J˛X˛: (1.63)

The fluxes J˛ and forcesX˛ in (1.63) are not necessarily scalar quantities: they rep-
resent vectorial and tensorial quantities as well. Each individual flux and force has
the property of vanishing at equilibrium. It must be stressed that the decomposition
into thermodynamic fluxes and forces is arbitrary to a certain extent: one could, for
instance, include the factor 1=T in the flux instead of in the force. Likewise, one
could permute the definitions of fluxes and forces. However, these various choices
are not crucial and have no direct consequences for the interpretation of the final
results.

Nevertheless, as shown by Meixner (1943), it is essential to select independent
fluxes and independent forces as well. This can be achieved in particular by choosing
the quantities of Table 1.2. This splitting is quite natural, since it meets the require-
ments of cause and effect: the cause is provided by the driving thermodynamic force,
which elicits the effect manifested through the conjugated flux.

1.3.3 Linear Constitutive Equations

The fluxes are unknown quantities, in contrast to the forces, which are known func-
tions of the state variables or (and) their gradients. It has been found experimentally
that fluxes and forces are interwoven. In general, a given flux does not only depend
on its own conjugated force but may depend on the whole set of forces acting on the
system. Furthermore, the flux may depend on all the thermodynamic state variables
T , p and ck as well:

J˛ D J˛.X1; X2; : : : ; X˛; : : : IT; p; ck/: (1.64)

A relation like (1.64) between fluxes and forces is called a phenomenological or
constitutive equation: it expresses specific properties of the material involved in
an irreversible process. After expansion of (1.64) around the equilibrium values
J˛;eq D 0 and X˛;eq D 0, one has
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J˛ D
X

ˇ

.@J˛=@Xˇ /eqXˇ CO.XˇX� /C : : : (1.65)

Neglecting the second-order and subsequent terms and setting

L˛ˇ D .@J˛=@Xˇ /eq; (1.66)

we find that (1.65) reduces to

J˛ D
X

ˇ

L˛ˇXˇ : (1.67)

The L˛ˇ quantities are called phenomenological coefficients and depend generally
on T , p, and ck . The constitutive equations (1.67), together with the balance equa-
tions of mass, momentum, and energy, constitute a closed set of equations which
can be solved when initial and boundary conditions are specified. Experimental evi-
dence and theoretical considerations in statistical mechanics have confirmed that a
wide class of phenomena can be described by means of linear flux–force relations.
This is true in particular for transport processes where the macroscopic gradients
vary on a much larger scale than the mean free path.

It must be realized that the symmetry properties of the material have an influence
on the form of the constitutive equations. For instance, in isotropic systems, some
couplings between fluxes and forces are forbidden. As a consequence of the repre-
sentation theorem of isotropic tensors (Truesdell and Noll 1965), it can be shown
that fluxes and forces of different tensorial rank do not couple so far as linear rela-
tions are involved. For example, a temperature gradient cannot give rise to a viscous
pressure in a linear description. The independence of processes of different tensorial
rank is often referred to as the ‘Curie principle’ in the CIT literature. As Trues-
dell (1984) acidly observes, it is redundant to invoke the name of Curie and the term
‘principle’ to establish a result which comes directly from tensor algebra.

For isotropic systems, the most general linear constitutive relations between the
fluxes and forces of Table 1.2 are

q D Lqqr
�
1

T

�
�

NX
kD1

Lqkr
�
k

T

	
CLqe

"

T
; (1.68a)

J k D Lkqr
�
1

T

�
�

NX
j D1

Lkjr
�
j

T

	
C Lke

"

T
.k D 1; 2; : : : ; N /; (1.68b)

i D Leqr
�
1

T

�
�

NX
kD1

Lekr
�
k

T

	
CLee

"

T
; (1.68c)

� P�j D lj v

T
r � vC

nX
lD1

ljl
Al

T
.j D 1; 2; : : : ; n/; (1.68d)
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pv D � lvv

T
r � vC

nX
lD1

lvl
Al

T
; (1.68e)

0

Pv D �L
T

0

V : (1.68f)

In these relations, all the phenomenological coefficients are scalar quantities. The
phenomenological coefficientsLqq,Lkj,Lee, lvv, andL are related to the usual trans-
port coefficients of thermal conductivity �, diffusion Dkj, electrical resistivity re,
bulk viscosity �, and shear viscosity 
 by

Lqq D �T 2; Dkj D 1

T

NX
rD1

Lkr

�
@
r

@cj

�
T;p;cj 0

; Lee D T

re
; lvv D �T; L D 2
T:

(1.69)

By using the identifications (1.69) and omitting in (1.68a, e and f) the coupling
coefficients, one recovers the Fourier and Newton–Stokes laws:

q D ��rT (Fourier’s law); (1.70)

pv D �� r � v (Stokes’ law); (1.71)
0

Pv D �2
 0

V (Newton’s law): (1.72)

The Ohm and Fick laws are obtained by introducing supplementary constraints; for
instance, the classical expression for Fick’s law,

J k D �
NX

j D1

Dkjrcj ; (1.73)

demands that one works at constant temperature and pressure, and Ohm’s law

i D 1

re
E ; (1.74)

is derived from (1.68c), provided that the magnetic induction and all couplings are
ignored. It is worthwhile pointing out that (1.68d) predicts a linear relation between
the rate of advancement of a chemical reaction and the affinities. Such a linear law is
unrealistic, since it is only correct in a very narrow domain around the equilibrium.
It is indeed known from chemical kinetics that in a multicomponent incompressible
system .r � v D 0/ in which just one chemical reaction takes place, one has

� P� D l


1 � exp

�
� A

RT

��
; (1.75)
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where the coefficient l is a function of the temperature and mass fractions. The
derivation of expression (1.75) is outlined in Problem 1.2. It is only in the limiting
case A� RT that (1.75) reduces to

� P� D l

RT
A; (1.76)

from which it may be concluded that the linear relation (1.68d) between P� and A is
only satisfied in the close vicinity of equilibrium.

1.3.4 Constraints on the Phenomenological Coefficients

The linear flux–force relations are the simplest constitutive equations which guaran-
tee the semi-positiveness of the rate of entropy production. Indeed, by substitution
of (1.67) into (1.63), one gets

�s D
X
˛ˇ

L˛ˇX˛Xˇ � 0: (1.77)

By writing (1.77) in the form

�s D
X

˛

L˛˛X˛X˛ C
X

˛;ˇ¤˛

1
2

�
L˛ˇ CLˇ˛

�
X˛Xˇ ; (1.78)

it can be seen that the necessary and sufficient conditions for �s � 0 to be held are
that the determinant of the symmetric part of L˛ˇ and all its principal minors are
positive; in particular, necessary but not sufficient conditions are

L˛˛ � 0; (1.79a)

L˛˛Lˇˇ � 1
4

�
L˛ˇ C Lˇ˛

�2
: (1.79b)

As a consequence of (1.79a), it is seen that the heat conductivity �, the bulk and
shear viscosity coefficients � and 
, and the electrical resistivity re are all semi-
positive definite quantities.

1.3.5 The Onsager–Casimir Reciprocal Relations

Another important kind of constraint on the coefficients L˛ˇ concerns their sym-
metry property and was established by Onsager (1931). Under the three conditions
that (a) the fluxes are identified as time rates of state variables a˛ , (b) the forcesX˛

are identified as the derivatives of the entropy with respect to the state variables a˛ ,
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and (c) there exists between these so-defined fluxes and forces linear constitutive
relations of the form

Pa˛ D
X

ˇ

L˛ˇXˇ ; (1.80)

the coefficients L˛ˇ obey the reciprocal relations

L˛ˇ D Lˇ˛ : (1.81)

This result is a consequence of the time-reversal invariance of the microscopic
dynamics demanding that the particles retrace their former path when the velocities
are reversed, as it is shown in Sect. 5.6. The Onsager reciprocal relations (1.81) are
very useful in studying coupled phenomena, such as thermodiffusion, thermoelec-
tricity, and thermoelectromagnetic effects. The Onsager original derivation was only
valid for state variables that are even under microscopic time-reversal. An extension
to variables with odd parities was carried out by Casimir (1945), who demonstrated
that in full generality

L˛ˇ D "˛"ˇLˇ˛ ; (1.82)

where "˛, "ˇ are equal to C1 or �1 depending on whether the corresponding state
variable is even or odd under time-reversal.

If an external magnetic induction B is acting, one must not only reverse the
velocities but also the magnetic field if it is desired that the particles retrace their
former path: this is a consequence of the expression of the Lorentz force (1.38).
The same reasoning can be applied for processes taking place in non-inertial frames
rotating with an angular velocity !. It follows from the form of the Coriolis force
that, in this case, the velocity of particles v and ! must be reversed. The reciprocal
relations (1.82) have now to be replaced by the following expression:

L˛ˇ .B;!/ D "˛"ˇLˇ˛.�B;�!/: (1.83)

It must be mentioned that the validity of the Onsager–Casimir relations has been
challenged by some people working in continuum thermodynamics (Truesdell
1984). In this respect, we wish to make the following comments.

Although various proofs of the Onsager reciprocal relations have been proposed
so far, all of them are based on microscopic theories: statistical mechanics of fluctu-
ations or kinetic theory. Nevertheless, the Onsager relations are generally accepted
to be correct at the macroscopic level, even when the thermodynamic fluxes cannot
be expressed in the form of time derivatives of state variables. Typical quantities that
do not meet this condition are the heat flux vector and the viscous pressure tensor.

A crucial point in the derivation of Onsager’s relations is that the regressions of
fluctuations are assumed to follow the same linear dynamical laws as the macro-
scopic equations. This assertion is questionable because, quoting Truesdell (1984),
‘. . . not even the form of the constitutive equation is derived from the molecu-
lar theory, rather the molecular theory, so-called, is forced into agreement with
preconceived phenomenological ideas’.
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These criticisms have been the motivation behind submitting the Onsager–
Casimir relations to severe experimental scrutiny. Careful experimental tests have
been performed, especially in thermodiffusion and thermoelectricity. They do con-
firm the symmetry property of the coefficients L˛ˇ within reasonable limits of
experimental errors (Miller 1960). In spite of these encouraging observations, it
is our opinion that, unless a complete macroscopic proof of the Onsager relations is
proposed, one should regard them as postulates at the macroscopic level.

Finally we summarize that the main points underlying CIT are:

� The local-equilibrium hypothesis that allows one to write the Gibbs equation
locally for any time

� The existence of a non-negative rate of entropy production
� The existence of linear constitutive laws
� The Onsager–Casimir reciprocal relations

1.3.6 Limitations

The classical description has been undoubtedly useful, and has led to an impressive
production of scientific work. Nevertheless, it presents some drawbacks like the
mentioned below.

1. It is based on the local-equilibrium hypothesis, which breakdowns for a wide
class of phenomena involving short time and small space scales at which the
velocity distribution of particles cannot be described by a Maxwell distribution
function. It is conceivable, indeed, that other variables, not found in equilib-
rium, may influence the thermodynamic equations in non-equilibrium situa-
tions. To illustrate this observation, we mention an old example quoted by O.
Reynolds (1885). He pointed out that when a leather bag is filled with marbles,
topped up with water, and then twisted, the marble density decreases when the
rate of shear is increased, at constant temperature and pressure. This means that,
in contradiction with the local-equilibrium assumption, the density does not only
depend on temperature and pressure but also on the shearing rate.

2. Statistical and kinetic analyses show that the local-equilibrium hypothesis is only
consistent with linear and instantaneous relations between fluxes and forces. In
many problems, the assumption of linear and stationary constitutive relations is
too stringent. This is particularly true in chemistry, as mentioned above, and in
rheology as well.

3. The linear steady constitutive equations are not satisfactory at high frequen-
cies and short wavelengths, as manifested in experiments on sound absorption
and dispersion in dilute gases. The dispersion relation obtained from CIT is in
agreement with experimental observations at low frequencies only.

4. The classical Fourier law of heat conduction leads, when introduced into the
energy conservation law, to a partial differential parabolic equation for the tem-
perature. This implies that disturbances propagate with boundless speed. This
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unpleasant physical property is also observed with other quantities, such as
concentration and viscous signals.

5. In the so-called generalised hydrodynamics, the transport coefficients in the
Stokes–Navier–Fourier constitutive equations are frequency and wavelength
dependent, as confirmed by neutron scattering techniques. Such a result is
at variance with the local-equilibrium assumption assessing that the transport
coefficients are frequency and wavelength independent.

6. In nanotechnology, the size of the devices is comparable to the mean free path of
the particles or even smaller; in these situations, local equilibrium is not achieved
and generalized transport equations describing non-local, ballistic effects must be
used instead of the classical transport equations, which are valid in the diffusive
regime, where collisions amongst particles are dominant.

1.4 Rational Thermodynamics

This formalism was essentially developed by Coleman (1964), Truesdell (1984),
and Noll (1974) and follows a line of thought drastically different from CIT. Its
main objective is to provide a method for deriving constitutive equations. The basic
hypotheses underlying rational thermodynamics can be summarized as follows.

1. Absolute temperature and entropy are considered primitive concepts. They are
introduced a priori in order to ensure the coherence of the theory and do not have
a precise physical interpretation.

2. It is assumed that materials have a memory, i.e. the behaviour of a system at
a given instant of time is determined not only by the values of the character-
istic parameters at the present time, but also by their past history. The local-
equilibrium hypothesis is no longer assumed, since the knowledge of the values
of the parameters at the present time is not enough to specify unambiguously the
behaviour of the system.

3. The general expressions previously formulated for the balance of mass, momen-
tum, and energy are however retained. Nevertheless, there are two essential
nuances. The first is the introduction of a specific rate of energy supply r in
the balance of internal energy, which in local form is written as

� Pu D �r � q � P W r� C �r I (1.84)

r is generally referred to as the power supplied or lost by radiation. The second
crucial point is that the body forces F and the radiation term r are not given
a priori as a function of position and time but are computed from the laws of
momentum and internal energy respectively.

4. Another capital point is the mathematical formulation of the second law of
thermodynamics, which serves essentially as a restriction on the form of the con-
stitutive equations. The starting relation is the Clausius–Planck inequality, which
states that between two equilibrium states A and B one has
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�S �
Z B

A

dQ

T
: (1.85)

In rational thermodynamics, inequality (1.85) is written as

d

dt

Z
V.t/

�sdV � �
Z

†.t/

1

T
q � nd†C

Z
V.t/

�
r

T
dV ; (1.86)

or, in local form, as

�Ps Cr � q

T
� � r

T
� 0: (1.87)

By introducing the Helmholtz free energy � .D u� T s/ and eliminating r between
the energy balance equation (1.84) and the inequality (1.87) leads to

� � � P� C s PT � � P W V � 1

T
q � rT � 0: (1.88)

This inequality, established here for a one-component uncharged system, is either
known as the Clausius–Duhem or the fundamental inequality.

An important problem is certainly the selection of the constitutive independent
variables. This choice is subordinated to the type of material one deals with. In
hydrodynamics, it is customary to take as variables the density, velocity, and temper-
ature fields. It is also known that the balance laws and Clausius–Duhem inequality
introduce complementary variables, such as the internal energy, the heat flux, the
pressure tensor, and the entropy. The latter are expressed in terms of the former
by means of constitutive equations. By an admissible process is meant a solution
of the balance laws when the constitutive relations are taken into account and the
Clausius–Duhem inequality holds.

1.4.1 The Basic Axioms of Rational Thermodynamics

Before deriving the constitutive equations, let us briefly examine the main princi-
ples they must meet. A word of caution is required about the use and abuse of the
term ‘principle’ in rational thermodynamics. In most cases, this term is employed to
designate merely convenient assumptions.

1.4.1.1 The Principle of Equipresence

This principle asserts that if a variable is present in one constitutive equation, it will
be a priori present in all the constitutive equations. However, the condition for the
final presence or absence of independent variables in a constitutive relation derives
from the Clausius–Duhem inequality.
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1.4.1.2 The Principle of Memory or Heredity

According to this principle the present effects are dictated not only by present causes
but by past causes as well. Consequently, the set of independent variables is no
longer formed by the variables at the present time but by their whole history. If ˆ is
an arbitrary variable, e.g. v, � and T , we shall denote its history up to time t by

ˆt D ˆ �t � t 0� �
0 < t 0 <1� : (1.89)

The principles of equipresence and memory when applied to hydrodynamics assert
that

u.or �/
s

q

P

9>>=
>>;

at .r; t/ are functionals of

8<
:

vt

�t

T t

: (1.90)

Of course, the choice of the dependent and independent variables is not unique.
One could for instance permute the roles of u and T , but, since the usual attitude
in rational thermodynamics is to select T as the independent quantity, here we shall
follow this point of view.

1.4.1.3 The Principle of Local Action

This principle establishes that the behaviour of a material point should only be
influenced by its immediate neighbourhood. Otherwise stated, the values of the con-
stitutive equation at a given point are insensitive to what happens at distant points;
accordingly, in a first-order theory, second-order and higher-order space derivatives
should be omitted.

1.4.1.4 The Principle of Material Frame-Indifference

As a preliminary to the formulation of this principle of frame indifference, it is
useful to introduce the notion of objectivity. Consider two reference frames (or
observers) moving with respect to each other arbitrarily. Let r be the position vector
of a material point at time t in one of the reference frames (say an inertial one) and
r� its position vector at the same time in the other frame (say a non-inertial one).
We impose that the relation between r and r� be such that the distance between two
arbitrary points in the body and the angle between two directions are preserved. The
most general transformation law that satisfies these requirements is the one given by
the Euclidean transformation

r� D Q.t/ � r C c.t/; (1.91)
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where Q.t/ is a real, proper orthogonal, time-dependent tensor

Q �QT D QT Q D U; det Q D 1; (1.92)

and c.t/ is the distance between the origins of the two frames. In this book we
have not considered the more general transformation det Q D ˙1, which includes
symmetry under reflection and a possible translation in time t� D t � � , with �
being a real constant. The general transformation det Q D ˙1 has been introduced
and fully discussed in specific works on rational thermodynamics (Coleman 1964;
Truesdell 1984; Noll 1974; Truesdell and Toupin 1960) to which the reader is
referred for further details. When the Euclidean group (1.91) acts on a tensor of rank
n .n D 0; 1; 2; : : :/, the latter is said to be objective, if it transforms according to

A�
ij ���k D Qi˛Qjˇ � � �Qk�A˛ˇ ���� : (1.93)

For tensors of rank zero (scalar), rank one (vector), and rank two, one has

a� D a .objective scalar/; (1.94a)

a� D Q � a .objective vector/; (1.94b)

A� D Q �A �QT .objective tensor/; (1.94c)

respectively. According to (1.94a), a scalar is objective if it keeps the same value
in all moving reference frames. The velocity vector is not objective because it
transforms like

�� D Q � � C PQ � � C Pc; (1.95)

which is not of the form (1.94b). Similarly, the acceleration Pv is not objective either.
It can also be shown that the symmetric and antisymmetric parts of the velocity
gradient transform like

V� D Q � V �QT ; (1.96a)

W� D Q � V �QT � PQ �QT : (1.96b)

Thus V is objective and W is not. The term responsible for the non-objective char-
acter of W is the angular velocity � D PQ �QT of the moving frame with respect to
the inertial one.

It can also be seen that the material time derivatives of objective vectors and
tensors are not objective because they transform like

Pa� D Q � PaC PQ�a; (1.97a)
PA� D Q � PA �QT C PQ � A �QT CQ � A � PQT : (1.97b)

The failure of the objectivity of the material time derivatives of vectors and ten-
sors arises obviously from the time-dependence of the orthogonal tensor Q.t/.
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This has motivated the search for objective time derivatives. The answer is not
unique and several objective time derivatives satisfying (1.94b and c) have been pro-
posed. Among the most frequently used, let us mention the Jaumann or co-rotational
derivative:

DJ a D PaCW � a; (1.98a)

DJ A D PACW � A� A �W; (1.98b)

the covariant or lower convected derivative:

D#a D PaC .r�/ � a; (1.99a)

D#A D PAC .r�/ � AC A � .r�/T ; (1.99b)

and the contravariant or upper convected derivative:

D"a D Pa � .r�/T � a; (1.100a)

D"A D PA � .r�/T � A� A � .r�/: (1.100b)

The Jaumann’s derivative has a simple physical interpretation, since it is the deriva-
tive measured by an observer whose frame of reference is carried by the medium and
rotates with it; upper and lower convected derivatives correspond to non-orthogonal
time-dependent reference frames deforming with the medium and moving with it.
From a pure continuum mechanics standpoint, there is no preference for any of the
above objective time derivatives. However, it may happen that the formulation of
some particular class of constitutive equations becomes more simple and elegant
when one particular objective derivative is selected. The Jaumann’s upper and lower
convective derivatives are of wide use in rheology (see Chap. 15)

We are now in a position to formulate the principle of material frame indifference.
Generally stated, this principle demands that the constitutive equations be indepen-
dent of the observer. This statement implies two requirements. First, the constitutive
equations should be objective, i.e. form-invariant under arbitrary time-dependent
rotations and translations of the reference frames as expressed by the Euclidean
transformations (1.91). This statement amounts to the requirement that the form of
the constitutive relations is left unaffected by the superposition of any arbitrary rigid
body motion. Second, the constitutive equations should be independent of the frame,
in particular its angular velocity. To give an example, Newton’s equation of motion
is form invariant, but at the same time it depends on the frame through the inertial
forces; therefore, it fulfills the first requirement but not the second one.

Of course, before examining the effect of a change of frame on a constitutive
equation, it is necessary to specify how the basic variables such as temperature,
energy, entropy, heat flux, pressure tensor, etc. behave under such a transformation.
Since these quantities have an intrinsic meaning, they are expected to be objective
and at the same time frame independent. It is thus taken for granted that
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u,s,�, : : : are objective scalars.
q is an objective vector.
P is an objective tensor of order two.

1.4.2 Constitutive Equations

We proceed further with the establishment of the constitutive equations. For sim-
plicity, we consider a particular thermomechanical material, namely the Stokesian
fluid. It is characterized by the absence of memory and described by the following
set of constitutive equations:

' D '.v; �; T;r�;rT /; (1.101)

where ' stands for any constitutive dependent variable. The absence of memory
allows us to express the dependence of ' by means of ordinary functions instead of
functionals. In explicit form, the constitutive relations (1.101) will be given by

� D �.v; T;V;rT /; (1.102a)

s D s.v; T;V;rT /; (1.102b)

q D q.v; T;V;rT /; (1.102c)

P D P.v; T;V;rT /: (1.102d)

By formulating (1.102a–d), the axiom of equipresence was used. In these equa-
tions, the non-objective velocity � has been eliminated and the velocity gradientr�

replaced by its objective symmetric part V to ensure material frame-indifference.
A further constraint is imposed by the second law of thermodynamics. This is

achieved by substituting the constitutive laws (1.102a–d) in the Clausius–Duhem
inequality (1.88). Using the chain differentiation rule for calculating P�, inequality
(1.88) reads

��
�
@�

@T
C s

�
PT �� @�

@V
W PV�� @�

@.rT / � .
�rT /� 1

T
q �rT �

�
@�

@v
UC P

�
W V � 0;

(1.103)
where use has been made of the mass conservation law

�Pv D r � � D V W U: (1.104)

It is worth noticing that inequality (1.103) is linear in PT , PV, and .
�rT /. Now it is

assumed (Coleman 1964) that there always exist body forces and energy supplies
that ensure that the balance equations of momentum and internal energy are identi-
cally satisfied. Therefore the balance laws do not impose constraints on the set PT , PV,

.
�rT /, and we assign these time derivatives arbitrary and independent values. It then
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appears that unless the coefficients of these terms vanish, (1.103) could be violated.
This gives the following results:

@�

@T
C s D 0 .a/;

@�

@V
D 0 .b/;

@�

@.rT / D 0 .c/: (1.105)

Equation (1.105a) is classical while (1.105b and c) express the idea that � is inde-
pendent of V and rT . As a consequence, the constitutive equations for � and s
simply read

� D �.v; T /; (1.106a)

s D s.v; T /: (1.106b)

The above derivation rests on the controversial argument (Woods 1981) that the
body forces F and the radiation sources r can be assigned arbitrarily in order that
the balance laws are identically satisfied. Although this procedure is at variance
with the usual way of thinking, where F and r are regarded as assigned a priori,
it may also be asked what happens when F and (or) r are zero. To circumvent
these difficulties, an alternative method was proposed by Liu (1972), who considers
the balance laws as constraints for the Clausius–Duhem inequality and accounts
for them by means of the well-known Lagrange multipliers. The delicate points
in Liu’s method are the derivation and the physical interpretation of the Lagrange
multipliers, but the results (1.105) remain unchanged.

Defining the equilibrium pressure by

p D �@�
@v

(1.107)

and decomposing P according to (1.18), (1.103) reduces to

� 1

T
q � rT � P� W V � 0: (1.108)

This expression is nothing but the rate of energy dissipation .D T�s/ calculated
earlier in the framework of CIT (see (1.62), with diffusive, chemical, and electrical
effects being ignored in this case).

Using the representation theorems of tensors, one obtains within the linear
approximation the following constitutive equations for q and P�:

q D ��.v; T /rT; (1.109a)

P� D �
1.v; T /.r � �/U� 2
.v; T /V: (1.109b)

The coefficients �, 
1, and 
 may depend on v, T , and the first invariant of V. After
splitting V into its bulk and its deviatoric part, one obtains
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P� D ��.r � �/U � 2
 0

V; (1.110)

where � stands for
�

1 C 2

3


�
. We recognize (1.109a) as the classical constitutive

Fourier’s equation and (1.109b) as the classical constitutive Newton–Stokes’ equa-
tion, with � the heat conductivity, � the bulk viscosity, and 
 the shear viscosity.
Substitution of (1.109a) and (1.110) into (1.108) gives

�

T
.rT / � .rT /C �.r � �/2 C 2
 0

V W 0

V � 0; (1.111)

from which it follows that � > 0, � > 0, 
 > 0.
Likewise, it is an easy matter to recover the Gibbs equation. From (1.106a), one

has

d� D @�

@T
dT C @�

@v
dv; (1.112)

and, in view of (1.105a) and (1.107),

d� D �sdT � pdv: (1.113)

Unlike CIT, where the Gibbs equation is postulated at the outset, it can be said that
in rational thermodynamics the Gibbs relation is derived.

The steps leading to the establishment of the constitutive relations and the con-
straints on the signs of the transport coefficients are elegant and employ a minimum
of hypotheses. At no time does one call upon symmetry relations of the Onsager
type. Besides, the theory is not limited to linear constitutive equations. Attempts to
develop the bases of rational thermodynamics further have been made Coleman and
Owen (1974) and Silhavy (1997).

1.4.3 Critical Remarks

Rational thermodynamics has not been free of criticisms, such as:

1. Temperature and entropy remain undefined objects. For example, it is not pos-
sible to check whether or not the temperature measured by a thermocouple
corresponds to the temperature T used in rational thermodynamics. Concern-
ing the entropy, no prescription is given for determining its actual functional
dependence, either by experiment or by calculation from a physical model. Fur-
thermore, it has been demonstrated by Day (1977), who examined the problem
of the temperature distribution in a rigid heat conductor with memory, that the
value of the entropy is not unique.

2. The fundamental inequality (1.88) used in rational thermodynamics is not, strictly
speaking, the Clausius inequality. Indeed, the latter is given by (1.85) and
connects two equilibrium states. In rational thermodynamics, Clausius’ expres-
sion is generalised to arbitrary non-equilibrium states. When dealing with the
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Clausius–Duhem inequality in rational thermodynamics, it must be understood
that the existence of a specific entropy that satisfies the fundamental inequality
(1.88) has been postulated. The latter also implies that the entropy flux is given
by the heat flux divided by the temperature, a result only valid in the vicinity of
equilibrium, as shown in the kinetic theory of gases.

3. Likewise, rational thermodynamics predicts unphysical properties in some
classes of rheological materials. If it is admitted that the Rivlin–Ericksen model
(see Chap. 15) provides a good description of rheological bodies, then the signs
of some material coefficients, as given by the rational approach, are found to be
in contradiction with experimental data.

4. Although the principle of material frame-indifference has revealed itself as a
useful tool in establishing constitutive equations in continuum mechanics, it
has recently been stressed that the two requirements of the principle, namely
form invariance and frame independence, are not satisfied in several disciplines,
such as classical mechanics, kinetic theory of gases, turbulence, rheology, and
molecular hydrodynamics. In kinetic theory, it has been shown that the Burnett
constitutive relations are frame-dependent (Müller 1972; Edelen and McLen-
nan 1973); the origin of the frame-dependence lies in the Coriolis force of the
rotating frame. It was also noticed that when the objective time derivatives (1.98–
1.100) are used in stress–rate constitutive equations, one obtains results that are
contradicted by Grad’s kinetic model (Lebon and Boukary 1988). A similar prob-
lem arises in turbulence theory (Lumley 1983); there is an ample experimental
confirmation that turbulence, in a non-inertial frame, is quite different from tur-
bulence in an inertial frame, owing to the dependence of the turbulent viscosity
on the angular velocity of the reference frame. The validity of frame-indifference
in viscoelastic materials has been discussed by Bird and de Gennes (1983). It
was concluded that inertial forces can contribute to the material functions of
viscoelastic media and that frame indifference is useful only whenever inertial
effects are negligible. Another example of violation of the principle of material
frame-indifference is provided by the phenomenological coefficientsL˛ˇ of CIT.
When measured in a rotating frame, the L˛ˇ are known to depend on the angu-
lar velocity, as pointed out earlier. Hoover et al. (1981) performed a molecular
dynamics simulation for a fluid modelled by two-dimensional rotating disks: they
found an angular component for the heat flux, in contradiction with the mate-
rial frame-indifference. All these observations have cast serious doubts about the
general validity of the principle of material frame-indifference (Murdoch 1983;
Ryskin 1988).

In RT, the presence of the source terms F and r is required to guarantee that
the state variables and their time derivatives can be varied independently. The
quantities F and r are selected in order that the momentum and energy equations
are identically satisfied. In normal circumstances, the situation is reversed: F

and r are known from the start and take well-defined values. This limits seriously
the domain of applicability of the theory but this difficulty can be circumvented
by using a technique proposed by I.S. Liu (1972) and based on the introduction
of Lagrange multipliers.
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5. From a practical point of view, the constitutive equations, when they are written
in their general form involving functionals dependent on the whole history of the
variables, are not easily tractable and generally require the knowledge of too vast
an amount of information.

1.5 A Hamiltonian Formulation: the GENERIC Formalism

In Classical and Rational Thermodynamics, the limitations on the possible forms of
the state and constitutive equations are obtained as a consequence of the application
of the second law. However, no restriction is placed on the reversible parts of these
relations as they do not contribute to the entropy production. We will see one of
the merits of a Hamiltonian structure is that it provides restrictions on the reversible
dynamics.

Hamiltonian formulations have been identified at various levels of description:
the microscopic one (classical mechanics), the kinetic theory (based on a distribu-
tion function rather than on precise values for the mechanical variables of particles),
and some macroscopic approaches (as, for instance, hydrostatics or equilibrium
thermodynamics). Therefore, it is natural to ask whether such a structure is pre-
served in more sophisticated descriptions and more particularly in non-equilibrium
thermodynamics. There are several reasons that militate in favour of a Hamilto-
nian description: it is attractive because of its conciseness and its physical content.
Indeed, the whole set of balance equations is now expressed in terms of one or sev-
eral generating functionals which may be generally identified with a well-defined
physical quantity such as the energy, the entropy, or the Gibbs free energy. More-
over, there exist many elegant results and powerful methods of numerical solution
typically developed for Hamiltonian systems.

Early Hamiltonian versions of non-equilibrium thermodynamics were proposed
by Grmela (1984) and were based on one single generator; the time evolution of
the basic variables was expressed in terms of a non-dissipative Poisson bracket plus
a dissipative bracket (Beris 1994). Several papers have been devoted to this early
formulation but it has been recently superseded in some aspects by the so-called
GENERIC (General Equation for the Non-Equilibrium Reversible–Irreversible
Coupling) theory as proposed by Grmela and Öttinger (1997) and developed recently
in Öttinger’s book (2005). In the foregoing, we briefly present this approach.

In GENERIC it is assumed that the time evolution equations can be given the
form

dx

dt
D L � ıE

ıx
C ı‰

ı.ıS=ıx/
; (1.114)

where x represents a set of independent state variables required for the complete
description of the non-equilibrium system (for instance, hydrodynamic fields and
additional structural variables),E is the total energy,‰ the dissipation potential and
S the total entropy, L and M are linear functional operators, expressing reversible
and irreversible kinematics, respectively. The dissipation potential‰ is a real-valued
function of the derivatives ıS =ıx with the following properties: ‰.0/ D 0 and
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convex in the vicinity of 0. The quantity ı=ıx stands for the Volterra functional
derivative, which reduces to the usual partial derivative @=@x in the absence of non-
local effects, otherwise it is of the form ı=ıx D @=@x � r � Œ@=@.rx/�C. The
first term in the right-hand side of (1.114) is purely Hamiltonian and represents the
reversible contribution to the time evolution equations of x, whereas the second
term corresponds to the irreversible contributions. In the particular case that ‰ is
a quadratic function of ıS=ıx, say ‰ D 1

2
Œ.ıS=ıx/ �M � .ıS=ıx/�, expression

(1.114) takes the more familiar form

dx

dt
D L � ıE

ıx
CM � ıS

ıx
: (1.115)

Equation (1.115) is supplemented by the following degeneracy requirements

L � ıS
ıx
D 0; (1.116a)

M � ıE
ıx
D 0: (1.116b)

The first condition expresses that ıS=ıx is in the null space of L and that the func-
tional form of the entropy cannot contribute to the reversible part of the dynamics.
The second one expresses that the total energy is not affected by the irreversible
contribution to the dynamics. Note that these degeneracy requirements express
fundamental and general physical aspects.

Furthermore, one associates to the matrices L and M the following brackets:

fA;Bg D
�
ıA

ıx
� L � ıB

ıx



; (1.117a)

ŒA; B� D
�
ıA

ıx
�M � ıB

ıx



; (1.117b)

where h ; i denotes a scalar product. Braces f ; g stand for the Poisson bracket
of classical mechanics, whereas the brackets Œ ; � are intended to describe the
dissipative behaviour (Grmela 1984; Beris 1994).

In terms of these brackets and the chain rule, (1.115) yields the following form
for the evolution equation of an arbitrary function A.x/:

dA

dt
D fA;Eg C ŒA; S� : (1.118)

Further conditions about L and M are obtained from the following properties of the
brackets:

fA;Bg D � fB;Ag .skew symmetry/ (1.119a)

fA; fB;C gg C fB; fC;Agg C fC; fA;Bgg D 0 .Jacobi identity/ (1.119b)
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which are the well-known properties of Poisson brackets in classical mechanics.
Note that the Jacobi identity guarantees that the bracket fA;Bg is preserved in the
reversible time evolution. In some problems, it may be a difficult task to prove
the Jacobi identity, which in certain circumstances may require to be numerically
checked.

From condition (1.119a) it follows that L is skew symmetric:

L.x/ D �LT .x/: (1.120)

The properties of M are derived from the symmetry condition

ŒA; B� D ŒB;A� (1.121)

and the non-negative condition

ŒA;A� � 0: (1.122)

This implies that M is symmetric (provided that all the variables x have the same
time-reversal parity) and semi-positive definite:

M.x/ D MT .x/; (1.123)

y �M.x/ � y � 0 for 8y : (1.124)

This non-negativeness, together with the degeneracy requirement (1.116a and b),
guarantees that dS=dt � 0, while the symmetry property (1.123) is directly related
to Onsager’s reciprocal relations (1.81). The symmetry of M is only valid for vari-
ables with the same parity. Otherwise, M should contain a non-symmetrical part in
agreement with Onsager–Casimir theory (1.82).

GENERIC may be viewed as an extension of Ginzburg–Landau equation (e.g.
Öttinger 2005) describing evolution towards equilibrium and given by

dx

dt
D �M � ı�

ıx
; (1.125)

where M is a positive-definite linear operator and � a given potential. The interest
of GENERIC lies in its compact, abstract and general framework. Details of the evo-
lution equation (1.115) depend of course on the specific choice made for the two
generators E and S and the two matrices L and M. Restrictions on L and M are
imposed by (1.116a and b), (1.120), (1.121) and (1.122).

The main innovation of GENERIC with respect to earlier bracket formalisms is
the use of two different generators, E and S , instead of a single one: this gives
more flexibility to the theory and emphasizes the central role played by the ther-
modynamic potentials E and S . The matrix L is determined by the behaviour
of the variables x under space transformations, whereas the dynamical material
information enters in the friction matrix M, which is related to transport coefficients.
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From the properties fA;Bg D 0 and ŒA;A� � 0 and the degeneracy conditions
(1.116a and b), one sees that

dE

dt
D 0; dS

dt
� 0; (1.126)

indicating that the system is isolated from its environment.
GENERIC has been the subject of several applications in statistical mechanics,

quantum mechanics, relativity, cosmology but mainly in rheology (Öttinger 2005).
Its structure is universal and is applicable whatever the level of description, micro-
scopic, mesoscopic or macroscopic. GENERIC leaves the state variables unde-
termined and provides no hint to determine them. The formalism requires the
knowledge of the following quantities: the Poisson bracket, the total energy E,
the dissipation function ‰, and the total entropy S , as ‰ is a function of ıS=ıx.
To be sure that the bracket is a true Poisson bracket, it is necessary to check for
each individual problem that Jacobi’s identity (1.119b) is satisfied, this represents
a complicated and tedious task. In recent publications of GENERIC, there is a ten-
dency in favour of the use of the following blocks: E, S and the two operators L
(skew-symmetric) and M (symmetric).

The main difficulty concerning GENERIC is the construction of the appropriate
Poisson bracket, or equivalently, the block operators L and M. Technical prob-
lems arise also when the system is not isolated as in fluids submitted to external
forces, like Bénard’s convection under external temperature gradients. In presence
of coupled heat and mass transports, the procedure is rather intricate and introduces
non-physical variables as peculiar combinations of entropy and mass fluxes (Grmela
et al. 2003). Like Rational Thermodynamics, GENERIC remains silent about the
definitions of non-equilibrium temperature and entropy.

1.6 Problems

Solutions of the problems proposed in this book may be found, as Solutions Manual
for Extended Irreversible Thermodynamics, on the site http://telemaco.uab.es.

1.1. Onsager’s reciprocity relations in a triangular chemical reaction scheme. The
cycle of chemical reactions A � B � C � A was analysed by Onsager as
an illustration of the reciprocity relations. Let ki .i D 1; 2; 3/ be the kinetic
constants, Ji the respective fluxes of the reactions, which, according to the
mass action law, are given by J1 D k1cA � k�1cB, J2 D k2cB � k�2cC,
J3 D k3cC � k�3cA, and Ai the respective affinities, i.e. A1 D 
A � 
B,
A2 D 
B�
C, A3 D 
C�
A Since the process is cyclic, only two reactions
are independent andA1CA2CA3 D 0. Show that when the relations between
fluxes and forces are expressed in the form
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J1 � J3 D L11A1 C L12A2;

J2 � J3 D L21A1 C L22A2;

the Onsager reciprocal relation L12 D L21 is automatically satisfied near
equilibrium if the principle of detailed balance is valid, i.e. if J1 D J2 D
J3 D 0 is verified. Note that this assumption does not follow from the con-
stitutive equations, since non-zero values J1 D J2 D J3 ¤ 0 are compatible
with A1 CA2 CA3 D 0.

1.2. The mass action law. Consider the chemical reaction

�XXC �YY � �ZZC �WW;

with �i the stoichiometric coefficients. According to the mass action law, the
reaction rate will be given by

J D 1

�Z

dZ

dt
D kC ŒX��X ŒY��Y � k� ŒZ��Z ŒW��W ;

where kC and k� are respectively the forward and backward kinetic constants.
(a) Show that for ideal gases, whose chemical potential has the form 
i D
RT lnŒi � C �i .T; p/, where Œi � is the molar concentration and �i .T; p/ is an
arbitrary function of T and p, the constitutive relation between J and the
affinity A is

J D k� ŒZ��Z ŒW��W Œexp.A=RT / � 1� :

(b) Show that when A=RT � 1, this relation reduces to J D L.A=T / with
L D .k�=R/ � ŒZ��Z

eq ŒW�
�W
eq D .kC=R/ ŒX��X

eq ŒY�
�Y
eq , where subscript eq

refers to equilibrium concentrations.
1.3. The Einstein relation. A dilute suspension of small particles in a viscous

fluid at homogeneous temperature T is under the action of the gravitational
field. The friction coefficient of the particles with respect to the fluid is ˛
(˛ D 6�
r for spherical particles of radius r in a solvent with viscosity 
).
Owing to gravity, the particles have a sedimentation velocity vsed D m0g = ˛,
with m0 the mass of one particle minus the mass of the fluid displaced by
one particle (Archimedes’ principle); the corresponding sedimentation flux is
Jsed D nvsed, with n being the number of particles per unit volume. Against
the sedimentation flux a diffusion flux Jdif D �Drn acts, D being the dif-
fusion coefficient. (a) Find the vertical distribution of the concentration n.z/
of particles in equilibrium when the upward diffusion flux cancels exactly the
downward sedimentation flux. (b) Compare this expression with Boltzmann’s
general expression

n.z/ D n.0/ exp

�
�m

0gz

kBT

�
;
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where kB is the Boltzmann constant, and demonstrate Einstein’s relationD D
kBT = ˛.

1.4. (a) Determine the entropy production per unit volume in a two-component
diffusing mixture at rest; the system is chemically inert and the viscous effects
are assumed to be negligible. (b) Show that the relevant phenomenological
equations are

q1 D ��rT �

11

c2

DFrc1 .Dufour law/

J 1 D �DSrT �Drc1 .Soret law/

where DF D DS; q1 is the reduced heat flux vector, q1 D q �Pk hkJ k ,
J 1 is the flux of matter of component 1, subscripts 1, 2 refer to components
1, 2 respectively, 
11 stands for @
1 = @c1, and D, DF and DS are respec-
tively given by D D L11
11=c2, DF D Lq1, DS D L1q .

1.5. Micropolar fluids. In some fluids (composed of elongated particles or rough
spheres) the pressure tensor is non-symmetric. Its antisymmetric part is
related to the rate of variation of an intrinsic angular momentum, and thus, it
contributes to the balance equation of angular momentum (see, for instance,
Snider and Lewchuk (1967) or Rubı́ and Casas-Vázquez (1980)). The anti-
symmetric part of the tensor is usually related to an axial vector Pva, whose
components are defined as Pva

1 D Pva
23, P va

2 D P va
31, P va

3 D P va
12. The

equation of balance for the internal angular momentum is

�j P!Cr �Q D �2Pva;

with j the microinertia per unit mass of the fluid, ! the angular velocity, and
Q the flux of the intrinsic angular momentum, which is usually neglected.
(a) Show that the entropy production is given by

� s D �T �1p�r � � � T �1
0

P �s W . 0r �/s � T �1P�a � .r � � � 2!/C q � rT �1;

where P�s is the symmetric part of P� . (Hint: Note that @s=@! D ��jT �1!).
(b) Show that the corresponding constitutive equation for P�a is

P�a D �
r .r � � � 2!/;

where 
r is the so-called rotational viscosity; explain why there is no coupling
between P�a and q.

1.6. Prove that the symmetric part V of the velocity gradient tensor is objective;
prove that the following quantities are not objective:rv (the velocity gradient
tensor), W (the skew-symmetric velocity gradient tensor), Pq (the material time
derivative of the heat flux).

1.7. Consider an incompressible fluid characterized by a specific entropy s, a
specific Helmholtz free energy �, a heat flux q, and a pressure tensor P
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depending on the temperature T , the temperature gradient rT , the symmet-
ric velocity gradient tensor V, and their first-order material time derivatives.
Determine the corresponding constitutive equations in the framework of
rational thermodynamics.

1.8. The efficiency of energy conversion. Consider two coupled chemical reactions,
with rates J1 and J2 and affinities A1 and A2 respectively. The entropy pro-
duction is given by T�s D J1A1 C J2A2 > 0. Assume J1A1 < 0 and
J2A2 > 0, which means that reaction 2 liberates an amount of free energy,
which is used in reaction 1. This situation is common in biology: the free
energy liberated by ATP is used to pump ions against their chemical poten-
tial gradient, or the free-energy liberated by oxidation–reduction reactions in
the respiratory process is utilized to produce ATP by phosphorylation of ADP
(Kaplan and Essig 1983; Jou and Llebot 1990). Assume linear constitutive
laws of the form

J1 D L11A1 C L12A2;

J2 D L21A1 C L22A2:

The degree of coupling of the process is defined as q D L12 .L11L22/
�1=2

and the efficiency of the energy conversion is given by


 D �.J1A1/= .J2A2/

(a) Show that �1 � q � 1. (b) Show that the maximum possible value of the
efficiency of the energy conversion is


max D q2

�
1C .1 � q2/1=2

�2 :

1.9. It is known that by writing a linear relation of the form J˛ D P
ˇ L˛ˇXˇ

between n independent fluxes J˛ .˛ D 1; : : : ; n/ and n independent ther-
modynamic forces Xˇ , the matrix L˛ˇ of phenomenological coefficients is
symmetric, according to Onsager. (a) Show that the matrix L˛ˇ is still sym-
metric when not all the fluxes are independent but one of them is a linear
combination of the other ones, i.e. Jn D P

˛ a˛J˛ .˛ D 1; : : : ; n � 1/.
(b) Does this conclusion remain true when instead of a linear relation between
the fluxes there exists a linear relation between the forces Xn DP

ˇ bˇXˇ ?
Check this result on the cyclic reaction of Problem 1.1.

1.10. Non-linear constitutive relations. Some authors have postulated an extension
of the Onsager relations to non-linear situations in the form

�
@Ji=@Xj

� D �@Jj =@Xi

�
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with Ji and Xj being the thermodynamic fluxes and forces. (a) Show that
for linear flux–force relations, this result is equivalent to Onsager’s reciprocal
relations. (b) Consider now the following second-order expansion:

J1 D L11X1 C L12X2 C L111X
2
1 C L112X1X2 C L122X

2
2 ;

J1 D L21X1 C L22X2 C L211X
2
1 C L212X1X2 C L222X

2
2 :

What are the relations between the phenomenological coefficients L if the
equality of cross derivatives is applied to these expressions? (c) Consider the
sequence of reactions A � B � C. Using the mass action law, express J1

and J2 in terms of A1 D 
A�
B and A2 D 
B�
C. Expand these relations
up to second order and show that the reciprocal relations obtained in (b) are
not satisfied. This result is important, since it shows that in general there are
not reciprocal properties for non-linear expansions.

1.11. Minimum entropy production. A system is described by the two linear phe-
nomenological laws J1 D L11X1 C L12X2 and J2 D L21X1 C L22X2.
Assume that the thermodynamic force X2 is kept fixed at a non-vanishing
value. (a) Show that when the Lij are constant and satisfy Onsager’s recipro-
cal relations the entropy production �s DP˛ˇ L˛ˇX˛Xˇ is minimum in the
steady state, i.e. for a value of X1 such that J1 D 0. (b) The entropy produc-
tion in a rigid heat conductor is found to be given by �s D L.rT �1/�.rT�1/

withL D �T 2. Keeping the temperatureT fixed at the boundaries of the sam-
ple, show that, for constantL, the total entropy production, i.e. P D R �sdV ,
is a minimum in the steady state r � q D 0.

1.12. Cycles with finite time. In a Carnot engine, the working fluid is kept in contact
with heat reservoirs at respective temperatures T1 and T2 during the isother-
mal parts of the cycle. Assume that the temperatures of the reservoirs are
different from the temperature of the fluid, i.e. T1 > T 0

1 and T 0
2 > T2, and

that the heat exchanged per unit time during these processes is given by
dQ1=dt D ˛

�
T1 � T 0

1

�
, dQ2=dt D ˛

�
T 0

2 � T2

�
, with ˛ being a constant.

(a) Determine the power developed by this Carnot engine, assuming that the
total duration of each cycle is proportional to the sum of the duration of the
isothermal branches. (b) For given values of T1 and T2, find the values of T 0

1

and T 0
2 which maximise the power. (c) Show that the efficiency at maximum

power is

maximun power D 1 � .T2=T1/

1=2 :

Compare this expression with the efficiency of a reversible Carnot cycle 
 D
1 � .T2=T1/. (Note that for a reversible Carnot engine the power is zero,
because a cycle lasts an infinite time.) (See Curzon and Ahlborn 1975.)

1.13. Consider the following Poisson bracket

fA;Bg D
Z �

ui

��
@jAui

�
Buj
� �@jBui

�
Auj

��
dV;
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where A D R
adV and B D R

bdV are functionals of the momentum vector
ui .D ��i /, @j

�D @=@rj �, and Aui
D ıA=ıui . Show that the above Poisson

bracket satisfies the properties (1.119a and b).
1.14. Determine the L and M operators for classical hydrodynamics, namely, for

@�

@t
D �@� .��� /;

@u˛

@t
D �@�

�
��˛��

� � @˛p C 
@�@��˛

@"

@t
D �@�

�
"��

� � p@��� C �@�@�T C 

�
@��˛@��˛

�

Check that the consistency conditions (1.116 a and b) are satisfied (Grmela
and Öttinger 1997).



Chapter 2
Extended Irreversible Thermodynamics:
Evolution Equations

Our general purpose is to propose a theory which goes beyond the classical for-
mulation of irreversible thermodynamics (CIT). This is achieved by enlarging the
space of basic independent variables through the introduction of non-equilibrium
variables, such as the dissipative fluxes appearing in the balance equations of mass,
momentum and energy. The next step is to find evolution equations for these extra
variables. Whereas the evolution equations for the classical variables are given by
the usual balance laws, no general criteria exist concerning the evolution equations
of the fluxes, with the exception of the restrictions imposed on them by the second
law of thermodynamics.

The independent character of the fluxes is made evident in high-frequency phe-
nomena. In general, they are fast variables that decay to their local-equilibrium
values after a short relaxation time. Whereas many authors have studied the elimi-
nation of such fast variables in order to obtain a description of the system in terms
of slow variables, our objective is the opposite one. We want to describe phenom-
ena at frequencies comparable to the inverse of the relaxation times of the fluxes.
Therefore, at such time scales, it is natural to include the fast variables among the
set of basic independent variables.

A simple way to obtain the evolution equations for the fluxes from a macroscopic
basis is to generalise the classical theories presented in the previous chapter. In that
spirit, we assume the existence of a generalised entropy which depends on the dissi-
pative fluxes and on the classical variables as well. A physical interpretation of the
different contributions to the generalised entropy is proposed. Once this expression
is known, it is an easy matter to derive generalised equations of state, which are of
interest in the description of non-equilibrium steady states.

For pedagogical reasons, we shall first study the simple problem of heat transport
in a rigid isotropic body when only the heat flux is introduced as an extra variable.
Afterwards, we shall consider the more general case of a one-component isotropic
fluid, where the heat flux, the bulk viscous pressure, and the viscous pressure ten-
sor are taken as supplementary independent variables, on the same footing as the
classical ones. After having obtained the evolution equations for the flux variables
by methods which generalise those of CIT, we will show how to obtain them in
the framework of rational extended thermodynamics. The respective merits of both
approaches are also discussed.

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 2, c� Springer Science+Business Media LLC 2010
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2.1 Heat Conduction in Rigid Solids

Let us first outline the motivations for introducing fluxes as independent variables
for the simple problem of heat conduction in rigid bodies. Afterwards, we will take
advantage of this simple situation to introduce the main tenets of the theory.

2.1.1 Motivations

The best known model for heat conduction in rigid solids is Fourier’s law, which
relates linearly the temperature gradient rT to the heat flux q according to

q D ��rT; (2.1)

where � is the heat conductivity, depending generally on the temperature. By substi-
tuting (2.1) in the energy balance equation (written in absence of source terms and
in a system at rest)

�
@u

@t
D �r � q; (2.2)

where the specific internal energy u is related to the temperature by du D cvdT , with
cv being the heat capacity per unit mass at constant volume, one obtains a parabolic
differential equation for the temperature given by

�cv
@T

@t
D r � .�rT /: (2.3)

This equation shows excellent agreement with experiments for most practical prob-
lems, but it suffers from some main deficiencies over short times or at high fre-
quencies. In particular, Onsager (1931) noted that Fourier’s model contradicts the
principle of microscopic reversibility, but this contradiction ‘. . . is removed when
we recognize that [Fourier’s law] is only an approximate description of the pro-
cess of conduction, neglecting the time needed for acceleration of the heat flow’. In
other words, Fourier’s law has the unphysical property that it lacks inertial effects:
if a sudden temperature perturbation is applied at one point in the solid, it will be
felt instantaneously and everywhere at distant points. Moreover, Fourier’s model is
not adequate for describing heat transport at very high frequencies and short wave-
lengths. Such situations are met when the phenomena are very fast or very steep
(as ultrasound propagation, light scattering in gases, neutron scattering in liquids,
heat propagation at low temperatures, shock waves, etc.) or when the relaxation
times of the fluxes are very long (as in polymer solutions, suspensions, superfluids
or superconductors). Historically, Maxwell (1867) was the first to introduce inertia
in transport equations.

To eliminate these anomalies, Cattaneo (1948) proposed a damped version of
Fourier’s law by introducing a heat–flux relaxation term, namely
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�
@q

@t
D � .q C �rT / : (2.4)

The relaxation time � is the response time for the onset of heat flow after a temper-
ature gradient is suddenly imposed. When � is negligible or when the time variation
of the heat flux is slow, Eq. (2.4) reduces to Fourier’s law.

Introduction of (2.4) into (2.2) results in a hyperbolic equation of the telegrapher
type,

�
@2T

@t2
C @T

@t
� �r2T D 0: (2.5)

By establishing (2.5) it is assumed that � and � are constant and positive, while the
quantity � D �=�cv designates the heat diffusivity. For t � � , the first term of (2.5)
is dominant and the above relation reduces to

�
@2T

@t2
D �r2T; (2.6)

which is a wave equation with the same wave speed as (2.5), namely u D .�=�/1=2;
it describes a reversible process, as it is invariant with respect to time reversal
t! � t . In contrast, for time scales longer than �.t��/, the first term in (2.5)
is negligible and one is led to the classical heat diffusion equation

@T

@t
D �r2T; (2.7)

which describes an irreversible process, as it is not invariant under time inversion.
Thus, at short times, expression (2.5) is reversible and heat propagates at finite
speed, microscopically this may be interpreted as the motion of ballistic heat car-
riers moving freely without experiencing collisions; at longer times, the process
becomes irreversible and heat is diffused everywhere throughout the whole system.
Therefore, the time � can be interpreted as the characteristic time for the crossover
between ballistic motion and the onset of diffusion. In the context of chaotic deter-
ministic systems, � may be viewed as the Lyapunov time beyond which predictivity
is lost (Nicolis and Prigogine 1989).

The dynamical properties of Eq. (2.4) have been thoroughly analysed. However,
the thermodynamic consequences are less known and are therefore worth exam-
ining. Indeed, from the expression for the classical entropy production, namely,
¢s D q � rT �1 one obtains

¢s D �

T 2
.rT 2/C �

T 2

@q

@t
� rT; (2.8)

which is no longer definite positive, because of the second term. To illustrate the
problems raised by the local-equilibrium entropy, let us examine the time evolution
of entropy in an isolated rigid body with an initial sinusoidal temperature profile by
using (2.5); one obtains non-monotonic behaviour, as exhibited by the dashed curve
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Classical Theory

S

t

Extended
Theory

Fig. 2.1 The evolution of the classical entropy SCIT during the equilibration of an isolated system
described by the Cattaneo equation (2.1.9) is given by the dashed curve. The evolution of the
extended entropy SEIT, obtained from (2.1.17), is represented by the solid curve, which, in contrast
with that of SCIT, increases monotonically

shown in Fig. 2.1. The details are found in Box 2.1 wherein an analysis of a discrete
system composed of two rigid solids in contact at different temperatures is carried
out.

Box 2.1 Entropy evolution in an isolated system: an illustrative example
In this section we compare the behaviour of classical entropy and extended
entropy shown in Fig. 2.1 during thermal equilibration, for a discrete sys-
tem. Consider heat transfer between two rigid bodies at different temperatures
and isolated from the outside world. Initially, the bodies are separated by
an adiabatic wall. If the adiabatic constraint is removed, heat will flow from
one body to the other without either work being performed or mass carried.
Let us start with the classical local-equilibrium formulation. Each of the two
subsystems, at temperatures T1 and T2 .< T1/ respectively, is in internal equi-
librium, i.e. the internal temperature changes are negligible compared to the
temperature difference T1 � T2. In virtue of the extensivity property, the total
entropy of the whole system S is the sum of the entropies of each subsystem,
S1 and S2, which are functions of the internal energies U1 and U2 of sub-
systems 1 and 2 respectively, even during the heat transfer process, namely
S.U1; U2/ D S1.U1/C S2.U2/. When the adiabatic wall separating the two
subsystems is replaced by a diathermal one, the time-rate variation of total
entropy is

dS

dt
D dS1

dt
C dS1

dt
D T �1

1

dU1

dt
C T �1

2

dU2

dt
: (2.1.1)
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Since the global system is isolated, dU1CdU2 D 0, and using the first law
of thermodynamics we can write

dU1

dt
D �dU2

dt
D � PQ; (2.1.2)

where PQ is the amount of heat exchanged between subsystems 1 and 2 per
unit time, i.e. the heat flux integrated over the surface separating the two bod-
ies. Recall that, by convention, energy input is positive and energy release
negative.

For an isolated system, (2.1.1) represents the rate of entropy produced
inside the system; in virtue of (2.1.2), it can be written as

dS

dt
D �.T �1

1 � T �1
2 / PQ: (2.1.3)

According to the second law of thermodynamics, this quantity must be
non-negative. This implies that heat only flows from the region of highest
temperature to the region of lowest temperature, which is the original Clausius
formulation of the second law.

To ensure the positiveness of (2.1.3) is to assume that the heat flux PQ is
proportional to the driving force .T �1

1 � T �1
2 /, so that

PQ D �K.T �1
1 � T �1

2 /; (2.1.4)

withK being a positive coefficient. If the temperature difference is small, one
may linearize this relation and write it in the usual form

PQ D K 0.T1 � T2/; (2.1.5)

withK 0DKT �2 assumed to be a constant and T an intermediate temperature
between T1 and T2.

In the course of time, the evolution equation for the temperature of each
subsystem is easily found by recalling that dU1 D C1dT1 and dU2 D C2dT2,
with C1 and C2 being the heat capacities of the respective subsystems. Com-
bining this result with (2.1.2), it is found that the temperature difference
" D T1 � T2 varies as

d"

dt
D � PQC�1

eff ; (2.1.6)

with C�1
eff D C�1

1 C C�1
2 . When (2.1.5) is introduced into (2.1.6) one finds

that
d"

dt
D �K 00"; (2.1.7)

with K 00DK 0C�1
eff . Thus " decays exponentially as " D "0 exp.�K 00t/, and

after an infinite lapse of time the temperature inside the system becomes
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uniform. In view of (2.1.3) and (2.1.6) the rate of evolution of entropy may be
written in terms of " as

dS

dt
D �T �2 K

0

K 00 "
d"

dt
: (2.1.8)

It is thus seen that the entropy is a monotonically increasing function of
time.

Consider now the more general situation in which heat transfer is described
by a Cattaneo-type relation

�
d PQ
dt
C PQ D �K.T �1

1 � T �1
2 /; (2.1.9)

where � is the relaxation time of the heat flux PQ. This expression is analogous
to the Cattaneo equation (2.4). After combining (2.1.6) and (2.1.9), one finds
for the evolution of " that

�
d2"

dt2
C d"

dt
CK 00" D 0: (2.1.10)

This equation is similar to the equation of motion of a damped pendulum.
The decay of " will not in general be exponential but may exhibit an oscilla-
tory behaviour when 4�K 00>1. In continuous systems, the exponential decay
observed in the discrete model would correspond to a diffusive perturbation,
whereas an oscillation in " would correspond to the propagation of a heat
wave. According to (2.1.8), in the case of oscillatory decay of ", the classical
entropy S behaves as a non-monotonic function of time, as indicated by the
dashed curve of Fig. 2.1.

In extended irreversible thermodynamics (EIT), the heat flux PQ is viewed
as an independent variable of the entropy. The proposed form of the gener-
alised entropy in EIT is therefore SEIT.U1; U2; PQ/. The rate of variation of
SEIT is, up to the second order in PQ,

dSEIT

dt
D T �1

1

dU1

dt
C T �1

2

dU2

dt
� a PQd PQ

dt
: (2.1.11)

Using the conservation of energy (2.1.2), one may write (2.1.11) as

dSEIT

dt
D �.T �1

1 � T �1
2 / PQ � a PQd PQ

dt
: (2.1.12)

For small temperature differences, dSEIT=dt simplifies to

dSEIT

dt
D
 
T �2" � ad PQ

dt

!
PQ: (2.1.13)
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The simplest way to guarantee the positiveness of the entropy production
dSEIT=dt is to assume the linear relation

PQ D K
 
T �2" � ad PQ

dt

!
; (2.1.14)

where K is a positive constant and, in analogy with the Cattaneo equation
(2.9), aK may be interpreted as a relaxation time, namely aK D � . In view
of this identification, the entropy variation can be written as

dSEIT

dt
D �.T �1

1 � T �1
2 / PQ � �

K
PQd PQ

dt
; (2.1.15)

or, in an integrated form,

SEIT.U1; U2; PQ/ D S1.U1/C S2.U2/ � �

2K
PQ2: (2.1.16)

Observe that in the limiting case � D 0, the above expression reduces to
the local-equilibrium entropy. The last term on the right-hand side of (2.1.16)
may be viewed as expressing the interaction between subsystems 1 and 2.

According to (2.1.13) and (2.1.14), the time variation of SEIT may simply
be written as

dSEIT

dt
D K�1 PQ2 D K�1C 2

eff

�
d"

dt

�2

: (2.1.17)

This expression is either positive or zero, but never negative, since it was
found that K >0, and therefore SEITŒU1.t/; U2.t/; PQ.t/�,;whose evolution is
represented by the continuous curve of Fig. 2.1, increases monotonically in the
course of time and is thus compatible with evolution equations of the Cattaneo
type. The corresponding analysis for a continuous system has been treated by
Criado-Sancho et al. (1993).

It is seen in Fig. 2.1 that instead of being monotonically increasing, the classical
entropy behaves in an oscillatory way. Strictly speaking this result is not incompati-
ble with the Clausius formulation of the second law, which states that the entropy of
the final equilibrium state must be higher than the entropy of the initial equilibrium
state. However, the non-monotonic behaviour of the entropy is in contradiction with
the local-equilibrium formulation of the second law, which requires that the entropy
production must be positive everywhere at any time in the evolution.

It is thus found that the Cattaneo law (2.4), which has been shown to be very
applicable in the description of the results of many experiments on heat waves, is
not compatible with the local-equilibrium hypothesis, which ought therefore to be
reconsidered. This is precisely the aim of the Sect. 2.1.2.
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2.1.2 The Generalised Gibbs Equation

As in CIT, the entropy and the Gibbs equation play a central role in extended irre-
versible thermodynamics (EIT). Here, it is assumed that the entropy will not only
depend on the classical variable, namely the specific internal energy u, but in addi-
tion on the heat flux q, whose initial value must be specified in order to solve
Eq. (2.4):

s D s.u; q/: (2.9)

The generalised entropy s D s.u; q/ will be assigned the following properties:

� It is an additive quantity.
� It is a concave function of the whole set of variables, which means that it is a

function which lies everywhere below its family of tangent lines.
� Its rate of production is locally positive.

The hypothesis of a generalised macroscopic entropy depending on the fluxes was
advanced by Machlup and Onsager (1953) in an indirect way. During the 1960s
a more direct formulation applied to fluids was developed by Nettleton (1959)
and Müller (1967). In the 1970s, new reformulations were proposed independently
by several authors and have inspired much research (e.g. Gyarmati 1970; Jou
et al. 1979; Lebon et al. 1980; Garcia-Colin et al. 1984; Eu 1992) which has been
reviewed by Jou and Zakari (1995, 1999) and Sieniutycz and Salamon (1992).

The differential form of the generalised entropy is written as follows:

ds D
�
@s

@u

�
duC

�
@s

@q

�
� dq: (2.10)

In analogy with the classical theory, we define the non-equilibrium temperature � by

��1.u; q/ D
�
@s

@u

�
q

; (2.11)

not to be confused with the local-equilibrium temperature

T �1 D
�
@s

@u

�
qD0

: (2.12)

The quantity ��1 can be expanded around the inverse of the local-equilibrium
temperature T and written as

��1.u; q/ D T �1.u/C a.u/q2; (2.13)

when terms of order higher than q2 are neglected; the coefficient a.u/ depends gen-
erally on u, and q2 stands for q � q The remaining partial derivative in (2.10) will be
denoted as
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�
@s

@q

�
D �v˛1.u; q/; (2.14)

wherein the minus sign and the factor v are introduced for convenience. Without
loss of generality, we may write ˛1 as

˛1 D ˛10.u; q
2/q: (2.15)

Substituting (2.11–2.15) into (2.10) results in the final expression of the generalised
Gibbs equation when third-order terms in the heat flux are omitted:

ds D ��1du� v˛10q � dq: (2.16)

From this expression and the internal energy balance law (2.2), one obtains for the
time derivative Ps of the entropy,

�Ps D ���1r � q � ˛10q � Pq (2.17)

or, equivalently,

�Ps D �r � .��1q/C q � .r��1 � ˛10 Pq/: (2.18)

This equation can be cast in the general form of a balance equation,

�Ps D �r � J s C ¢s; (2.19)

in order to identify the expressions for the entropy flux J s and the (positive) entropy
production ¢s. By comparison of (2.18) and (2.19), it is inferred that

J s D ��1q (2.20)

and
¢s D q � .r��1 � ˛10 Pq/: (2.21)

Relation (2.21) has the structure of a bilinear form in a flux q and a force X

¢s D q �X ; (2.22)

the force X may be identified with the quantity within parentheses in (2.21). To
obtain an evolution equation for q compatible with the positiveness of ¢s, let us
assume that the force X is related to u and q by

X D 
1.u; q
2/ ; (2.23)

wherein 
1 may depend on u and q2. Replacing X by its value drawn from (2.21),
relation (2.23) can be rewritten as

q
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r��1 � ˛10 Pq D 
1q; (2.24)

Introducing (2.23) into (2.22) results in the following expression for the entropy
production

¢s
1 (2.25)

and the requirement that ¢s is positive leads to the restriction 
1 � 0.
When dealing with non-linear flux–force relations as in (2.23), some particular

attention must be paid on the sign of the phenomenological coefficients. To be more
explicit, let us consider for example the non-linear law

X1 D q


1

p
1C aq2

I (2.26)

the corresponding entropy production is given by

¢s D q �X1 D q2


1

p
1C aq2

: (2.27)

The quantity ¢s is clearly positive for any value of q provided that 
1 and a are
positive. However, if one expands the square root in series of q2, one has

¢s D q �X1 D q2


1

�
1 � 1

2
aq2 C 1

4
a2q4 C : : :

�
; (2.28)

from which it is seen that by truncating the expansion after a finite number of
terms it may happen that ¢s could become negative. Therefore, if one deals with
a series expansion, the condition ¢s � 0 only imposes restrictions on the sign of the
quadratic term, but not on the fourth and higher-order terms in X1.

In expression (2.24) there appear two non-defined coefficients ˛10 and 
1 which
must be identified on physical grounds. Assume first a situation characterized by a
stationary flux so that (2.24) simplifies to

q D � 1


1�2
r�: (2.29)

A comparison with Fourier’s law q D ��r� yields


1 D 1

��2
: (2.30)

In the next step, let us compare (2.24) with Cattaneo’s equation (2.4). Writing (2.24)
in the form

��2˛10 Pq C q D ��r�; (2.31)

D 
 q � q � 0:
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suggests the identification

˛10 D �

��2
: (2.32)

In virtue of this result, the generalised Gibbs equation (2.16) will be written as

ds D ��1du� �

���2
q � dq; (2.33)

wherein the coefficient of the new term in dq has been completely identified in
terms of physical quantities. When the contribution of the quadratic terms in q is
negligible in the expression of ��1, the latter reduces to T �1 and Gibbs’s equation
(2.33) is given by

ds D T �1du� �

��T 2
q � dq: (2.34)

In this case, the integrability condition, i.e. the equality of the second-order cross
derivatives of s, namely @2s=.@u@q/ and @2s=.@q@u/, infers that �=.��T 2/ is a
constant. Expression (2.34) was widely used in the first developments of EIT. In the
local-equilibrium approximation, (2.33) reads simply as ds D T �1du as it should,
and at this level of approximation � is identical to T . The integrability condition of
(2.33) yields in general

@��1

@q
D � @

@u

�
�

���2

�
q; (2.35)

and, after integration,

��1.u; q2/ D T �1.u/� 1
2

Z
@

@u

�
�=.���2/

�
dq2: (2.36)

When �=.���2/ is independent on q2, expression (2.36) reduces to

��1.u; q2/ D T �1.u/� 1
2

@

@u

�
�

��T 2

�
q2: (2.37)

After substitution of this result in (2.33) and integration, one obtains an explicit
expression for entropy outside (local) equilibrium up to second-order terms in q

s.u; q/ D seq.u/� 1
2

�

��T 2
q � q: (2.38)

In virtue of (2.25) and (2.30), the entropy production is

¢s D 1

��2
q � q; (2.39)

and its positiveness implies that � > 0. This expression of ¢s is to be compared with
¢s obtained from CIT when Cattaneo’s law is used instead of Fourier’s, namely
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¢s
CIT D

1

�T 2
.q � q � �q � Pq/: (2.40)

Clearly, the positiveness of the entropy production is no longer guaranteed due to
the presence of the second term on the right-hand side of (2.40).

Going back to Fig. 2.1 it is seen that the extended entropy (2.38) has a monotonic
increase, in contrast with the classical local-equilibrium entropy seq. It can thus be
concluded that the Cattaneo law (2.4) is not compatible with the local-equilibrium
version of the second law, but is consistent with EIT.

In this section, we have selected u and q as variables. This choice is not unique,
for instance instead of u we can as well choice its Legendre transformation, i.e.
the temperature � as variable; similarly, instead of q, it is equivalent to adopt its
Legendre transformation as independent variable as shown in Box 2.2.

Box 2.2 Entropy evolution in an isolated system: an illustrative example
The selection of the heat flux as independent variable has been the subject
of criticism as it constitutes a response to interaction with the environment
rather than expressing intrinsic non-equilibrium properties of the system. It is
argued that a non-equilibrium variable should be written in terms of typical
non-equilibrium quantities like the heat conductivity and the relaxation time.
To meet these objections, we shall replace the variable q by a normalized
expression, say q� taking into account the constitutive properties of the heat
conductor. A possible choice is to select q� as the variable conjugated to q in
Gibbs’ equation (2.34), namely

q� D � �

��T 2
q: (2.2.1)

By writing Gibbs’ equation in the form (2.34), it is implicitly admitted that
temperature is not dependent on the heat flux. A more complete analysis
including non-linear contributions in q2 can be found in Lebon et al. (2008a).

Defining the Legendre transform of s.u; q/ by

sŒu; q�� D s � q � q�; (2.2.2)

it follows from (2.2.2) and (2.34) that the corresponding Gibbs’ relation is

dsŒu; q�� D T �1du� q � dq�: (2.2.3)

It remains to establish the evolution equation of the new variable q�. Starting
from (2.18) and following the procedure of the previous section, it is checked
that

�Ps D �r
�
� q�

�T

�
� 1
�

q� � .r � T �1 C � Pq�/C �

�2

@�

@u
Pu.q� � q�/; (2.2.4)
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where � stands for the “weighting” coefficient � D �=.��T 2/; the last term
vanished because in the approximation that the temperature is flux indepen-
dent, one has @�=@u D �@T �1=@q2 D 0 Expression 2.2.4 suggests that the
entropy flux is given by

J s D � q�

�T
D q

T
; (2.2.5)

while the entropy production will take the form

�s D � 1
�

q� � .rT �1 C � Pq�/ � 0; (2.2.6)

the term in @�=@u has disappeared because, as mentioned before, in our
approximation @�=@u D 0. Positiveness of ¢s is satisfied if

rT �1 C � Pq� D �

�

q�; (2.2.7)

with 
=� > 0, setting 
 D .�T /�1 one obtains

� Pq� D �rT �1 � �
�

q�; (2.2.8)

which is an equation of the Cattaneo type, reducing to Fourier’s law in the
steady state case. It is worth to stress that, in comparison with original Catta-
neo’s relation (2.4), expression (2.2.8) contains one single phenomenological
coefficient, the relaxation time � . A supplementary advantage of using the
state variable q� is that it contains a small parameter � allowing the control
the accurateness of higher-order expansions in the fluxes. An illustration of
the use of this “weighting” variable may be found in Sect. 6.7.

2.3 One-Component Viscous Fluid

We now proceed to the more general case of a compressible one-component fluid.
According to EIT, the space of the thermodynamic state variables is the union of the
classical one (internal energy u, specific volume v) and the space of flux variables

q, pv, and
0

Pv.
The generalised Gibbs equation takes the form

ds D .@s=@u/
v;q;pv;

0
Pv

duC .@s=@v/
u;q;pv;

0
Pv

dvC .@s=@q/
u;v;pv;

0
Pv
� dq

C.@s=@pv/
u;v;q;

0
Pv

dpv C .@s=@
0

Pv/u;q;v;pv W d
0

Pv : (2.41)
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In analogy with the classical theory of irreversible processes, we define a non-
equilibrium absolute temperature � and a non-equilibrium thermodynamic pressure
� by respectively

��1.u; v; q; pv;
0

Pv/ D .@s=@u/
v;q;pv;

0

Pv
; (2.42a)

��1�.u; v; q; pv;
0

Pv/ D .@s=@v/
u;q;pv;

0

Pv
: (2.42b)

Without loss of generality, the remaining partial derivatives in (2.41) can be cast in
the form

.@s=@q/
u;v;pv;

0
Pv
D �v˛10.u; v; q; p

v;
0

Pv/q; (2.43a)

.@s=@pv/
u;v;q;

0

Pv
D �v˛00.u; v; q; p

v;
0

Pv/pv; (2.43b)

.@s=@
0

Pv/u;v;q;pv D �v˛21.u; v; q; p
v;

0

Pv/
0

Pv; (2.43c)

wherein the coefficients ˛10, ˛00 and ˛21 are unknown scalar functions of their
arguments. Introducing (2.42–2.43) into (2.41) yields the generalised Gibbs equa-
tion

ds D ��1duC ��1�dv � v˛00p
vdpv � v˛10q � dq � v˛21

0

Pv W d
0

Pv : (2.44)

The evolution of entropy is governed by the balance law (2.19), and our objective
is to determine the corresponding expressions for the entropy flux J s and entropy
production ¢s. To this end, let us substitute into (2.44) the expressions of Pu and
Pv as derived from the balance laws of energy and mass (1.10–1.11). After direct
calculations it is found that

� Ps D ���1r � q � ��1pvr � v � ��1
0

Pv W 0V�˛00pv Ppv � ˛10q � Pq � ˛21
0

Pv W .
0

Pv/�:

(2.45)

To derive this result it was assumed that the total pressure tensor P was decomposed
as follows

P D �UC pvUC
0

Pv; (2.46)

where � in the first term on the right-hand side has replaced p as found usually
in classical hydrodynamics and in Chap. 1. It should be realized that at equilib-
rium � reduces to the classical hydrostatic equilibrium pressure p and that when
second-order contributions in the fluxes are negligible, � is still identical to p.
The motivation for substituting p with � in (2.46) will be discussed in detail in
Chap. 3; for the moment, we may accept it is the analogue of changing T into � in
the generalised Gibbs equation (2.44).
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2.4 The Generalised Entropy Flux and Entropy Production

Before we determine the expression for entropy production, defined by

¢s D �Ps Cr � J s � 0; (2.47)

we need a relation for the entropy flux J s . For isotropic systems, the most general

vector depending on the variables u, v, q,
0

Pv, and pv is, up to second-order terms in
the fluxes,

J s D ˇq C ˇ0pvq C ˇ00 0

Pv �q; (2.48)

where the coefficients ˇ0 and ˇ00 are generally functions of u and v; to recover
the results of the heat conduction problem, the coefficient ˇ must be made ��1.
Accordingly

J s D ��1q C ˇ0pvq C ˇ00 0

Pv �q: (2.49)

The entropy production is easily derived from (2.47) by replacing �Ps and J s

respectively by their expressions in (2.45) and (2.48). The final result is

¢s D q � Œr��1 Cr � .ˇ00 0

Pv/Cr.ˇ0pv/ � ˛10 Pq�C pvŒ���1r � v
�˛00 Ppv C ˇ0r � q�C

0

Pv W Œ���1
0

V�˛21.
0

Pv P/C ˇ00r.0
q/s �: (2.50)

One observes that (2.50) has the structure of a bilinear form,

¢s D q �X1 C pvX0 C
0

Pv W 0

X2 (2.51)

consisting of a sum of products of the fluxes q, pv, and
0

Pv and their conjugate

generalised forces X1, X0, and
0

X2. The latter follows from direct comparison of
(2.51) with (2.50). They are similar to the expressions obtained in CIT, except for
the substitution of T by � and the fact that they contain additional terms depending
on the time and space derivatives of the fluxes.

Upon defining the proper expressions of the forces X1,
0

X2, and X0, it can be

noted that there exists a class of transformations of the time derivatives of q and
0

Pv

which leave the entropy production invariant. An example of such a transformation
is provided by

Daq D Pq C aW � q; (2.52a)

Db

0

Pv D .
0

Pv P/C b.W �
0

Pv �
0

Pv �W/; (2.52b)
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where a and b are constants and W is an antisymmetric tensor, for instance, the
antisymmetric part of the velocity gradient. Indeed, it is easy to verify that

q � Daq D q � Pq; (2.53a)
0

Pv W Db

0

Pv D
0

Pv W .
0

Pv P/: (2.53b)

This means that the expression of the entropy production remains unchanged
when general derivatives of the form (2.52) are used instead of the material time
derivatives of the fluxes.

Obviously, thermodynamics cannot give any information about the coefficients
a and b in (2.52), since they do not appear explicitly either in the entropy produc-
tion or in the Gibbs equation. However, they can be determined by other means:
(a) from general invariance requirements, such as the frame-indifference principle,
which leads to a D b D 1, and in this case the derivatives defined by (2.52) coin-
cide with the corotational time derivative; (b) from a microscopic description, e.g.
the kinetic theory of gases; a comparison with kinetic theory yields a D b D �1
(for a detailed discussion on the compatibility between kinetic theory and frame
indifference, see Lebon and Boukary 1988); (c) from experiments on rotating sys-
tems (e.g. Müller 1972), however, such experiments turn out to be very difficult in
view of the smallness of the terms involved.

The simplest way to guarantee that ¢s � 0 is to assume that the forces X1, X0,
0

X2 identified in (2.50) are linear in the fluxes, namely

X1 D 
1q; X0 D 
0p
v;

0

X2 D 
2

0

Pv; (2.54)

wherein the phenomenological coefficients 
1, 
0, 
2 are allowed to depend on u
and v. These are the simplest flux–force relations ensuring the positiveness of ¢s.
Indeed when these expressions are introduced into (2.51), we are led to

¢s D 
1q � q C 
0p
vpv C 
2

0

Pv W
0

Pv; (2.55)

while the requirement that ¢s must be positive leads to the restrictions


1 � 0; 
0 � 0; 
2 � 0: (2.56)

As in the problem of heat conduction, non-linear flux–force relations raise some
important conceptual questions concerning the interpretation of the second law.
Consider, for instance, a force given by the form X0 D 
0p

v C 
00.p
v/2 C � � � ,

such that the entropy production becomes ¢s D 
0.p
v/2C
00.p

v/3C� � � It is clear
that the positiveness of ¢s implies that the coefficient of .pv/2 must be positive,
i.e. 
0 >0. However, the restrictions on the coefficients of .pv/3 and higher-order
terms depend on the interpretation given to the status of the constitutive equations.
If one considers a given material which satisfies exactly X0 D 
0p

v C 
00.p
v/2,
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then ¢s > 0 for every value of pv would require that 
00 D 0. By assuming that
X0 D 
0p

v C 
00.p
v/2 C � � � is only a second-order approximation with respect

to an unknown exact constitutive relation, then one cannot conclude anything about
the sign of 
00. Nevertheless, the requirement that �s must be positive provides a
useful limitation on the domain of validity of the constitutive equations and on their
possible forms.

2.5 Linearized Evolution Equations of the Fluxes

Identifying the forces as the conjugate terms of the fluxes in (2.50) and substituting
these expressions into (2.54), one obtains in the linear approximation (quadratic
terms in the fluxes and products of fluxes times gradients of the “local” variables u
and v are omitted), the following set of evolution equations:

rT �1 � ˛10 Pq D 
1q � ˇ00r �
0

Pv �ˇ0rpv; (2.57)

�T �1r � v � ˛00 Ppv D 
0p
v � ˇ0r � q; (2.58)

�T �1
0

V�˛21.
0

Pv P/ D 
2

0

Pv�ˇ00.
0rq/s: (2.59)

As a consequence of linearity, � has been identified with T everywhere while the
coefficients ˛ are only function of u and v. The main features issued from the above
thermodynamic formalism are:

� The positiveness of the coefficients 
1, 
0, and 
2.

� The equality of the cross terms relating q with r � 0

Pv and
0

Pv with .
0rq/s on

the one side, and q with rpv and pv with r � q on the other. The equality of
these coefficients, confirmed by the kinetic theory, are Onsager-type reciprocal
relations. However, in contrast with the usual Onsager relations, they have been
obtained here from purely thermodynamic arguments.

� The coefficients ˇ0 and ˇ00 appearing in the second-order terms of the entropy
flux are the same as the coefficients of the cross terms in the evolution equations
(2.57–2.59) and establish the connection between thermodynamics (the entropy
flux) and dynamics (the evolution equations).This result finds a confirmation in
the kinetic theory (see Chap. 4).

� The terms involving the gradients of the fluxes are responsible of spatial non-
local effects as shown in the forthcoming chapters.

As in the heat conduction problem, relations (2.57)–(2.59) contain several coeffi-
cients, which must be assigned a physical identification. Consider first a stationary
and homogeneous situation, which means that the time and space derivatives of the
fluxes are zero. Equations (2.57–2.59) then reduce to

rT �1 D 
1q; �T �1r � v D 
0p
v; �T �1

0

V D 
2

0

Pv : (2.60)
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Comparison with the Fourier and Newton–Stokes laws,

q D ��rT; pv D ��r � v;
0

Pv D �2
 0

V; (2.61)

leads to the identifications


1 D .�T 2/�1; 
0 D .�T /�1; 
2 D .2
T /�1; (2.62)

with �, �, and 
 being the thermal conductivity, bulk viscosity, and shear viscosity,
respectively.

Consider now a non-stationary (but homogeneous) flow, so that (2.57)–(2.59)
reduce to

rT �1 � ˛10 Pq D .�T 2/�1q; (2.63)

�T �1r � v � ˛00 Ppv D .�T /�1pv; (2.64)

�T �1
0

V�˛21.
0

Pv P/ D .2
T /�1
0

Pv : (2.65)

These equations can be identified with the so-called Maxwell–Cattaneo laws

�1 Pq C q D ��rT; (2.66)

�0 Ppv C pv D ��r � v; (2.67)

�2.
0

Pv P/C
0

Pv D �2
 0

V; (2.68)

where �1, �0, and �2 are the relaxation times of the respective fluxes. We are then
led to the identifications

˛10 D �1.�T
2/�1; (2.69a)

˛00 D �0.�T /
�1; (2.69b)

˛21 D �2.2
T /
�1: (2.69c)

In terms of �, �, 
, and the relaxation times �1, �0, and �2, the linearized evolution
equations (2.57–2.59) take the following form:

�1 Pq D �.q C �rT /C ˇ00�T 2r �
0

PvCˇ0�T 2rpv; (2.70)

�0 Ppv D �.pv C �r � v/C ˇ0�Tr � q; (2.71)

�2.
0

Pv P/ D �.
0

PvC2
 0

V/C 2ˇ00
T .
0rq/s : (2.72)

In Table 2.1 the values of some of the coefficients appearing in (2.70)–(2.72) are
reported.
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Table 2.1 Values of �1, �2, �, and 
 for some liquids at 20ıC and 1atm, according to
Nettleton (1960) (first three columns) and international tables
Liquid 1013�1.s/ 10�.J=msıC/ 1012�2.s/ 104
.Ns=m2/

Carbon tetrachloride 2.15 1.03 2.46 9.69
Chloroform 1.54 1.16 2.08 5.80
Carbon disulphide 1.43 1.61 1.38 3.63
Benzene 1.22 1.48 1.67 6.52
Toluene 1.63 1.35 1.60 5.90
Acetone 1.36 1.61 2.19 3.20

When relaxation times tend to infinity but their ratio to the respective transport
coefficients (� � 
, etc.) remains finite (or in the high-frequency regime �!�1/,
the Maxwell–Cattaneo equations become reversible (or time-reversal invariant),
for example, Cattaneo’s law simplifies as PqD � .�=�/rT . In these particular
circumstances, there is no dissipation associated with the fluxes (e.g. electric cur-
rent in superconductors). Nevertheless, for the sake of simplicity, we will keep
“dissipative” flux as a generic term throughout this book.

2.6 Rational Extended Thermodynamics

EIT can be seen not only as an extension of CIT, but it may also be formulated along
the line of thought of rational thermodynamics (RT); in this case, it is convenient to
speak about rational extended thermodynamics (RET). As seen in Chap. 1, Rational
Thermodynamics, whose main objective is to provide a method for deriving con-
stitutive equations, offers an approach whose rationale is drastically different from
that of CIT. It is interesting to consider EIT from both “rational” and “classical”
perspectives because it provides a common ground for comparison in spite of the
divergences of their original formulations.

Although we borrow in this section some methods and concepts from RT, we
depart from it in many other aspects. Essentially, the choice of the independent vari-
ables is different: in RT the variables are the histories of the classical state variables
u; v; : : : ; while in RET the space of independent variables is enlarged in such a way
that the history is no longer needed; accordingly, the response of the material sys-
tem is described by evolution differential equations for the additional independent
variables rather than in terms of the constitutive functionals as used in RT. Here, RT
is used as a working method rather than as a definite theory.

2.6.1 Heat Conduction

To illustrate RET, let us go back to the problem of heat conduction in a rigid
isotropic body at rest. The relevant variables are selected as the non-equilibrium
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temperature � and the heat flux q. The time evolution of � is governed by the bal-
ance law of energy (2.1) while the evolution equation of q will be cast in the general
form

Pq D �r �QC ¢q: (2.73)

The first term on the right-hand side of (2.73) expresses the exchange with the out-
side environment, with Q denoting the flux of the heat flux, while ¢q is a source
term. The quantity Q is a tensor of second rank and ¢q is a vector. At this stage
of the analysis, these quantities are unknowns and must be formulated by means of
constitutive equations:

Q D Q.�; q/; (2.74)

¢q D ¢q.�; q/: (2.75)

After substitution of (2.74–2.75) into (2.73), we are faced with a set of four scalar
equations for the four unknowns � (scalar) and q (vector).

The constitutive equations (2.74–2.75) cannot take an arbitrary form. They have
to comply with the laws of thermodynamics, and in particular the second law.
To satisfy the latter condition, it is assumed that there exists a regular and con-
tinuous function of the whole set of variables, called the non-equilibrium entropy s,
which obeys a balance equation given by

�Ps Cr � J s D ¢s � 0; (2.76)

where J s is the entropy flux; the positive entropy production ¢s can be calculated
by performing the operations indicated on the left-hand side of (2.76). As in RT, the
positiveness of ¢s is used to place restrictions on the field equations.

At this point, let us emphasize some of the main differences between RET and
RT. First, whereas in the latter theory the quantity q is given by a constitutive rela-
tion, in RET it is counted among the set of independent variables. Second, the
balance law of energy is not regarded as a mere definition of the energy supply;
in RET this quantity is given a priori. Third, the second law is not in the form of the
Clausius–Duhem inequality as it is not imposed that the entropy flux is a priori to be
given by the ratio of the heat flux and the temperature, but may contain extra terms.
Fourth, the entropy is assumed to depend on the heat flux.

Since the temperature has been selected as independent variable rather than the
internal energy, it is convenient to formulate the second law (2.76) in terms of the
free energy � D u � �s for which temperature is an independent variable; this
leads to

�¢s D � Pu � �s P� � � P� C �r � J s � 0: (2.77)

To take into account the restrictions placed by the second law (2.77) on the constitu-
tive equations, we follow the method of Lagrange multipliers proposed by Liu and
widely used by Muller and Ruggeri (1998) in their formulation of RET. It must be
observed that the inequality (2.77) does not hold for all the set of variables � and
q but only for the solutions of the energy balance (2.1) and the evolution equation
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(2.73) for q. This means that we can consider the evolution equations as constraints
for the entropy inequality to hold. To take these constraints into account is a diffi-
cult task and will lead to rather intricate calculations. An elegant way to circumvent
this difficulty was proposed by Liu (1972); he was able to show that the entropy
inequality becomes completely arbitrary when inequality (2.77) is complemented
with a linear combination of the balance laws. The factors multiplying the balance
equations are called Lagrange multipliers by analogy with the extremization prob-
lem to constraints in mathematics, although the present situation is not strictly a
problem of extremals.

We shall bypass the constraint expressed by the energy law by replacing in (2.77)
the quantity � Pu by �r � q. The only constraint left is the evolution equation (2.73)
of q so that the entropy inequality (2.77) will be reformulated as follows

�¢s D �r � q � �s P� � � P� C �r � J s Cƒ � . Pq Cr �Q � ¢q/ � 0; (2.78)

wherein ƒ.�; q/ is the corresponding Lagrange multiplier. This inequality is sat-
isfied for arbitrary values of the independent variables � and q, it contains three
unknown quantities J s, Q and ¢q assumed to be given by the following constitutive
relations

J s D ".�; q2/q; (2.79)

Q D a.�; q2/U; (2.80)

¢q D �b.�; q2/q; (2.81)

wherein ", a and b are unknown scalar functions of � and q2. More general expres-
sions of J s and Q are found in Lebon et al. (2003) and Lebon et al. (2008b). Intro-
ducing (2.79)–(2.81) in (2.78) and invoking the differentiation rule for �.�; q2/, one
obtains

�¢s D ��
�
s C @�

@�

�
P� �

�
2�
@�

@q2
q �ƒ

�
� Pq C

�
�
@�

@�
q Cƒ@a

@�

�
� r�

C


2�

@"

@q2
qq C 2 @a

@q2
ƒq C .�" � 1/U

�
W rq C bƒ � q � 0: (2.82)

which is linear in P� , Pq,r� andrq. Positiveness of (2.82) would be destroyed unless
the coefficients of these derivatives are zero, which results in

@�

@�
D �s; (2.83)

ƒ D 2� @�
@q2

q; (2.84)

�
@"

@�
C 2� @a

@�

@�

@q2
D 0; (2.85)
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�
@"

@q2
C 2� @a

@q2

@�

@q2
D 0; (2.86)

" D 1

�
; (2.87)

with the dissipation inequality (2.82) given by

�¢s D bƒ � q D 2�b @�
@q2

q2 � 0; (2.88)

in virtue of (2.84). The following generalized Gibbs equation is obtained from (2.83)
and (2.84):

d�.�; q/ D @�

@�
d� C @�

@q
� dq D �sd� C 1

�
ƒ � dq; (2.89)

the first term at the right-hand-side is classical while the second one reflects the
property that the Lagrange multiplierƒ is the variable conjugated to q.

The result (2.87) is important as it confirms that the expression of the entropy
flux is similar to the classical result J s D q=� but with the equilibrium temperature
T replaced by the non-equilibrium temperature � . From (2.86) and (2.87) it follows
that @a=@q2 D 0 which means that the factor a is independent of q2; moreover, in
virtue of (2.85), it is found that

@�

@q2
D 1

2��

1

.@a=@�/
; (2.90)

with the property to be also q2-independent. Recalling that stability of equilibrium
requires that � is a convex function, it is inferred that

@a=@� > 0: (2.91)

To gain more information about the undetermined coefficients a and b, substitute
(2.80) and (2.81) in the evolution equation (2.73) which takes the form

Pq D �@a
@�
r� � bq; (2.92)

this relation is identical to Cattaneo’s generalized law at the condition to operate the
identifications

b D 1

�
;

1

b

da

d�
D �; (2.93)

with � the relaxation time and � the heat conductivity; in virtue of (2.88) and
(2.91), both quantities b and a are proven to be positive. Making use of the above
identification, expression (2.90) will take the more familiar form

@�

@q2
D �

2���
: (2.94)
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To summarize, the final expressions of the generalized Gibbs equation, entropy flux
and evolution equation for q can be written as

d� D �sd� C �

���
q � dq; (2.95)

J s D 1

�
q; (2.96)

� Pq D ��r� � q: (2.97)

These results comply fully with those derived by following the procedure of
Sect. 2.1. Clearly, by using more general expressions for Q and ¢q (e.g. Lebon
et al. 1998), one would have obtained more complicated expressions for the Gibbs
equation, the entropy flow and the Cattaneo equation.

2.6.2 Viscous Fluids

The above procedure is easily generalised to other systems, such as viscous heat-
conducting fluids in motion. The space of the variables, denoted V , is formed by the
union of the space of the classical variables C (the density �, the specific internal
energy u, the velocity v) and the space of the fluxes F (here the heat flux q, and the
viscous pressure Pv). In total, the space V contains 14 independent variables (�, u,
and pv, plus three components of v and three components of q and five components

of the symmetric traceless tensor
0

Pv/. The evolution of the classical variables is gov-
erned by the balance equations of mass, momentum and energy, while the evolution
of the flux variables obeys equations of the form

Pq D �r � Jq C ¢q; (2.98)

Ppv D �r � j v C �v; (2.99)

.
0

Pv P/ D �r �
0

JvC
0

¢v : (2.100)

Jq is a tensor of rank two representing the flux of the heat flux, and ¢q is a vec-
tor corresponding to the supply of heat flux; j v is a vector denoting the flux of the

scalar viscous pressure, and ¢v is the corresponding scalar source term;
0

Jv is a third-

rank tensor designating the flux of the traceless viscous pressure tensor, and
0

Jv is its
source term. Of course, at this stage of the analysis these quantities are not deter-
mined and must be specified by means of constitutive relations, which in view of
the principle of equipresence will be written as

Jq D Jq.V/; j v D j v.V/;
0

Jv D
0

Jv.V/;

¢q D ¢q.V/; ¢v D ¢v.V/;
0

¢v D
0

¢v.V/: (2.101)
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The evolution equations (2.98)–(2.100) and the constitutive relations (2.101) are not
arbitrary. They have to comply with the following three constraints:

� Euclidean invariance (criterion of objectivity)
� Positiveness of the rate of entropy production
� Concavity of entropy

As a consequence of objectivity, the material time rates must be replaced by objec-
tive ones. Therefore, in Eqs. (2.98) and (2.100), the material time derivatives should

be replaced by Dq and D
0

Pv, respectively, where D denotes an objective time
derivative, say Jaumann’s derivative.

As above, we will introduce Lagrange multipliers so that entropy inequality will
take the form

�Ps Cr � J s Cƒ0.�PvCr � v/Cƒ1.� PuCr � q C PT W rv/

Cƒ2 � .�PvCr � PC �F /Cƒ3 � . Pq Cr � J q C ¢q/

Cƒ4. Ppv Cr � j v C ¢v/Cƒ5 W Œ.
0

Pv/� Cr �
0

Jv C
0

¢v� � 0 (2.102)

wherein the Lagrange multipliers ƒi .i D 0; 1; : : : ; 5/ are unknown functions of
the set of variables V . The procedure is the same as in Sect. 2.6.1 but will not be
pursued further because the calculations are long and cumbersome outside the linear
approximation.

It is interesting to summarize the main differences between the standard and
rational presentations of EIT in Sects. 2.3 and 2.5:

(a) In RET, the restrictions on the balance equations are explicitly taken into
account in the formulation of the second law by means of Lagrange multipliers.

(b) The Gibbs equation is not postulated a priori, as in the previous formulation,
but is derived from the restrictions placed by the second law.

However, in the linear approximation, the results of the two approaches are identical
both for the evolution equations of the fluxes and for the Gibbs equation. In the non-
linear range, the complete equivalence is not yet established. The existence of both
formalisms is useful and stimulating, as each point of view has its own advantages.
For instance, the use of Lagrange multipliers in RET is elegant and appealing, but
the standard description of EIT provides for them a physical identification in a more
direct way and gives a more straightforward description of fluctuations, as will be
shown in Chap. 5.

2.7 Some Comments and Perspectives

To shed further light on the scope and perspectives of EIT, let us add some general
comments.
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1. In EIT, the state variables are the classical hydrodynamic fields supplemented
by the fluxes appearing on the governing equations of classical hydrodynamics,
i.e. the extra stress (or pressure) tensor (the total stress tensor minus its hydro-
static part) and the extra energy flux (the total energy flux minus the fluxes due to
advection of energy and to mechanical work). EIT can be viewed as an extension
of classical thermo-hydrodynamics wherein inertial effects are included. In clas-
sical mechanics, inertia is introduced by considering the right-hand side of the
evolution equation Pr D v (r is the position vector of a particle and v its velocity)
as an independent state variable, whose behaviour is governed by an additional
equation (Newton’s equation of motion).

2. It could be asked why it is not preferable to select internal variables rather than
dissipative fluxes as additional variables. Indeed, thermodynamics with inter-
nal variables has been successfully applied to a wide variety of problems (e.g.
Maugin 1999; Lebon et al. 2008a). Conceptually, however, there are several dif-
ferences between both approaches. First, internal variables are measurable but
not controllable, whereas the fluxes are controllable and measurable. Quoting
Kestin (1992), by non-controllable variables it is meant ‘that they are coupled to
no external force variable which might provide the means of control. And, not
being coupled to a force variable, they cannot part in the mechanical work.’ Sec-
ond, internal variables are related to the microstructure of the system. Third, they
are usually related to local relaxation, whereas the fluxes are more closely con-
nected to non-local effects. Actually, the two points of view are not so opposite
as it might appear at first sight. Indeed, in polymer solutions, for instance, the
viscous pressure tensor is directly related to the macromolecular conformation
tensor used in thermodynamics with internal variables. According to the spe-
cific problem to be investigated, one of the two theories may be preferable. For
instance, for systems in steady states, the controllable character of the viscous
pressure or the heat flux presents an advantage, as it allows the system to be
maintained in the required state; this is no longer true when one is working with
the conformation tensor. Finally, the use of the viscous pressure tensor as an inde-
pendent variable allows us to present under a unified formalism the viscoelastic
properties of ideal and real gases and of polymer solutions (see Chaps. 12 and
15). This would not be possible in the framework of thermodynamics with inter-
nal variables, because monatomic ideal gases without internal degrees of freedom
are not characterized by particular internal variables.

3. There are also several reasons for choosing the fluxes rather than the gradients
of the classical variables as independent quantities. (a) The fluxes are associated
with well-defined microscopic operators, and as such allow for a more direct
comparison with non-equilibrium statistical mechanics. (b) The use of the fluxes
is more convenient than use of the gradients for fast processes, whereas for slow
or steady-state phenomena the use of both sets of variables is equivalent because
under these conditions the former ones are directly related to the latter. (c) By
expressing the entropy in terms of the fluxes, the classical theory of fluctuations
can be easily generalised to evaluate the coefficients of the non-classical part
of the entropy. This would not be possible by taking the gradients as variables.
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(d) Finally, the selection of the gradients as extra variables leads to divergence
problems in the expansion of constitutive equations, as well known from the
kinetic theory.

4. Every dissipative flux has been considered here to be a quantity characterized by
a single evolution equation. It is easily conceivable that fluxes may be split into
several independent contributions, each with its own evolution equation. Typical
examples are treated in Chap. 4 for non-ideal gases and in Chap. 15 for polymers.
EIT is shown there to be able to cope in a quite natural way with these situations.

5. The space of the extra variables is not generally restricted to the ordinary dissi-
pative fluxes, such as the heat flux, the viscous pressure, or the flux of matter. To
cope with the complexity of some fast phenomena, it is necessary to introduce
more variables. It is shown in Chap. 5 how EIT is able to account for such more
general descriptions, when higher-order fluxes are considered as supplementary
variables.

6. An important issue is the measurability of the dissipative fluxes. The heat flux
may be simply evaluated by measuring the amount of energy transported per unit
area and time through the boundaries of the system. The viscous pressure can
be measured from the tangential shear force exerted per unit area. In practice, it
may be difficult to evaluate these quantities at each instant of time and at every
point in space. Nevertheless, for several problems of practical interest, such as
wave propagation, the fluxes are eliminated from the final equations, although the
corresponding dispersion relations contain explicitly the whole set of parameters
appearing in the evolution equations of the fluxes. Thus the predictions of EIT
concerning these parameters may be checked without direct measurement of the
fluxes.

7. EIT provides a connection between thermodynamics and dynamics. In EIT, the
fluxes are no longer considered as mere control parameters but as independent
variables. The fact that EIT makes a connection between dynamics and thermo-
dynamics should be underlined. Moreover, EIT does not only provide a natural
framework for a wide class of dynamical models, it also generates original
results, as shown in Chaps. 10 and 13. Most of the dynamical models dealt with
in this book did not receive thermodynamic foundations before EIT was pro-
posed; one reason is that non-equilibrium thermodynamics was simply ignored
and investigations were exclusively performed on dynamical aspects.

8. EIT enlarges the range of applicability of non-equilibrium thermodynamics to a
vast domain of phenomena where memory, non-local, and non-linear effects are
relevant. A non-exhaustive list of applications in various fields of physics is given
in Table 2.2. Many of them have been the object of technological applications,
which in turn, enlarges the experimental possibilities for the observation of non-
classical effects in a wider range of non-equilibrium situations.

9. It should be emphasised that EIT has fostered the use of generalised causal trans-
port equations in several domains where, up to now, only non-causal transport
equations were used. In connection with this, it is interesting to recall that, histor-
ically, one of the motivations for formulating EIT was to circumvent the problem
met in classical theories: the prediction that the application of a perturbation
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Table 2.2 Some examples of application of EIT

High-frequency phenomena Short-wavelength phenomena
Ultrasounds in gases Light scattering in gases
Light scattering in gases Neutron scattering in liquids
Neutron scattering in liquids Ballistic phonon propagation
Second sound in solids Phonon hydrodynamics
Heating of solids by laser pulses Microfluidics
Nuclear collisions Nano devices

Shock waves
Fast moving interfaces

Long relaxation times Long correlation lengths
Polyatomic molecules Rarefied gases
Suspensions, polymer solutions Transport in harmonic chains
Diffusion in polymers Cosmological decoupling eras
Propagation of fast crystallization fronts Transport near critical points
Superfluids, superconductors

should be felt instantaneously everywhere inside the whole system. Thus, the
number of motivations is much increased, many of them arising from experi-
mental observations and practical applications rather than from purely theoretical
arguments.

2.8 Problems

2.1. Assume that the entropy S is a function of a variable ˛ and its time derivative

 D d˛=dt , and that ˛ satisfies the differential equation

M
d2˛

dt2
C d˛

dt
D L@S

@˛
:

(a) Show that the positiveness of the entropy production demands that L > 0
but does not imply any restriction on the sign of M . (Hint: Write d˛=dt and
d
=dt in terms of @S=@˛ and @S=@
.) (b) Assume that @S=@
 D a
, with
a being a constant. Show that the stability condition ı2S <0 implies that
M > 0 and a D �M=L.

2.2. The positiveness of the entropy production requires the positiveness of the
second-order terms in the expression of the entropy production, but does not
imply any criterion about the sign of the fourth- and higher-order terms in
the entropy production. (a) As an illustration, study the sign of the entropy
production and its second- and fourth-order terms in rT for a hypothetical
system where ¢sD q � rT �1 and

q D �� exp
��a.r T /2�r T;
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with a being a constant parameter. (b) The fact that no criterion may be
obtained about the sign of the higher-order terms in the entropy production
does not imply that the positiveness of the entropy production must be aban-
doned. As an illustration, study the sign of the entropy production and its
second-order terms in r T for a constitutive law of the form

q D �� sin
�
a.r T /2�r T;

with a being a (positive) constant. Despite the fact that the second-order terms
are positive, is a constitutive equation of this form admissible?

2.3. Show that

q.t/ D
Z t

�1
G.t � t 0/r T .t 0/dt 0

with G.t � t 0/ being a memory function given by G.t � t 0/ D �.�=�/ exp
Œ�.t � t 0/=��, is a solution of the Maxwell–Cattaneo equation.

2.4. Show that by combining the generalised Fourier law

q D ��r T C �1

@

@t
.r T /

with the energy balance law of a rigid heat conductor one obtains a parabolic
evolution equation for the temperature. Compare with the Maxwell–Cattaneo
equation.

2.5. In order to reconcile the results obtained from the material frame-indifference
principle (see Sect. 1.4) and from the kinetic theory, Lebon and Boukary
(1988) proposed replacing the Jaumann derivative DJ by the following time
derivative

Dq D DJ q � 2.�CW/ � q;
where � is the angular velocity tensor and W is the antisymmetric part of the
velocity gradient r v. The two quantities are related to the angular velocity
vector ! and the vorticity r � v by !i D 1

2
"ijk�jk , .r � v/i D "ijkWjk ,

respectively. In both expressions "ijk is the permutation tensor. Prove that the
time derivative D is objective.

2.6. (a) Show that in the presence of several fluxes Ji the generalised Gibbs
equation is

ds D dseq � v
X
ikl

Ji .L
�1/ik�kldJl ;

when the quantities Ji obey generalised constitutive laws

X
j

�ij

dJj

dt
C Ji D

X
j

LijXj ;

where Xj are the usual thermodynamic forces of the classical theory, Lij

the elements of the matrix of phenomenological coefficients L, and �ij the
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elements of the matrix of relaxation times �. (b) Assume linear transforma-
tions of the fluxes J �

i D
P

j AijJj and of the forcesX�
i D

P
j Œ.A

T /�1�ijXj .
Find the new tensors L� and ��.

2.7. Internal-variable theories include additional variables which allow for a more
detailed description than the local-equilibrium approach. Suppose a vectorial
internal variable g, related to the heat flux, and an entropy s depending on the
internal energy u and g. The corresponding Gibbs equation is

ds D ��1du � v˛0g � dg:

Show that if the heat flux is required to obey a relaxational equation of
the Maxwell–Cattaneo type, then g can be identified with q and the Gibbs
equation coincides with (2.33) (Jou et al. (1999)).

2.8. Assume that heat propagation in a rigid isotropic solid is governed by

Pq D �r �QC ¢q;

with
Q D a.�; q2/UC d.�/qq; ¢q D �b.�; q2/q;

q is the heat flux vector, Q is the flux of q, a; b and d are phenomenologi-
cal coefficients. Making use of Liu’s technique, determine the expressions of
Gibbs’ equation and the entropy flux, formulate the time evolution equation
of q. Under which restrictions does one recover a Cattaneo type equation (Jou
et al. 2004)?

2.9. The initial temperature profile in a rigid wire of length L is given by

t D 0 W T .x; 0/ D T 0 C ı T 0 cos
2n�x

L
.n D 0; 1; 2; : : :/;

wherein T 0 is a uniform reference temperature. Assuming a perturbation of
the form (Criado-Sancho et al. 1993)

ıT D ıT 0 cos.kx/f .t/;

where .kD 2n�=L/ and f .t/ is a undetermined function of time t , find
the law of decay of temperature towards equilibrium. Show that the law of
evolution of total entropy is

dS

dt
D
Z L

0

1

�T 2
q2dx � 0:

2.10. A possible thermodynamic framework for the Maxwell–Cattaneo equation is
to assume that the heat flux is given by q D ��rˇ, with � the heat conductiv-
ity and ˇ a dynamical temperature related to a local-equilibrium temperature
# by Cimmelli and Frischmuth (2005)
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P̌ D �1
�
.ˇ � #/:

(a) Show that combining the equations for q and P̌, the Maxwell–Cattaneo
equation is obtained in the linear approximation. (b) Compare the evolu-
tion equation for heat waves attained from the energy conservation equation
cv
P# D �r � q and the Maxwell–Cattaneo equation with heat flux deduced

from the formalism presented in this problem for the non-linear case in which
�.#/, �.#/, and cv.#/ depend on temperature.



Chapter 3
Extended Irreversible Thermodynamics:
Non-equilibrium Equations of State

In Chap. 2, we postulated the existence of a generalised entropy which is compat-
ible with some classes of evolution equations for the fluxes. Otherwise stated, our
formalism aims to describe the class of processes which are compatible with the
existence of a non-equilibrium entropy whose rate of production is non-negative.
Once the expression of the entropy is known, there is no difficulty in deriving the
corresponding equations of state, which are directly obtained as the first derivatives
of the entropy with respect to the basic variables. A natural question concerns the
physical meaning of these equations of state, which, of course, depend on the fluxes
and therefore differ from their analogous local-equilibrium expressions. In classical
thermodynamics, it is known that the derivative of the entropy with respect to the
internal energy (by keeping fixed the volume and the composition of the system) is
the reciprocal of the absolute temperature; the derivatives with respect to the vol-
ume and to the number of moles yield the equilibrium pressure and (with a minus
sign) the chemical potentials respectively (divided by the absolute temperature). It
may then be asked whether the derivatives of the generalised entropy introduced in
extended irreversible thermodynamics (EIT) still allow an absolute temperature to
be defined, as well as a non-equilibrium pressure and a non-equilibrium chemical
potential. Another important problem is to determine whether the non-equilibrium
temperature and pressure are measurable by a thermometer and a manometer. These
are subtle and unsolved problems which have however received partial answers
during the last years stimulated by recent developments in glasses, granular mat-
ter, flowing suspensions, nuclear collisions, nano-systems, molecular dynamics and
computer simulations, or in the analysis of fluctuations. The objective of the present
chapter is to better apprehend the physical meaning of the generalised entropy and
to pay detailed attention to the nature of the corresponding equations of state.

3.1 Physical Interpretation of the Non-equilibrium Entropy

Consider a volume V of a fluid which is sufficiently small so that within it the
spatial variations of pressure and temperature are negligible; if the fluid element is

subject to a heat flux q and a viscous pressure
0

Pv (viscous bulk effects are ignored

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 3, c� Springer Science+Business Media LLC 2010
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q

t < 0 t > 0

rigid adia-
batic wall

q

t0

¿

¿

exponential
decay

V

a b

c

Fig. 3.1 (a) System under a heat flux; (b) at time t D 0 the system is completely isolated; (c) time
evolution of heat flux

here for the sake of simplicity), it can then be asked which entropy may be ascribed
to it. To answer this question, the volume element, at t D 0, is suddenly isolated,
i.e. bounded by adiabatic and rigid walls, and allowed to decay to equilibrium. The

decay of q and
0

Pv to their final vanishing equilibrium values is accompanied by a
production of entropy, so that the final equilibrium entropy value is given by

Seq;f D Sneq;i C V
Z 1

0

�sdt : (3.1)

Indices i and f refer to the initial non-equilibrium state and the final equilibrium
state respectively, S is the entropy of the small system of volume V and �s is the
rate of entropy production per unit volume. A sketch of the situation when only heat
flux is present is given in Fig. 3.1.

In Fig. 3.1, the non-equilibrium state (a) and the local-equilibrium state (b) cor-
responding to the same values of U and V are represented, respectively, before and
after insulation. The second term in (3.1) corresponds to the non-compensated heat
introduced by Clausius and will be commented on below.

The explicit form of the non-equilibrium contribution in the case of the Maxwell–
Cattaneo equations may be obtained in a rather straightforward way. According to
(2.55) and the identifications 
1 D .�T 2/�1 and 
2 D .2
T /�1, �s is given by

�s D .�T 2/�1q � q C .2
T /�1
0

Pv W
0

P v (3.2)
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If the decay of q and
0

Pv is governed by the Maxwell–Cattaneo equations (2.66–
2.68), we have

q.t/ D q.0/ exp.�t=�1/;
0

Pv.t/ D 0

Pv.0/ exp.�t=�2/: (3.3)

By inserting these expressions into (3.1) and integrating with respect to the time,
one obtains for the non-equilibrium entropy S

S D Seq � �1V=.2�T
2/q � q � �2V=.4
T /

0

Pv W 0

Pv; (3.4)

which is the integrated form of the entropy (2.44) in the absence of bulk viscous
pressure. Note that S and Seq correspond to entropies of the fluid element of volume
V and that s and seq in (2.44) are given per unit mass, and consequently the ratio
S=s and V=v, with v being the specific volume, is the mass of the fluid element. The
above derivation is suggestive as it assigns a meaning to the non-classical terms in
the equation for the entropy, by relating them to a physical operational definition.

However, it must be realized that the above procedure exhibits three limitations:

it is based on the hypotheses that q and
0

P v are the relevant additional variables, it

is assumed that q and
0

Pv decay exponentially, and it is restricted to a given non-
equilibrium process (namely, relaxation of the fluxes after sudden isolation of the
elementary volume). It would be of interest to get rid of these restrictions.

In this respect, the idea of the uncompensated heat may be helpful to clarify in
more general terms the nature of the non-equilibrium contributions (Eu 1991). In
1865, Clausius wrote his famous inequality for a cyclic process:

I
dQ

�
� 0; (3.5)

where � is the absolute temperature of the heat reservoir which is in thermal contact
with the system during the infinitesimal process of exchange of an amount of heat
dQ (we write � rather than T to stress that it is not necessary that the heat reservoir
is itself in equilibrium). Inequality (3.5) may still be expressed as

�N 	
I

dQ

�
� 0; (3.6)

where N is the (positive) uncompensated heat. By expressing N in the form of a
contour integral over an irreversible cycle N D H

dN , Clausius inequality may be
rewritten as I �

dQ

�
CdN

�
D 0: (3.7)

The assumption of a cyclic integral implies the assumption of a good choice of
variables, i.e. a complete set of relevant macroscopic variables. The vanishing of
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integral (3.7) for arbitrary cycles implies the existence of the exact differential of
a given quantity which is called the generalised entropy in our formalism (or the

dS D dQ

�
CdN: (3.8)

Note that neither dQ=� nor dN are exact differentials, only their sum is. Further-
more, dN is always positive, and it vanishes for reversible processes. In the latter
case, dN D 0, dQ D dQrev, � D T and S D Seq, and one recovers Clausius
definition of entropy

dSeq D dQrev

T
: (3.9)

The quantity S defined in (3.8) generalises Clausius definition of entropy, and it is
important to note that dS ¤ dSeq.

The above argument is more general than the one given before, as it does not
require a priori specification of either the nature of the non-equilibrium variables,
or the dynamics of the variables, or the nature of the process being involved. It can

be objected that a theory based on the choice of fluxes q and
0

Pv as variables is
too restrictive. Indeed, a more refined formalism would demand inclusion of more

non-equilibrium higher-order fluxes. The choice of q and
0

Pv is useful when the evo-

lution equations for q and
0

Pv are those given by (2.66) and (2.68). The choice of
the relevant variables must always be motivated either by experimental considera-
tions or by microscopic theories when these are available. Note that the family of
states whose adiabatic projection (i.e. the set of states which when isolated decay to
a given equilibrium state) is a given equilibrium state may be considered as a fibre
in the general thermodynamic space, which by this procedure is given the structure
of a fibred space (Grmela 1993; Chen 1999).

3.2 Non-equilibrium Equations of State: Temperature

Having identified in Sect. 2.5 the parameters ˛10, ˛00, and ˛21 in physical terms,
we are now in a position to evaluate explicitly the contributions of the fluxes to the
equations of state. Up to the second order terms in the fluxes, the Gibbs equation
(2.44) may be written as

ds D ��1duC ��1�dv � v�1

�T 2
q � dq � v�0

�T
pvdpv � v�2

2
T

0

Pv W d 0

Pv: (3.10)

From the integrability condition of (3.10), i.e. equality of the second crossed
derivatives as for instance @2s=@u@q D @2s=@q@u, it follows that

calortropy in Eu’s work (1991, 1998), such that
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@��1

@q
D �

�
@Œv�1=.�T

2/�

@u

�
q;

@��1

@
0

Pv

D �
�
@Œv�2=.2
T /�

@u

�
0

Pv; (3.11)

@��1

@pv
D �

�
@Œv�0=.�T /�

@u

�
pv;

@.��1�/

@q
D �

�
@Œv�1=.�T

2/�

@v

�
q;

@.��1�/

@
0

Pv

D �
�
@Œv�2=.2
T /�

@v

�
0

Pv;

(3.12)

@.��1�/

@pv
D �

�
@Œv�0=.�T /�

@v

�
pv:

As a consequence of (3.11, 3.12), and keeping in mind that for vanishing values of
the fluxes one must recover the local-equilibrium values of T and p, one obtains

��1 D T �1 � 1
2



@Œv�1=.�T

2/�

@u
q � q C @Œv�0=.�T /�

@u
.pv/2

C@Œv�2=.2
T /�

@u

0

Pv W 0

Pv

�
(3.13)

��1� D T �1p � 1
2



@Œv�1=.�T

2/�

@v
q � q C @Œv�0=.�T /�

@v
.pv/2

C@Œv�2=.2
T /�

@v

0

Pv W 0

Pv

�
:

These expressions can be viewed as non-equilibrium equations of state for the tem-
perature and pressure. In this section, we focus our analysis on temperature, which
allows us a rather extensive discussion of the conceptual problems found in this
context. In the Sect. 3.3, we will deal with the non-equilibrium pressure.

3.2.1 Zeroth Law, Second Law, and Temperature

Temperature may be defined from several perspectives: starting from general laws
of thermodynamics, in particular the zeroth and second laws; from fundamental
thermodynamic equations based on entropy and entropy flux; from thermodynamic
equations of state or phenomenological transport equations; and from microscopic
approaches: kinetic theories and theory of fluctuations. In equilibrium states, all
these definitions are mutually consistent and lead to the same value for the tempera-
ture. Out of equilibrium, however, the several definitions lead in general to different
values of temperature (Casas-Vázquez and Jou 2003; Crisanti and Ritort 2003).
Thus, a basic topic of thermodynamics and statistical mechanics out of equilib-
rium should be how to relate the different effective temperatures with each other.
In this perspective, for instance, it would be of interest to relate the thermodynamic
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absolute temperature, defined from the entropy differential, with the kinetic temper-
ature, with the temperature describing fluctuations, and so on.

Here, we focus our discussion on the zeroth and second laws. As it is well known,
the concept of absolute temperature is closely connected to these two principles of
thermodynamics. The zeroth principle expresses the transitivity of thermal equilib-
rium: it states that if a system C is in thermal equilibrium with two systems A and B,
then A and B will be in mutual thermal equilibrium if they are put in direct ther-
mal contact. This principle allows an infinite number of empirical temperatures to
be defined, which characterize the different classes of equivalence established in
the space of states by the condition of mutual thermal equilibrium. To define an
absolute temperature scale independent of the thermometric working substance, the
second law is needed (for instance, in the form of Carnot’s theorem, which states
that the efficiency of Carnot’s reversible heat engines is independent of the work-
ing substance). This result was used by William Thomson (Lord Kelvin) in 1848 to
introduce for the first time the absolute temperature. Here we will clarify the concept
of non-equilibrium temperature in the light of these two laws of thermodynamics.

The problem concerning these laws out of equilibrium is that different micro-
scopic degrees of freedom may be characterized by different temperatures; for
instance, when stating the zeroth law it will be necessary to specify the kind of
interaction between the systems. If systems A and B exchange energy involving
other degrees of freedom, the equality of effective temperatures of A and B – based
on a set of degrees of freedom – will not imply the equality of temperatures between
B and C, based on a different set of degrees of freedom. Therefore, to state the
zeroth law out of equilibrium, the kind of interaction between the subsystems must
be explicitly taken into account.

A second problem is the lack of a unique non-equilibrium entropy, from which
temperature may be derived. Indeed, entropy may be different in a system under
an imposed heat flux or the same system under an imposed viscous pressure. Here,
we will restrict, as an illustration of the difficulties raised by this topic, to systems
described by relaxational transport laws, i.e. by the entropy of extended irreversible
thermodynamics.

First of all, recall the definition of the temperature � which, according to (3.10), is

��1 D
�
@s

@u

�
v;q;pv;

0
Pv

: (3.14)

If the entropy is known in terms of the various variables, (3.14) gives directly the
equation of state of � . Conversely, when all the equations of state are known, they
may be integrated to obtain the expression of the entropy. From a geometrical point
of view, the difference between � and T may be easily understood as exhibited in
Fig. 3.2.

The actual non-equilibrium state is A, the equilibrium state reached by an adia-
batic projection is B. The slope of the non-equilibrium entropy at A (corresponding
to 1=�) is different from the slope of the equilibrium entropy at B (correspond-
ing to 1=T ). Thus, when one refers to the local-equilibrium temperature T , one
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q = 0

q ¹ 0

A

B

u

s

Fig. 3.2 The local-equilibrium entropy seq.u/ (upper curve) and the generalised non-equilibrium
entropy s.u; q/ (lower curve) are shown. The two temperatures � and T mentioned in the text are
given by the inverse of the slopes of the curves at points A and B respectively

is taking as reference state the accompanying local-equilibrium state B rather than
the actual non-equilibrium state A. Note that ��1 > T �1. This is a rather general
feature because s.u; q/ � seq.u/; it is also worth noticing that s.u; q/ ! seq.u/
when u!1 at constant q (this results from the fact that the value of �vq2=.�T 2/

decreases with increasing u at constant q/. Therefore, the curve s.u; q/ will be
steeper than seq.u/ yielding generally � � T . Since a non-equilibrium steady state
is characterized by less entropy than the corresponding equilibrium state, it is there-
fore more ordered than the equilibrium state (recall that entropy may be related to
molecular disorder). One could qualitatively split the internal energy per unit vol-
ume as �u D �uord C �udis where uord and udis can be interpreted as the ‘ordered’
and ‘disordered’ parts of the internal energy per unit mass, respectively. These ener-
gies can be expressed as �udis D 3

2
nkB� and �uord D 3

2
nkB.T � �/, with n the

number density and kB the Boltzmann constant, so that in total one finds the clas-
sical expression for the internal energy of monatomic gases per unit volume, given
by �u D 3

2
nkBT (see Sect. 3.3 for additional comments on this interpretation). In

equilibrium, for which T D � , one has uord D 0 and udis D u.
To discuss the connection of temperature with the zeroth law, consider the experi-

mental setup depicted in Fig. 3.3 (Casas-Vázquez and Jou 2003). A reference system
†r and the system under consideration†s are thermally connected through a highly
conducting rod of lengthL. We denote by qs and qrs the heat fluxes flowing through
†s and the rod respectively. Then we introduce the following statement:†r and†s

are in mutual thermal equilibrium when qrs D 0. This does not necessarily mean
that qs D 0.

Each of the two systems may be internally out of equilibrium notwithstanding
the condition qrs D 0. Naturally, in complete equilibrium qs D qrs D 0. Note that
heat is the only quantity allowed to be exchanged between both systems along the
rod. Otherwise, the coupling between several thermodynamic forces (for instance,
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T
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T q
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Fig. 3.3 Gedanken experiment to illustrate the difference between the local-equilibrium tempera-
ture and the non-equilibrium temperature

temperature and con-centration gradients) could give a vanishing net heat flow
between systems at different temperatures.

Of course, these considerations do not directly help the decision of whether �
or T is truly the (non-equilibrium) temperature. To answer this question it is nec-
essary to know whether the relation between heat flux and temperature gradient is
q D ��r� rather than q D ��rT . The answer is provided by the second law;
indeed, as shown in Sect. 2.1, the first alternative is the only one following from
the positive definite character of the entropy production. This means that the heat
exchange between†r and†s is directly governed by the non-equilibrium tempera-
ture � . If †r and†s are both at equilibrium, � coincides with the local-equilibrium
temperature T . However, if †r and †s are out of equilibrium, with qrs D 0, then
one will observe that �r D �s rather than Tr D Ts.

To be more specific, assume that the system†r on the left in Fig. 3.3 is at equilib-
rium at temperature T . The system on the right is in a non-equilibrium steady state
under a heat flux qs generated by a temperature difference. Assume that both ends
of the conducting rod are at the same local-equilibrium absolute temperature T .
According to the classical theory, no heat flow will be observed from one system
to another. In contrast, EIT predicts a flow qrs proportional to the gradient of the
non-equilibrium temperature � , namely .�r��s/=L. Since the system†r is in equi-
librium, one has �r D Tr , but �s D Ts.1� �q2

s /, with � D 2
5
m=.n2k3

BT
3/ for ideal

monatomic gases, so that �s < Ts. Consequently, a heat flux qrs will flow from the
left to the right. This example corroborates the statement that a thermometer will
measure the generalised temperature � rather than the local-equilibrium T : heat
transfer between the two systems will take place until they have reached the same
generalised temperature, rather than the same local-equilibrium temperature. A con-
firmation is found in the kinetic theory; indeed, it may be shown (Casas-Vázquez
and Jou 2003) that when both systems †s and †r of Fig. 3.3 are composed of an
ideal gas with the same mean kinetic energy at the position of the thermal contact,
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energy flows from the equilibrium gas to the gas submitted to the vertical heat flux.
Another confirmation is provided by computer simulations, as discussed in Sect. 8.4.

3.2.2 Evaluation of � in Some Special Situations

To be specific, we focus on situations where the heat flux q is the only non-
equilibrium flux, and we try to give a numerical estimation of the differences
between � and T . The first of the expressions (3.11) reduces to

��1.u; q/ D T �1.u/� 1
2

@Œ�1v=.�T 2/�

@u
q � q; (3.15)

wherein T .u/ only depends on the internal energy, not on the heat flux.
For monatomic ideal gases obeying the Boltzmann equation, a well-known result

of kinetic theory is that �1=.�T
2/ D 2

5
m=.k2

BT
3n/, with m being the mass of a

molecule, kB the Boltzmann constant, and n the number density, so that the inverse
of the temperature is given by

��1.u; q/ D T �1.u/C 2

5

�

p3T
q � q: (3.16)

This expression provides an explicit estimation of the difference between T and � .
For metallic rigid conductors, (3.15) is given by Casas-Vázquez and Jou (2003)

��1.u; q/ D T �1.u/C 9

�4

m2"F

nk4
BT

5
q � q; (3.17)

with m being the electron mass, n the electron number density, and "F the Fermi
energy of the metal. Since the coefficients of the term in q � q are very small, it
turns out that in many practical situations the corrective term may be neglected.
Indeed, for CO2 at 300 K and 0.1 atm, and for a heat flux of 109 W/m2, the differ-
ence T � � is 9:6 � 10�2 K. However, in other circumstances the difference is not
minute: in nuclear collisions (as studied in Sect. 17.4) T � � is of the order of 7%
of T , and in radiation near the surface of stars, the difference is close to 3% (Fort
et al. 1998, 1999).

3.2.3 Alternative Definitions of Generalised Temperature

The problems of the definition and measurement of a non-equilibrium temper-
ature have raised some questions (Hoover et al. 1992; Nettleton 1994; Eu and
Garcia-Colı́n 1996). A first one is related to the nature of the variables to be kept



80 3 Extended Irreversible Thermodynamics: Non-equilibrium Equations of State

constant during the differentiation of the entropy in (3.14). With v and q fixed, one
recovers (3.11). If instead one keeps constant v and the quantity Œ�1=.��T

2/�1=2q

(Banach and Pierarski 1993), the derivatives of the generalised entropy and of the
local-equilibrium entropy coincide. Indeed, since

s.u; v; q/ D seq.u; v/� �v.2�T 2/�1q � q; (3.18)

then it follows �
@s

@u

�
v;
p

�=.�T 2/q

D
�
@seq

@u

�
v

: (3.19)

Still another possibility (Brey and Santos 1992) is to maintain the temperature
gradient fixed and, since (3.18) implies that for steady situations

s D seq � �v�

2T 2
rT � rT; (3.20)

one is led to �
@s

@u

�
v;rT

D 1

T
C .1C 2b/ ��

2�cvT 3
rT � rT; (3.21)

where b is the exponent which characterizes the dependence of � with T according
to � 
 T �b (i.e. b D 0 for Maxwell molecules and b D 1=2 for hard spheres).
It can be argued that not all these definitions may be valid: recall, indeed, that in
equilibrium thermodynamics .@s=@u/v D T �1, but if one keeps pressure constant
instead of volume during the differentiation, .@s=@u/p ¤ T �1; clearly .@s=@u/p D
T �1Œ1� .pv˛=cp/�

�1 with ˛ being the coefficient of thermal expansion and cp the
specific heat at constant pressure. At the present time, it is not evident which among
the above restrictions is the most suitable to define the non-equilibrium temperature.

The presence of a generalised temperature is not exclusive to EIT. In his entropy-
free formulation of non-equilibrium thermodynamics, Meixner (1973a, b) postu-
lated the existence of a dynamical temperature depending on the interactions of the
system with the outside. Much more recently other authors have introduced dynam-
ical temperatures which decay exponentially towards the local-equilibrium tem-
perature (Cimmelli and Kosinsky 1991). Müller (1971) used a ‘coldness’ function
assumed to depend on the empirical temperature and its time derivative: in a steady
state, the ‘coldness’ reduces to the local-equilibrium temperature, in contrast with
the generalised temperature appearing in EIT. Some years later, Muschik (1977)
introduced the notion of contact temperatures and explored the conceptual dif-
ficulties of their measurement; this contact temperature is not identical to the
local-equilibrium temperature. Finally, Keizer (1987) proposed a non-equilibrium
temperature defined as the derivative with respect to the internal energy of a gen-
eralised entropy based on statistical considerations of molecular fluctuations; this
temperature depends not only on the classical variables but also on the second
moments of fluctuations. It is worth stressing that the EIT generalised temperature
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may also be expressed in terms of the second moments of the energy fluctuations,
in analogy with Keizer’s approach (see Chap. 5).

3.2.4 Experimental Hints for the Non-equilibrium Temperature

There is some experimental confirmation of the difference between the non-equili-
brium temperature and the local-equilibrium temperature. There are strong indica-
tions from experiments on modulation optical spectrometry in laser-induced plasma
in semiconductors submitted to an external electric field, that the temperature
appearing in the non-equilibrium distribution function depends not only on the local-
equilibrium variables but also on the fluxes (Luzzi 1997). In these experiments,
one measures the intensity of radiative recombination I.!/, as a function of the
frequency !. It is found that

I.!/ D g.!/ exp

�
��! �EG

kB�

�
; (3.22)

wherein EG is the energy gap of the semiconductor and g.!/ the absorption coef-
ficient, which depends only weakly on !. Thus, a plot of ln I.!/ as a function of
! allows � to be determined. When the system is perturbed around an equilibrium
state, it is seen that � coincides with T . However, when the system is perturbed
around a non-equilibrium steady state in the presence of an electric field E, it turns
out that � is indeed different from T and depends on the electric flux. For more
details, the reader is referred to Luzzi (1997).

Examples of systems for which the difference between local-equilibrium and
non-equilibrium entropy have been studied in detail are: (a) a set of forced oscilla-
tors in thermal baths, where the kinetic energy and configurational energy – average
potential elastic energy – are different from each other (Hatano and Jou 2003); (b)
flowing ideal gases in a Couette flow, for which kinetic temperature, thermody-
namic temperature, and fluctuation–dissipation temperature have been evaluated for
different shear rates (Criado-Sancho et al. 2006); (c) flowing interacting gases in the
presence of an operational “thermometer” as analysed from molecular dynamics
(Baranyai 2000); (d) relaxating glasses, where the fluctuations and the dissipation
coefficient are related through a fluctuation–dissipation theorem involving a temper-
ature different from the local-equilibrium temperature (Crisanti and Ritort 2003);
(e) shaked granular media, where temperature is defined by means of an Einstein
relation between the diffusion coefficient and the friction coefficient (D’Anna
et al. 2003). In summary, the influence of fluxes on the several non-equilibrium
effective temperatures is an active topic which needs further clarification beyond
the local-equilibrium hypothesis.



82 3 Extended Irreversible Thermodynamics: Non-equilibrium Equations of State

3.3 Non-equilibrium Equations of State: Thermodynamic
Pressure

In (2.46) we wrote for the pressure tensor the expression P D �U C pvU C 0

Pv,
where� on the right-hand side is replacing the equilibrium pressure p, which is usu-
ally found in the expressions for P in classical irreversible thermodynamics (CIT)
(see, for instance, Lambermont and Lebon 1974). In Sect. 2.4 we have provision-
ally accepted (2.46) as a consistent analogy with the replacement of temperature T
by temperature � and of pressure p by � in the generalised Gibbs equation (2.44).
Here, we analyse this hypothesis in more depth.

The definition of a non-equilibrium pressure requires subtler considerations
than that of the non-equilibrium temperature. It must be recalled from equilibrium
thermodynamics that the entropy is a characteristic function (i.e. all conceivable
thermodynamic information about the system is ascertainable from it) on condi-
tion that it is expressed in terms of extensive variables. Therefore, rather than the

fluxes themselves, one should use vq, vpv and v
0

Pv as independent variables. Indeed,
these variables are extensive in the following sense: if we have two systems of vol-
umes V1 and V2 crossed by the same heat flux q, the variable V q is additive, i.e.
Vtotq D V1qCV2q, although q itself is not additive. The consequence of this choice
will be reflected in the definition of the non-equilibrium pressure, which is obtained
as the derivative of the entropy with respect to the volume at constant vq rather
than at constant q. Since the temperature is related to the differential of the entropy
at constant v, the fact that vq or q are kept constant does not modify the results,
because v is a constant.

In view of the above considerations, the most suitable definition for the non-
equilibrium pressure is

���1 D
�
@s

@v

�
u;vq

: (3.23)

However, now a conceptual problem arises, because in an ideal gas the equilibrium
pressure is defined as one third of the trace of the pressure tensor. Since for an
ideal gas p D 2

3
�u is independent of the fluxes, it seems that we are faced with

a contradiction. It is however easy to convince oneself that there is no problem.
Consider, for instance, an ideal gas submitted to a heat flux and that its contribution
to Pv has the form Pv D ˛qq, where ˛ is a phenomenological coefficient function
of u and v. Expression (2.46) then takes the form

P D �UC ˛qq: (3.24)

Since the pressure tensor must satisfy TrP D 3p, it is required that the coefficient
˛ in (3.24) to be given by the condition TrP D 3� C ˛q � q D 3p. This result
makes clear that although the derivative of the entropy with respect to the volume
depends on q, it is not in contradiction with the property that the trace of the tensor
is not dependent on the flux. We add that the expression (3.24) is supported by other
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approaches, such as microscopic analyses of electromagnetic radiation (Domı́nguez
and Jou 1995; Nettleton 1996; Domı́nguez-Cascante and Faraudo 1996), the Hamil-
tonian methods introduced in Chap. 1 and the information methods presented in
Chap. 6.

It is helpful to write P explicitly in a simple situation, namely, when the heat flux
is in the y direction, so

P D
0
@� 0 0

0 � 0

0 0 �

1
AC

0
@0 0 0

0 ˛q2
y 0

0 0 0

1
A : (3.25)

This expression implies that the work of compression or expansion will depend on
the relative direction between the axis of compression and the heat flux. This has
been found in some computer simulations (see Sect. 8.4), where the thermodynamic
pressure is seen to be equal to the minimum eigenvalue of the pressure tensor. This
is indeed the situation found in (3.25), because � < p and therefore ˛q2

y > 0.
A Gedanken experiment analogous to that in Fig. 3.3 could be devised for the non-
equilibrium pressure, by replacing the rigid conducting rod connecting the systems
in Fig. 3.3 by a mobile piston.

Note that for an ideal gas under a heat flux, the definition (3.23) taken with vq as
a constant yields �=� D p=T . Indeed,

�

�
D
�
@seq

@v

�
u;vq

D
�
@seq

@v

�
u

� 1
2

@

@v

� �1

�T 2

	
vq � vq: (3.26)

But, according to kinetic theory (see (4.44)) � D 5
2
.nkBT

2=m/�1, and therefore
�1=v� is independent of v, as vn D 1=m. Therefore, the second term on the right-
hand side in (3.26) vanishes and it is found that

�

�
D
�
@seq

@v

�
u

D p

T
D nkB: (3.27)

Note that the result would have been different if the derivative was performed at
constant q. In this case one would have

�
@seq

@v

�
u;q

D
�
@seq

@v

�
u

� 1
2

@

@v

� �1v

�T 2

	
q � q D p

T
� �1

�T 2
q � q: (3.28)

Let us go back to expression (3.25) for the pressure tensor when q is directed along
the y axis; it is easy to see that Pxx D Pzz D � < p, and Pyy D 3p � 2� > p.
Since for an ideal gas the components of the pressure tensor are related to the second
moments of the velocity, we have

˝
1
2

mvxvx

˛ D ˝ 1
2

mvzvz
˛ D 1

2
kB� <

1
2
kBT; (3.29a)˝

1
2

mvyvy

˛ D 1
2
kB.3T � 2�/ > 1

2
kBT: (3.29b)
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Three points are worth noticing: (a) the average molecular kinetic energy h 1
2

mv2i
is given by 3

2
kBT , in agreement with the definition of T in kinetic theory; (b) out

of equilibrium, the equipartition theorem, implying that the average kinetic energy
along the three axes is the same, is no longer valid: the average energy is lower
in the direction orthogonal to the heat flux. This consequence could in principle
be checked, for instance, by analysing the Doppler broadening of emission lines in
excited rarefied gases along the direction of the heat flux and perpendicularly to it
(Camacho and Jou 1995); and (c) a fraction 3

2
kB� is equally distributed in the three

degrees of freedom along the three axes, whereas the remaining fraction 3
2
kB.T ��/

is ordered along the axis corresponding to the heat flux. This observation supports
the remark in Sect. 3.2.1 about the splitting of the internal energy in an ‘ordered’
and a ‘disordered’ part.

These considerations remind us that thermometry is not a trivial subject. Since
the mean kinetic molecular energy along the direction x is not the same along the
direction y, a thermometer will indicate different temperatures according to its rela-
tive position with respect to the direction of q. This is not totally surprising because
in non-equilibrium there is no longer equipartition, and therefore, thermometers
which are sensitive to different degrees of freedom will indicate different values
for the temperature. For instance, if we have a mixture of matter and radiation at
different temperatures, a completely reflecting thermometer will indicate the tem-
perature of matter, whereas a thermometer with perfectly black walls will read a
value which is the average temperature of the mixture.

Another situation worthy of attention is found in fluids at uniform temperature
subjected to a steady shear flow in the x direction. Since the non-equilibrium con-
tributions to the pressure are of second order in the shear rate P� , we must also go to
this same order in the expression of the viscous pressure tensor, which will be given
by Pv D �2
V C 
22V � V. According to (2.46), the total pressure tensor will be
written

P D
0
@� 0 0

0 � 0

0 0 �

1
AC

0
@
22


2 P�2 �
 P� 0

�
 P� 
22

2 P�2 0

0 0 0

1
A : (3.30)

For purely Newtonian fluids, 
22 D 0, and for non-Newtonian fluids, the terms in

22 are related to normal pressure effects (see Sect. 15.1). Ideal gases are Newto-
nian at low shear rates but exhibit normal pressure effects at higher values of P� . By
writing � D p � a P�2, the condition TrP D 3p imposes that

� 3a P�2 C 2
22

2 P�2 D 0; (3.31)

which provides a relation between 
 and 
22. According to (3.4), the entropy has
the form

s.u; v;Pv/ D seq.u; v/� �2v

2
T
.P v

12/
2: (3.32)

Taking into account that according to kinetic theory (see (4.44)), 
 D p�2 and pv D
constant at constant internal energy, one has
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�

�
D
�
@s

@v

�
u;vPv

D p

T
D nkB; (3.33)

which is analogous to the result (3.27). From � < T , it follows that � < p; there-
fore a > 0 in (3.31) and henceforth 
22 > 0 in virtue of (3.31). It turns out that
the diagonal term of tensor P with the lowest value is precisely � . We comment
further on this point in Sect. 8.4. Similar considerations apply to the equations of
state for the chemical potential and imply, for instance, a shift of the critical point
and the coexistence lines in the phase diagram of polymer solutions under a shear
rate, and the displacement of chemical equilibrium under a flow or a heat flux. Some
examples are analysed in Chap. 16.

3.4 Concavity Requirements and Stability

Now we turn our attention to the requirements stemming from the concavity of
entropy, namely, the requirement that the second differential ı2s of the entropy must
be negative definite. After integrating the generalised Gibbs equation (3.11) and
expanding the entropy around the local equilibrium value up to the second order in
the fluxes, one obtains

s.u; v; q; pv;
0

Pv/ D seq.u; v/� v�1

2�T 2
q � q � v�0

2�T
pvpv � v�2

4
T

0

Pv W 0

Pv: (3.34)

When the dissipative fluxes are zero, one recovers the classical conditions for
stability,

cv D T .@s=@T /v > 0; �T D �.1=v/.@v=@p/T > 0; (3.35a)

with cv being the specific heat at constant volume and �T the isothermal compress-
ibility. When the non-classical terms containing the fluxes are taken into account,
the concavity of the entropy (3.34) implies that

v�1

�T 2
> 0;

v�0

�T
> 0;

v�2

2
T
> 0: (3.35b)

Because T is positive, and since the second law requires that � �, and 
 are all
positive, it turns out from (3.35b) that the relaxation times �1, �0, and �2 must be
positive, otherwise causality would be violated.

The property of concavity of entropy is equivalent to the requirement that the
field equations form a symmetric hyperbolic system. Such a property ensures that
the problem is well posed and that the characteristic speeds are real and finite. The
relation between symmetric hyperbolicity and the existence of a concave function
whose production has a definite sign, that is, the existence of an entropy func-
tion, has been examined from a general mathematical point of view by several
authors (Friedrichs and Lax 1971; Boillat and Strumia 1988; Wilmanski 1998;
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Muller and Ruggeri 1998). This result is important as it indicates that the condi-
tion of hyperbolicity implies the existence of an entropy function. Here we have
adopted the reciprocal point of view: starting from the hypothesis of the existence
of a generalised entropy, we have arrived at hyperbolic field equations.

Let us now show using simple examples, such as heat conduction and Couette
viscous flow, that concavity is satisfied only for values of the fluxes smaller than
some critical values when the reference state is a non-equilibrium steady state.

3.4.1 Heat Conduction in a Rigid Solid

Let us first consider heat conduction in a rigid solid for which s D s.u; q/. The
second differential of the generalised entropy (2.38) is then given by

ı2s D �
�

1

cvT 2
C 1

2
q2 @

2˛

@u2

�
.ıu/2 � ˛ıq � ıq � 2q @˛

@u
ıu � ıq; (3.36)

where use is made of (2.35) with cv D @u=@T and ˛ D �1v=.�T 2/. If v, �1, cv and �
are constant, one has @˛=@u D �2˛.cvT /

�1 and @2˛=@u2 D 6˛.cvT /
�2. The

expression for ı2s is definite negative if the matrix � of its coefficients, given by

� D �

0
B@

1

cvT 2
C 1

2

@2˛

@u2
q2

@˛

@u
q

@˛

@u
q ˛

1
CA ; (3.37)

is negative. This requires that the diagonal components and the determinant of �
are negative. The first condition is valid for all values of the heat flux. The second
condition is

˛

cvT 2
C
"
˛

2

@2˛

@u2
�
�
@˛

@u

�2
#
q2 � 0I (3.38)

This inequality is satisfied for values of q such that (see Problem 3.4)

q �
�cv

˛

	1=2 D �cvT

�
�

�cv�1

�1=2

; (3.39)

where Œ�=.�cv�1/�
1=2 D U is the maximum speed of the thermal waves, as shown

in Sect. 9.1. Thus, thermodynamic stability is only guaranteed when the heat flux is
lower than the critical value (3.39).

Furthermore, when this condition is satisfied, one avoids an unsatisfactory prop-
erty of the telegrapher equation, namely, that an initial absolute temperature profile
which is positive everywhere may take negative values during some time inter-
vals (Criado-Sancho et al. 1993); this unpleasant result is not found with parabolic
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diffusion equations, where the positive character of the temperature field is always
respected. In hyperbolic heat transport, one should impose as initial conditions not
only a positive temperature profile but also that the heat flux is bounded everywhere
by the critical value �uU.

3.4.2 Heat Conduction in Ideal Gases

A more general situation taking into account that the generalised entropy s.u; v; q/
depends also on v yields the following matrix for the coefficients of the second-order
derivatives of s:

ı2s D

0
BBBBBBB@

@2seq

@u2
� 1
2

@2˛

@u2
q2

@2seq

@u@v
� 1
2

@2˛

@u@v
q2 �@˛

@u
q

@2seq

@u@v
� 1
2

@2˛

@u@v
q2

@2seq

@v2
� 1
2

@2˛

@v2
q2 �@˛

@v
q

�@˛
@u
q �@˛

@v
q �˛

1
CCCCCCCA
; (3.40)

where, as in (3.36), ˛ stands for ˛ D �1v=.�T 2/. To obtain a more explicit expres-
sion, consider an ideal monatomic gas for which, according to the kinetic theory of
gases, � D 5

2
.nkBT

2=m/ and therefore ˛ D 2
5
mv.pkBT

2/�1 (see (4.44)). Further-
more, the caloric and thermal equations of state are u D 3

2
kBT=m and p D nkBT ,

where n is the number density of particles and m the mass of the particles. Simple
calculations lead to

ı2s D

0
BBBBBB@

� 2m

3kBT 2
� 16m2

15n2k4
BT

5
q2

4m2

5nk3
BT

4
q2

4m

5n2k3
BT

4
q

4m2

5nk3
BT

4
q2 �mn2kB � 2m2

5k2
BT

3
q2 � 4m

5nk2
BT

3
q

4m

5n2k3
BT

4
q � 4m

5nk2
BT

3
q � 2

5n2k2
BT

3

1
CCCCCCA
: (3.41)

Necessary conditions for a matrix to be negative definite are that the diagonal terms
are negative and the complete and partial determinants along the diagonal have alter-
nate signs. The first condition is always fulfilled by (3.41), but not the latter. Such
conditions state that the minor M formed by the first two columns and the first two
rows must be positive. This quantity is found to be

M D 2
3
.m2n2=T 2/C 4

3
.m3=k3

BT
5/q2 � 16

75
.m4=n2k6

BT
8/q4: (3.42)

It is positive for q not exceeding qc1 D 2:67nkBT .kBT=m/
1=2 D 1:03�uvrms,

with �u D 3
2

nkBT and vrms being the root mean-square velocity given by
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vrms D .3kBT=m/
1=2. This corresponds to a critical temperature gradient @ lnT=@x

D 1:85=`, with ` D �vrms being the mean free path. The determinant of the matrix
(3.41) is

detƒ D � 4
15
.m2=k2

BT
5/C 8

15
.m3=n2k5

BT
8/q2: (3.43)

It remains negative for heat fluxes smaller than qc2 D 0:27�uvrms. This second
value puts a more severe limitation on the maximum allowable value of the temper-
ature gradient, ensuring the validity of EIT. The limiting value is now @ ln T=@x D
0:49=`. Accordingly, detƒ will remain negative for perturbations of wavelength
not smaller than `c D 2:04`. The above result is interesting as it gives a hint about
the domain of applicability of EIT, which appears to be well suited for wavelengths
slightly greater than the mean free path, when q is the only non-equilibrium variable.

3.4.3 Shear Viscous Pressure in Viscous Fluids

Further information on the stability restrictions on the fluxes is provided by the study
of an ordinary viscous fluid when heat effects are negligible. The entropy (3.4) is
now given by

s.u; v;
0

Pv/ D seq.u; v/� �2v=.4
T /
0

Pv W 0

Pv: (3.44)

The kinetic theory of gases shows that 
 D p� and as a consequence �2v=.4
T / D
mv2=.4kBT

2/. By restricting the analysis to a plane Couette flow, for which
0

Pv W
0

Pv D 2
2 P�2, P� being the shear rate, a calculation parallel to the previous one yields

ƒ D
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BBBBBBBB@

� 2m

3kBT 2
� 4m

3v2

3k3
BT

4
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4m2v

3k2
BT

3
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BT
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BT

3

2 P�2 �mn2kB � m

kBT 2

2 P�2 � 2mv

kBT 2

 P�

4m2v2

3k2
BT

3

 P� � 2mv

kBT 2

 P� � mv2

kBT 2

1
CCCCCCCCA
: (3.45)

As before, the diagonal elements are always negative, whereas the first minor
formed by the first two rows and the first two columns,

M D 2
3
.m2n2=T 2/C 2.m2=k2

BT
4/.
 P�/2 � 4

9
.m2=n2k4

BT
6/.
 P�/4; (3.46)

remains positive up to a critical value .
 P�/2 D 4:81.nkBT /
2. In view of the kinetic

result 
 D p� , one has . P��/c D 2:19. On the other hand, the determinant of (3.45)
results in

det� D �1
3
.mkB=T

4/C 7
9
.m=n2k3

BT
6/.
 P�/ � 10

9
.m=n4k5

BT
8/.
 P�/2 (3.47)
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which is negative for P�� lower than . P��/c D 0:51. It is thus concluded that (3.47)
is negative for values of P��1 > 1:96� . This gives the domain of validity of the
relaxational equation for the viscous pressure.

3.5 Problems

3.1. In a monatomic ideal gas, the thermal conductivity is given by � D 5
2
.nk2

BT=

m/�1. (a) Determine ��1 in the presence of a heat flux q by using (3.14). (b)
Calculate the difference between � and the local-equilibrium temperatureT for
Ar (atomic weight 40) at 0.1 atm and 300 K. (c) According to (3.23), obtain the
generalised pressure � under a heat flux, and evaluate the difference between
it and the local-equilibrium pressure p for Ar at 0.1 atm and 300 K.

3.2. (a) For an ideal monatomic gas, the internal energy is given by �u D 3
2

nkBT ,
whether in equilibrium or not. Write �u in terms of the generalised absolute
temperature � and the heat flux q. (b) Show that, up to the second-order terms
in q, the caloric equation of state can be given in the form

�u.�; q/ D �ueq.�/C a.�/q � q;

with a.�/ D .1=�/.�=�/� 1
2

d.�v=�/=d� , and where ueq.�/ is the value of u
for q D 0.

3.3. The thermal conductivity of a dielectric solid is � D 1
3
�cvc

2
0�1, with c0 being

the phonon speed, �1 the relaxation time due to resistive phonon collisions, cv

the heat capacity per unit mass, and � the mass density. In the Debye model,
cv is proportional to T 3 at low temperature. Determine the difference � � T
when the solid is subjected to a heat flux q.

3.4. Show that inequality (3.38) is indeed satisfied for values of the heat flux lower
than the critical value (3.39) for ˛ D �1v=.�T 2/, with �1, v and � being
constant.

3.5. Consider a monatomic gas with internal energy U . Assume that the molecular
motions may be organized in such a way that all the molecules have the same
velocity in the same direction, so that the total molecular energy E is equal
to U . Evaluate the energy flux when all the molecules are oriented in the same
direction and compare its value with the value of the critical heat flux derived
from (3.43).

3.6. For a monatomic gas at temperature T subject to a heat flux q, the specific
internal energy per unit mass is u D 3

2
kBT=m and its specific entropy is (2.38).

Determine the internal energy u0 of the gas in such a way that its equilibrium
entropy seq.u0/ is equal to the entropy s.u; q/. What would be the correspond-
ing temperatureT 0 of the gas? CompareT 0 with T and the generalised absolute
temperature � .





Part II
Microscopic Foundations





Chapter 4
The Kinetic Theory of Gases

The aim of this chapter is to provide a microscopic interpretation of extended
irreversible thermodynamics (EIT) by means of the kinetic theory of gases. The
interface between the macroscopic description and the kinetic theory is shown to be
much wider in EIT than in the classical irreversible thermodynamics (CIT). As a
consequence, the comparison provides more information and focuses our attention
on a richer set of subtle topics in the extended case than in the classical situation.

Our purpose is to justify the hypotheses and the main results of EIT. To be
explicit, we have to substantiate (a) the choice of the dissipative fluxes as extra
independent variables in the description of systems out of equilibrium, (b) the evo-
lution equations of the fluxes, the generalised Gibbs equation, and (c) the expression
of the entropy flux. Moreover, the evolution equations for the fluxes as well as the
relations between the transport coefficients appearing in these equations demand a
sound justification.

The main part of this chapter addresses the study of the linear terms of the evo-
lution equations. We have not systematically considered the non-linear terms, and
will only occasionally insist on them. Our attitude is not dictated by convenience,
but it has a more fundamental justification: as noted in Chap. 2, thermodynamics is
generally not able to impose explicit restrictions on the non-linear terms.

This chapter concerns essentially ideal non-relativistic monatomic gases, whereas
the corrections arising from the interaction potential in non-ideal gases are also
examined up to the lowest order in the density. The study of the relativistic kinetic
theory is postponed to Chap. 17.

4.1 The Basic Concepts of Kinetic Theory

We first consider ideal or highly diluted monatomic gases. The basis for the analy-
sis is the distribution function f .r ; c; t/, which accounts for the number of particles
between r and r C dr with velocity between c and c C dc at time t . The evo-
lution of f .r ; c; t/ is described by the well-known Boltzmann equation, which
takes into account the effects of binary collisions between particles, and neglects
collisions involving more than two particles, a quite plausible hypothesis in dilute
gases (Grad 1958; Chapman and Cowling 1970).

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 4, c� Springer Science+Business Media LLC 2010
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The Boltzmann equation has the form

@f

@t
C c � @f

@r
C F � @f

@c
D
Z

d Qc
Z

d�jc � Qcj¢.c � Qc; �/
h
f 0 Qf 0 � f Qf

i
: (4.1)

Here, f , Qf , f 0, and Qf 0 stand for f .r ; c; t/, f .r ; Qc; t/, f .r ; c0; t/, and f .r ; Qc0; t/
respectively; F is the external force per unit mass acting on the particles; ¢.c �
Qc; �/ is the differential cross-section of the collisions between the particles, one
of them with initial velocity c and the other with initial velocity Qc, which give as
final velocities after collision c0 and Qc0; � is the angle between c and c0; d� is the
differential solid angle around � .

We consider only one single species of molecules, without internal degrees
of freedom. If different types of molecules are concerned, a separate distribution
function for each type must be introduced, and the collision term will couple them.

The Boltzmann equation is a non-linear, integro-differential equation which is
very difficult to solve. However, several general consequences can be drawn from it
even without solving it explicitly. This arises as a consequence of an important and
very useful symmetry property of the collision term. Let us write (4.1) as

@f

@t
C c � @f

@r
C F � @f

@c
D J.f /; (4.2)

with J.f / the collision term and let  .c/ be an arbitrary function of the molecular
velocity c. Then, the following relation is satisfied

Z
 .c/J.f /dc D 1

4

Z �
 .c/C  . Qc/ �  .c 0/�  . Qc 0/

�
: (4.3)

This equality is a consequence of the next three relations. First, it is immediately
seen that
Z
 .c/J.f /dc D

Z
dc

Z
d Qc
Z

d�jc � Qcj¢Œf 0 Qf 0 � f Qf � .c/ D
Z
 . Qc/J.f /dc:

(4.4)

The equality is obvious, for in (4.4) c and Qc are dummy quantities, since they are
integrated over all their possible values; hence an exchange between c and Qc is
irrelevant.

A second equality is obtained after replacing c and Qc by c 0 and Qc 0; it yields

Z
 .c 0/J.f 0/dc0 D

Z
dc0

Z
d Qc0

Z
d�0jc0 � Qc0j¢Œf Qf � f 0 Qf 0� .c 0/

D �
Z

dc

Z
d Qc
Z

d�jc � Qcj¢Œf 0 Qf 0 � f Qf � .c/

D �
Z
 . Qc/J.f /dc: (4.5)
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This equality results clearly from the properties dc d Qc D dc0 d Qc0, c � Qc D c0 � Qc 0,
and ¢ D ¢.c � Qc; �/ D ¢.c0 � Qc0; � 0/ D ¢ 0. The first two of these equalities are
valid for elastic binary collisions, while the third is satisfied when the intermolecular
potential is invariant under spatial rotations and reflections, and under time reversal.

A third equality follows from the exchange of the dummy quantities c0 and Qc0:
Z
 .c 0/J .f 0/dc0 D

Z
 . Qc0/J . Qf 0/d Qc0: (4.6)

Now, by combining (4.4)–(4.6), the key relation (4.3) is obtained.

4.1.1 Balance Equations

The first important consequence of (4.3) is the possibility of deriving the hydro-
dynamic balance equations for mass, momentum, and energy from Boltzmann’s
equation. The mass density �, the mean velocity v, and the internal energy u per unit
mass are defined in terms of the distribution function as follows:

�.r; t/ D
Z
mf.r; c; t/dc; (4.7)

�.r; t/v.r ; t/ D
Z
mcf .r ; c; t/dc; (4.8)

�.r; t/u.r ; t/ D
Z
1

2
m.c � v/ � .c � v/f .r ; c; t/dc: (4.9)

Evolution equations for these quantities are obtained from the evolution equation
for f . In order to do this, one must consider the influence of the collision term.
Note, however, that in view of (4.3) one may write

Z
mJ.f /dc D 1

4

Z
ŒmCm �m �m�J.f /dc D 0; (4.10a)

Z
mcJ.f /dc D 1

4

Z
Œmc Cm Qc �mc0 �m Qc0�J.f /dc D 0; (4.10b)

Z
mc2J.f /dc D 1

4

Z
Œmc2 Cm Qc2 �mc02 �m Qc02�J.f /dc D 0: (4.10c)

The vanishing of these integrals follows from the property that mass, momentum
and kinetic energy are collisional invariants, i.e. they do not change in elastic binary
collisions.

From definitions (4.7–4.9) and relations (4.10a–c), the balance equations for
mass, momentum, and energy can be derived from the Boltzmann equation. Multi-
plying each term of (4.1) by m, mc, and 1

2
mc2 respectively and integrating over c

it is found that
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@�

@t
Cr � .� v/ D 0; (4.11)

@.� v/
@t
Cr � .� vvC P/ D �F ; (4.12)

@

@t

�
� uC 1

2
� v2

�
Cr �



�

�
uC 1

2
v2

�
vC P � vC q

�
D �F � v; (4.13)

with P and q being defined as

P D
Z
mCCf dc; (4.14)

q D
Z
1

2
mC 2Cf dc: (4.15)

C D c � v is the relative velocity of the molecules with respect to the mean motion
of the gas.

Equations (4.11–4.13) turn out to be the well-known balance equations of hydro-
dynamics, provided that one identifies P and q defined by (4.14) and (4.15) as the
pressure tensor and the heat flux vector respectively.

Since at equilibrium f is an isotropic function of C , the pressure tensor
reduces to

P D pU; (4.16)

with U the identity tensor and p, the equilibrium pressure, given by

p D 1

3

Z
mC 2f dc: (4.17)

It is found from the definition (4.9) of the internal energy that pD 2
3
�u. The macro-

scopic thermal equation of state for ideal gases leads then to the following definition
of the absolute equilibrium temperature:

p D 2

3
�u D nkBT; (4.18)

with n the number of particles per unit volume and kB the Boltzmann constant.

4.1.2 The H-Theorem and the Second Law

Another important result from Boltzmann’s equation is the so-called H -theorem,
which is a kinetic version of the second law. We define 
 as follows:

�.r ; t/
.r ; t/ D
Z
f .r ; c; t/ ln f .r ; c; t/dc: (4.19)
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The evolution equation for 
 may be derived by multiplying term by term the
Boltzmann equation (4.1) by ln f and integrating over c. In this way, one obtains

@.�
/

@t
Cr � .J � C �
v/ D ¢�; (4.20)

with the flux J � given by

J � D
Z

Cf ln f dc: (4.21)

The production term ¢� defined as

¢� D
Z
J.f / ln f dc; (4.22)

can be written, in virtue of (4.3), as

¢� D 1

4

Z
dc

Z
d Qc
Z

d�jc � Qcj¢Œf 0 Qf 0 � f Qf �Œln f C ln Qf � ln f 0 � ln Qf 0�

D 1

4

Z
dc

Z
d Qc
Z

d�jc � Qcj¢Œf 0 Qf 0 � f Qf � lnŒf Qf =.f 0 Qf 0/�: (4.23)

By inspecting the product of the quantities Œf 0 Qf 0 � f Qf � and lnŒf Qf =.f 0 Qf 0/� one
sees immediately that

¢� � 0 (4.24)

The equality sign holds only for f 0 Qf 0D f Qf , i.e. for J.f /D 0, which corresponds
to equilibrium situations.

The equilibrium distribution function is obtained by realizing that, since feq
Qfeq D

f 0
eq
Qf 0
eq, it follows that ln feq is a collisional invariant and can therefore be expressed

as a linear combination of m, mc, and 1
2
mc2:

ln feq D AmCB �mc CD1
2
mc2: (4.25)

The five constantsA, B, andD appearing in (4.25) can be determined in terms of �,
v, and T , taking into account the definitions (4.7–4.9) and (4.18). The result is the
well-known Maxwell–Boltzmann distribution function

feq D n
�

m

2�kBT

�3=2

exp



�mC

2

2kBT

�
: (4.26)
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The H -theorem, stating the negative character of ¢�, allows us to express the
entropy in terms of the distribution function f . Indeed, it suggests that the entropy
s per unit mass may be defined as �s D �A0�
 C B 0, where A0 and B 0 are two
constants. Their values can be determined by comparing the equilibrium value of s
with the value of 
 when the equilibrium distribution function (4.26) is substituted
in the definition (4.19). It turns out that A0 D kB. The value of B 0 is not so impor-
tant because generally only entropy changes are relevant. The above considerations
suggest the following expressions for the entropy and the entropy flux respectively:

�s D �kB

Z
f ln f dc; (4.27)

J s D �kB

Z
C f ln f dc: (4.28)

For completeness let us recall the expression of the equilibrium entropy for
monatomic gases, the so-called Sackur–Tetrode formula:

�s D nkB

(
5

2
C ln



1

n

�
2�mkBT

h2

��3=2
)
; (4.29)

where h stands for Planck’s constant.

4.2 Non-equilibrium Entropy and the Entropy Flux

Up to now, we have derived microscopic expressions for all the quantities of interest
for our study. The microscopic definitions (4.27) and (4.28) give explicit expressions
for the entropy and the entropy flux in non-equilibrium situations in terms of the
non-equilibrium distribution function. The latter may be expanded according to

f D feq

h
1C �.1/ C �.2/ C � � �

i
; (4.30)

where �.1/ �.2/; : : : are expressed in terms of a small parameter, for instance the
ratio of the relaxation time to the macroscopic time, the ratio of the mean free
path to a characteristic length of the macroscopic inhomogeneities, the higher-order
moments of the velocity distribution function, etc. The function feq is the equilib-
rium distribution function either in global or local equilibrium (in the first case, �,
v, and T would not depend on position and time, and in the second case they would
depend on these variables).

The quantities � D nm, v, and T are determined from the first five moments
of the distribution function given by equations (4.7–4.9). This imposes on �.i/ the
closure conditions
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Z
feq�

.i/dc D 0;
Z
feq�

.i/C dc D 0; (4.31)
Z
feq�

.i/C 2dc D 0 .i D 1; 2; : : :/;

and when (4.30) is introduced into (4.27) and (4.28), one obtains up to second order

�s D �seq � 1
2
kB

Z
feq�

.1/2dc (4.32)

and

J s D T �1q � 1
2
kB

Z
feq�

.1/2C dc: (4.33)

Owing to the restrictions (4.31), �.2/ does not contribute to the entropy up to the
second order of approximation. Furthermore, it follows from the third of conditions
(4.31) that the bulk viscous pressure for an ideal monatomic gas vanishes identically.
The first terms on the right-hand side of (4.32) and (4.33) are the classical ones. The
second terms are related to the non-classical corrections on which we shall focus
our attention in the next section.

It must be noted that, in contrast to the exact solutions of the Boltzmann equation,
approximate solutions like (4.30) do not necessarily satisfy the H -theorem beyond
the linear approximation. The same problem arises in macroscopic theories when
constitutive equations containing non-linear truncated approximations are used, as
seen in (2.28). The requirement of a positive entropy production may provide a
criterion on the range of validity of a given approximation, both in microscopic and
in macroscopic theories. The positive entropy production requirement may also be
useful to model the non-linear terms in such a way that entropy production is always
positive.

A second point worth outlining is that the thermodynamic entropy is a func-
tion of macroscopic variables. Therefore, assuming the existence of a macroscopic
entropy implies that one selects among the several possible microscopic distribution
functions those depending parametrically on quantities which have a clear macro-
scopic meaning or, at least, which are macroscopically measurable and controllable.
In principle, one can construct a wide range of microscopic distribution functions
but their physical meaning is not necessarily clear. Here, we always refer to the so-
called thermodynamic branch of approximate solutions of the Boltzmann equation
Eu (1992, 1998), i.e. to those solutions satisfying the above-mentioned requirement.

4.3 Grad’s Solution

Two important models, namely the Chapman–Enskog and Grad ones, have been
proposed to solve the Boltzmann equation in non-equilibrium situations. In the
Chapman–Enskog approach (Chapman and Cowling 1970), f is expressed in terms
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of the first five moments n, v, and T and their gradients. Then, �.1/ is proportional
to rv andr T , while �.2/ includes terms in rrv, rr T and so on. In Grad’s model
(Grad 1958; Harris 1971; Woods 1994), f is expanded in terms of its moments with
respect to the molecular velocity. Note that, in view of definitions (4.14–4.15), P and
q are directly related to the moments of the velocity distribution function (the scalar
viscous pressure pv vanishes in an ideal gas). Therefore, the mean values of q and

of
0

Pv are considered in Grad’s theory as independent variables, so that Grad’s theory
is closer to the macroscopic developments of EIT than Chapman–Enskog’s. It can
thus be asserted that both EIT and Grad’s thirteen-moment method make use of the
same independent variables.

In Grad’s method, the non-equilibrium distribution function f .r ; c; t/ is replaced
by the infinite set of variables � D mn.r; t/, v.r ; t/, T .r; t/, an.r ; t/, where an

stand for the successive higher-order moments of the distribution function. These
moments are chosen in such a way that they are mutually orthogonal, and they are
given by Hermite polynomials. In the thirteen-moment approximation, the devel-
opment is limited to all the second-order moments and to some of the third-order
moments, those related to the heat flux.

In the thirteen-moment approximation, the distribution function is written as

f D feqŒ1CA � C C
0

Bv W 0

CC C.C � C /.D � C /�: (4.34)

The coefficients A.r; t/,
0

Bv.r ; t/ and D.r ; t/ are determined by introducing (4.34)
into (4.14), (4.15), and the third of conditions (4.31). In order to help the reader, the
general form of integrals appearing in these calculations is given in Appendix B.

Such equations allow us to identify A,
0

Bv, and D in terms of the heat flux q and the

viscous pressure tensor
0

Pv:

A D � m

pkBT
q;

0

Bv D m

2pkBT

0

Pv; D D m2

5pk2
BT

2
q: (4.35)

As a consequence, f may be written explicitly as

f D feq



1C m

2pkBT

0

CC W
0

PvC 2m

5pk2
BT

2

�
1

2
mC 2 � 5

2
kBT

�
C � q

�
: (4.36)

After substitution of (4.36) into (4.32–4.33), the expressions for the entropy and
entropy flux turn out to be

�s D �seq � 1

4pT

0

Pv W
0

Pv� m

5pkBT 2
q � q; (4.37)

J s D 1

T
q � 2

5pT

0

Pv �q: (4.38)
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These results confirm the plausibility of the hypotheses of EIT stating that the
entropy may depend on the dissipative fluxes and that the entropy flux contains
extra contributions besides q=T .

It remains to verify that the EIT expressions of the transport coefficients appear-
ing in the non-classical parts of s and J s are confirmed by the kinetic theory.
Moreover, EIT predicts the existence of some relations between these coefficients
and those found in the evolution equations for the fluxes.

To check these results, one needs the evolution equations for the fluxes. These can
be obtained by inserting (4.36) into Boltzmann’s equation. In the thirteen-moment
approximation one is led to (Grad 1958)

.
0

Pv/� D �4
5
.

0rq/s � 2p 0

V���
0

Pv �
0

Pv �.rv/� .rv/ � .
0

Pv/T

�
0

Pv.r � v/C 2

3
Œ

0

Pv W .rv/�U; (4.39)

and

Pq D �.kBT=m/r �
0

Pv�5
2
.pkB=m/rT � 2

3
��q � 7

5
q � .rv/� 2

5
q � .rv/T

�7
5

q.r � v/� 7
2
.kB=m/

0

Pv �rT C ��1
0

Pv �.r �
0

Pv/: (4.40)

The coefficient � is given in terms of the collision integrals by

� D 2

5

p
2�

Z 1

0

x6e�x2=2


Z 1

0

m�1¢
�
�; x

p
2kBT=m

	
sin2 � cos2 �d�

�
dx

(4.41)

and is shown to be a positive quantity (Grad 1958).
We focus our attention on the linear terms of (4.39, 4.40) and therefore omit non-

linear contributions, such as
0

Pv �.rv/ in (4.39) and
0

Pv �rT in (4.40). It is true that

for a fixed temperature gradient this term is linear in
0

Pv, but when we take pertur-

bations around equilibrium, both
0

Pv and rT can be considered as perturbations,
and consequently such a term is non-linear. In the linear approximation, (4.39, 4.40)
reduce to

1

��
.

0

Pv/� D �
�

0

PvC2p
��

0

V

�
� 4

5��
.

0rq/s (4.42)

and

3

2��
Pq D �

�
q C 15pkB

4m��
rT

�
� 3kBT

2m��
r �

0

Pv : (4.43)
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These relations may be directly compared with the linear evolution equations (2.72)
and (2.70), respectively, derived from the macroscopic theory. One is then led to the
identifications

�1 D 3

2��
; (4.44a)

� D 5pkB

2m
�1; (4.44b)

��T 2 ˇ D kBT

m
�1: (4.44c)

�2 D 1

��
; (4.45a)


 D p�2 .b/; (4.45b)

�2
T ˇ D 4

5
�2: (4.45c)

Expressions of the form (2.70–2.72) (or (4.42–4.43)) could have been guessed by
purely dimensional arguments, but thermodynamics brings supplementary infor-
mation and imposes specific limitations. The first two are �1>0 and �2>0, as a
consequence of � > 0. Furthermore, a direct consequence of (4.44b) and (4.45b)
is that � > 0 and 
 > 0. The symmetry relations between the cross coefficients in
(2.70–2.72) are confirmed by comparing the two independent expressions obtained
for ˇ in (4.44c) and (4.45c): they are seen to coincide and are given by

ˇ D � 2

5pT
: (4.46)

This expression for ˇ is nothing but the factor �2=.5pT / of the non-classical
term of the entropy flux (4.38) and is the same as that predicted by the macro-

scopic theory. Note also that the relaxation times of q and
0

Pv are not coincident but
�1 D 3

2
�2.

We now turn our attention to the macroscopic Gibbs equation (2.44). After
integration this yields

�s D �seq � �1

2�T 2
q � q � �2

4
T

0

Pv W
0

Pv : (4.47)

Making use of the results given by (4.44c), (4.45c), and (4.46), we see that
�1=.2�T

2/ D m=.5pkBT
2/ and �2=.4
T / D 1=.4pT /, from which it follows that

(4.37) is strictly identical with the macroscopic result (4.47). Consequently, we can
conclude that, within the linear range, there is a complete agreement between Grad’s
theory and the predictions of EIT, not only in regard to the choice of the variables
and the expressions of the entropy and the entropy flux, but also concerning the
expressions of the linearized evolution equations for the thermodynamic fluxes.
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Expression (4.47) allows us to calculate the order of magnitude of the non-
equilibrium correction with respect to the local-equilibrium entropy. In the absence
of viscous effects, one has

�s D �seq � �1

2�T 2
q � q: (4.48)

To evaluate the range of temperature gradients for which the local-equilibrium
hypothesis is acceptable, we write the non-equilibrium contribution to (4.48) as

�1

2�T 2
q � q D �1�

2T 2
.rT /2 D 5nk2

BT

4m
�2

1

�rT
T

�2

: (4.49)

By defining the mean free path by ` D Œ3kBT=.2m/�
1=2�1, one may write the non-

equilibrium correction as

�.�s/neq D 5nkB

6
`2

�rT
T

�2

: (4.50)

Moreover, according to the Sackur–Tetrode formula (4.29), the local-equilibrium
entropy is of the order of �seq 
 nkB. Thus the relative value of the non-equilibrium
contribution with respect to the local-equilibrium value is of the order of

�.�s/neq

�seq

 `2

�rT
T

�2

: (4.51)

For gases like O2 and N2 at standard temperature and pressure, the mean free path
` is of the order of 10�4 cm, so that the relative non-equilibrium corrections will be
less than 0.01% for temperature gradients lower than 104 K cm�1. The conclusion is
that in these situations the local-equilibrium entropy is a reasonable approximation.
However, this agreement, achieved for steady state situations, does not necessar-
ily imply that the local-equilibrium entropy remains a satisfactory concept in fast
non-steady processes, for which q cannot be approximated by q D ��rT , or for
specific materials, such as polymer solutions, where viscous effects play a dominant
role.

It must be noted that the moment expansion of Grad lacks a smallness parameter
allowing to control its domain of validity. The problem may be circumvented by
introducing another “flux variable”, like the conjugate to the flux in Gibbs’ equa-
tion (see Box 2.2). In Sect. 4.7 we will present a wider approach taking into account
an infinite number of higher-order moments. It is also interesting to observe that,
since all the moments are mutually orthogonal, the incorporation of higher-order
moments does not alter the value of the first thirteen ones; therefore, the specifica-
tion of the first thirteen moments does not mean a univocal microscopic solution
of the Boltzmann equation. The relations between Grad’s method and hydrody-
namics have been thoroughly analysed by Gorban et al. (2004) and Gorban and
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Karlin (2005) by means of the method of invariant manifolds; on the other side,
Garzó and Santos (2003) have systematically studied ideal and interacting gases
in several kinds of flows. We refer to the books by these authors for interesting
overviews of new ideas and recent developments in kinetic theory and its connection
with hydrodynamics and thermodynamics beyond the classical regime.

4.4 The Relaxation-Time Approximation

Since the Boltzmann equation is very complicated, simpler kinetic equations have
been proposed in the literature. A very simple model is the well-known relaxation-
time approximation, which is used here to analyse the thermodynamics of steady
states.

In the relaxation-time approximation, the evolution equation of the distribution
function is modelled by

@f

@t
C c � @f

@r
C F � @f

@c
D �1

�
.f � feq/: (4.52)

For steady non-equilibrium situations in the absence of external forces, it is found
that

f D .1C �c � r/�1 feq; (4.53)

a formal expression to which an operative meaning can be attached by expanding it
in powers of �c � r. In the simple case of temperature and velocity gradients, the
first-order and second-order corrections to the equilibrium distribution function are

�.1/ D � �

kBT 2

�
1

2
mC 2 � 5

2
kBT

�
C � rT � �

kBT
m

0

CC W . 0rv/C NL (4.54)

and

�.2/ D � �2

kBT 2

�
1

2
mC 2 � 5

2
kBT

�
0

CC �rrT � �2

kBT
m

0

CCC W . 0rrv/C NL;

(4.55)

where NL stands for non-linear terms involving gradient products. The introduction
of (4.54) into (4.32) gives the following expression of the entropy:
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˝
m2C 2
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2
2

˛�
.

0rv/s W . 0rv/s (4.56)
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and from (4.33) one finds for the entropy flux

J s D 1

T
q � �2

kBT 3

��
1

2
mC 2 � 5

2
kBT

�
mC 2

1C
2
2



.

0rv/s � rT; (4.57)

where C1, C2 are components of C , and the quantity hai stands for

hai D
Z
a.c/feq.c/dc: (4.58)

By inserting (4.54–4.55) into (4.30) we obtain a distribution function which can be
substituted into (4.14–4.15) and taking into account that h.1

2
mC 2� 5

2
kBT /C �C i D

0, the expressions for the heat flux and the pressure tensor are of the form

q D � �

kBT 2
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+
rT � �2
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2
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2
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�
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1C
2
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�r � . 0rv/s; (4.59)
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Pv D � �

kBT

˝
m2C 2

1C
2
2

˛
.

0rv/s � �2

kBT 2

*�
1

2
mC 2 � 5

2
kBT

�2

mC 2
1C

2
2

+
rrT:

A limitation of the relaxation-time approximation is that the relaxation times of both

fluxes coincide. Compare (4.59) with (2.70–2.72) in a steady state, with q and
0

Pv

substituted by their first-order expressions q.1/ D ��rT and
0

Pv.1/ D �2
 0

V. In
this way one obtains a confirmation of the relation between the cross terms predicted
by the thermodynamic theory and the relation of these coefficients with those of the
second-order term in the entropy flux (4.57). Furthermore, the expression (4.56) for
the entropy may equivalently be written as

�s D �seq � �1�

2T 2
.rT / � .rT / � �2


T
.

0rv/s W . 0rv/s : (4.60)

This is nothing but expression (3.4) when the fluxes are replaced by their first-order
steady-state approximations. It is also interesting to observe that the entropy (4.60)
does not coincide with the local-equilibrium entropy even in the steady case.

The agreement between the kinetic theory of gases and the macroscopic pre-
dictions undoubtedly reinforces the consistency of EIT. Although our analysis is
limited to the linear range, the agreement between EIT and kinetic theory is much
wider than the agreement of the latter with the usual local-equilibrium thermo-
dynamics. It should be kept in mind that the previous comparisons have been
achieved within the Boltzmann theory, which concerns only two-body collisions.
A comparison at a higher level, where higher-order collisions are included, raises
some notable features (Dufty and McLennan 1974; Ernst et al. 1976; Reichl 1980).
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Computer experiments and careful microscopic studies of the correlation functions
have shown that many-body processes play an important role in determining the
long-time behaviour of correlation functions. Thus, whereas Boltzmann’s equation
leads to an exponential decay of the fluctuations, hydrodynamic arguments predict
for a d -dimensional system a potential decay of the form t�d=2. An appropriate
thermodynamic extension to these situations remains a challenging problem.

4.5 Dilute Non-ideal Gases

The treatment of non-ideal gases is more complex, owing to intermolecular inter-
actions which contribute both to the viscous pressure tensor and to the heat flux
vector (Rice and Gray 1965; Green 1969). For simplicity, we deal here only with
the viscous effects. In kinetic theory, the pressure tensor is split into a kinetic and a
potential part

P D Pc C Pp; (4.61)

given respectively by

Pc D
Z
mCCf1dc (4.62)

and

Pp D �1
2
n2

Z
�0.R/R�1RRg.R/dR: (4.63)

The kinetic part Pc is expressed in terms of the one-particle distribution function
f1.r ; c/ while the potential part Pp depends on the two-particle distribution func-
tion f2.r1; c1; r2; c2/. In (4.63), R D r1 � r2 is the relative position of molecule
1 with respect to molecule 2, �.R/ the interaction potential, with a prime indicating
the spatial derivative with respect to R; and g.R/ is the pair-correlation function
defined in terms of f2 as

n2g.R/ D
Z
f2.r1; c1; r2; c2/dc1dc2: (4.64)

Defining the thermodynamic equilibrium pressure as one-third of the trace of P at
equilibrium, it follows from (4.61–4.63) that

p D nkBT � 1
6
n2

Z
�0.R/geq .R/RdR; (4.65)

with geq .R/ being the equilibrium pair correlation function.
Since the relaxation times of the one-particle distribution f1 and the pair-

correlation function g do not necessarily coincide, one should not regard Pv as one
single physical quantity, but rather as the sum of two independent variables, Pv

c

and Pv
p.
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4.5.1 Entropy and Evolution Equations

The thermodynamic phenomenological description of the non-ideal gas may be
summarized as follows. The entropy has the form

�s D �seq � �c

4
cT

0

Pv
c W

0

P v
c �

�p

4
pT

0

P v
p W

0

P v
p �

�0

2�T
pv

pp
v
p; (4.66)

since pv
c vanishes identically, as remarked in Sect. 4.2. The relaxation times and

viscosities are defined through the evolution equations for their respective fluxes:

d

dt

0

Pv
c D �

1

�c

.
0

Pv
cC2
c

0

V/; (4.67a)

d

dt

0

Pv
p D �

1

�p

.
0

Pv
pC2
p

0

V/; (4.67b)

d

dt
pv

p D �
1

�0

.pv
p C �r � v/: (4.67c)

This is the simplest generalisation of the scheme proposed for ideal monatomic
gases. A decomposition of the viscous pressure tensor in a sum of partial viscous
pressure tensors is given in Chap. 16, where polymers are considered.

Our purpose is to explore the consistency of the thermodynamic scheme (4.66–
4.67a–c) from a microscopic point of view. Therefore we need an expression for the
entropy in terms of f1 and f2. This is supplied by (Green 1969)

�s D �kB

Z
f1.1/ lnf1.1/d	1 � 1

2
kB

Z
f2.1; 2/ ln

f2.1; 2/

f1.1/f1.2/
d	12; (4.68)

where d	1D dr1dc1 and d	12D dr1dc1dr2dc2. An explicit form for the entropy
in terms of f1 and g can be obtained by assuming that f2.1; 2/ D f1.1/f1.2/g.1; 2/.
This result is exact at equilibrium and valid up to the first order in the shear rate for
a wide class of interaction potentials. Within this approximation and setting f1 D f
one has

�s D �kB

Z
f ln f dc � 1

2
n2kB

Z
g lngdR: (4.69)

In analogy with Boltzmann’s equation, the evolution equations for f and g can be
written as

@f

@t
C c � @f

@r
D Jc.f /; (4.70a)

@g

@t
CR � .rv/ � rRg D Jp.g/; (4.70b)
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where rR stands for the gradient with respect to the relative position R between
two molecules. It is not necessary to know the specific form of collision operators
Jc and Jp on the right-hand sides of Eq. 4.70. The only result of interest is that at
equilibrium Jc.feq/ D 0 and Jp.geq/ D 0, with feq and geq given by

feq 
 exp



�mC

2

2kBT

�
; geq 
 exp



�w.R/

kBT

�
: (4.71)

The last expression defines an effective potential w.R/ which coincides with the
interaction potential �.R/ only up to a first-order approximation in the density.

Now, by analogy with (4.34), one expands the non-equilibrium distribution
functions f and g in terms of the moments of C and R, respectively:

f D feqŒ1C
0

CC W 0

A.r ; t/�; (4.72a)

g D geqŒ1C
0

RR W 0

B.r ; t/CR2b.r; t/�: (4.72b)

Here
0

A and
0

B are traceless symmetric tensors and b is a scalar, which may be related

to
0

Pv
c ,

0

Pv
p, and pv

p by introducing (4.72) into (4.62–4.63). Note that because of the

third of conditions (4.31) the expansion of f is limited to the traceless term
0

C C . It
is found that

0

Pv
c D

2m

15
hC 4i 0

A; (4.73a)

0

Pv
p D

n2

15
h�0.R/R3i 0

B; (4.73b)

pv
p D �

n2

6
h�0.R/R3ib; (4.73c)

with h� � � i being the corresponding equilibrium average.
Furthermore, one can derive an expression for the entropy by substituting (4.72)

into (4.69). Making f D feq.1 C  c/ and g D geq.1 C  p/, one obtains up to
second order

�s D �seq � 1
2
kB

Z
feq 

2
c dc � 1

4
kBn

2

Z
geq 

2
pdR: (4.74)

Relations (4.73) allow to express the entropy in terms of the dissipative fluxes,
namely:

�s D �seq � ˛cc

2T
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Pv
c W

0

Pv
c �

˛pp

2T

0

Pv
p W

0

Pv
p �

˛0

2T
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p/
2; (4.75)
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with

˛cc D 15kBT

2m2

1

hC 4i ; (4.76a)

˛pp D 15kBT

n2

hR4i
h�0.R/R3i2 ; (4.76b)

˛0 D 18kBT

n2

hR4i
h�0.R/R3i2 : (4.76c)

4.5.2 Microscopic Identification of Coefficients

Expression (4.75) confirms the result that the entropy depends on
0

Pv
c ,

0

Pv
p, and pv

p.
The relation between the coefficients ˛cc ,˛pp, and ˛0 and their microscopic ana-
logues are derived from the evolution equations for the fluxes. Introducing (4.72)
into (4.70), and multiplying the resulting equations term by term by CC , RR, and
R2 respectively, one is led, after integration with respect to C and R, to

2

15
hC 4i@

0

A
@t
C 2m

15kBT
hC 4i 0

V D � 1
�c

0

VCNL; (4.77a)

2

15
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B
@t
� 2

15kBT
hw0.R/R3i 0

V D � 1
�p

0

BCNL; (4.77b)

hR4i@b
@t
� 1

3kBT
hw0.R/R3ir � v D � 1

�0

b C NL: (4.77c)

In (4.77) NL stands for non-linear terms, while the relaxation times �c , �p, and �0

are related to the collision operators Jc and Jp of (4.70) by

� 1
�c

D hC1C2Jc.C1C2/i; � 1
�p

D hR1R2Jp.R1R2/i; � 1
�0

D hR2Jp.R
2/i:

(4.78)

Here we do not require the explicit expressions for the relaxation times. In the more
general case, the relaxation times form a fourth-rank tensor; however, for simplic-
ity we consider only the particular case for which they reduce to scalar quantities.

After expressing
0

A,
0

B and b in terms of the fluxes according to (4.73), one obtains
from (4.77) the evolution equations for the fluxes. The ratios 1

2
�=
 may be derived

directly from the ratio of the coefficients of the terms d
0

Pv =dt and the corresponding

terms in
0

V, as immediately seen by inspection of (4.67).
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Comparison of (4.77a) with the ratio

�c

2
c

D 15kBT

m2

1

hC 4i ; (4.79a)

obtained from (4.76a) confirms the thermodynamic result ˛cc D 1
2
�c=
c . From

(4.76b and c) one obtains

�p

2
p

D 15kBT

n2

hR4i
h�0R3ihw0R3i ; (4.79b)

�0

�
D 18kBT

n2

hR4i
h�0R3ihw0R3i : (4.79c)

Thus, the analogous thermodynamic predictions ˛pp D 1
2
�p=
p nd ˛0 D �0=�

are also confirmed, but only at first order in the density. This is so because the
generalised potential w.R/ defined in (4.71b) and the interaction potential �.R/
(and consequently w0 and �0/ are identical only at this order of approximation: in
this case, the ratios (4.79b) coincide with their respective counterparts in (4.76), but
not at higher orders in the density.

The restriction of the latter identifications to first-order terms in the density is

not an important drawback, since the products ˛pp

0

Pv
p W

0

Pv
p and ˛0.p

v/2 in the
entropy (4.75) are of order n2, so that the differences between ˛pp and 1

2
�p=
p and

˛0 and ˛0 D �0=� are of order n3 in the expression of entropy. Such terms cannot
be included in the present study because the definition (4.69) of entropy is valid up
to order n2 only. To incorporate terms in n3 demands a description in terms of f3,
the three-particle distribution function in (4.68), which is beyond the scope of the
present book. Up to the order of approximation tested here, it can thus be claimed
that the macroscopic predictions of EIT are in agreement with the kinetic approach.

The results of EIT are also confirmed by the kinetic theory for gases consisting
of molecules with internal degrees of freedom (Rodriguez et al. 1987) and for dilute
solutions of dimers and polymers (Camacho and Jou 1990) (see also Chap. 16). The
interested reader is referred to the original papers for the analysis of these systems.

4.6 Non-linear Transport

Eu (1992, 1998) has developed a modified version of the moment method with the
purpose of deriving non-linear evolution equations. Instead of using, like Grad, an
expansion of the form

f D f0

h
1C

X
i
a.i/H .i/.C /

i
; (4.80)

whereH .i/.C / are Hermite polynomials expressing the moments of the distribution
function, Eu proposes a canonical form



4.6 Non-linear Transport 111

fE 
 exp



�1
2
ˇmC 2 �

X
i
Y .i/H .i/.C /

�
; (4.81)

in which the expansion coefficients Y .i/ are depending on r and t . The above
expression for the distribution function is similar to that used in the so-called
maximum-entropy approaches, which will be discussed in Sect. 6.3, but in Eu’s
formalism the coefficients Y .i/ are required to satisfy some supplementary con-
ditions which guarantee the positiveness of the entropy production at each step of
the approximation. He also introduces a new thermodynamic quantity, the so-called
calortropy‰ (see Sect. 3.1), defined as

�‰ D �kB

Z
fE.ln fE � 1/dC ; (4.82)

rather than the Boltzmann definition for the entropy, and which plays in Eu’s
approach a central role.

From his modified moment method, Eu is able to determine specific forms for
the non-linear terms of the evolution equations, which are important in several
fields, such as rheology and electronics. We present here a brief analysis which
provides explicit information about non-linearities in transport equations. Starting
from (4.81), it can be seen that the distribution function will take the form

fE D feq expŒ�X1 � q �
0

X2 W
0

P v�; (4.83)

with q and
0

Pv the microscopic operators for the respective macroscopic heat flux

and pressure tensor; X1 and
0

X
2

are macroscopic quantities, which in the simplest

version of EIT, can be identified as

X1 D � �1

2kB�T 2
q;

0

X2 D � �2

4kB
T

0

Pv: (4.84)

The entropy production is given by

�s D �kB

Z
lnfEJ.fE/dc; (4.85)

with J.fE/ the collision operator defined in (4.2). It is convenient, for further
purposes, to introduce a dimensionless form of (4.85), namely

N�s D �E

kBn
�s ; (4.86)

where �E D Œ.2kBT=m/
1=2nd 2��1 is of the order of the collision time. Here d is

the molecular diameter.
From the property (4.3) of the collision operator J.fE/ and the fact that ln fE is

composed of collisional invariants, one can write (4.86) as
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N�s D 1
4

Z
.x � x0/J.fE/dc; (4.87)

with

x D 0

X2 W Œ
0

Pv.c/C
0

Pv. Qc/�CX1 � ŒQ.c/CQ. Qc/� (4.88)

and x0 the corresponding value of x after the collision. In view of the form of (4.83)
for the distribution function and that of J.f / in (4.2), (4.87) can be rewritten as
(Eu 1992)

N�s D � sinh�; (4.89)

with
� D 1

2
hh.x � x0/2ii1=2 D . N�s

0/
1=2; (4.90)

where N�s
0 is the expression (2.50) of the entropy production derived in Chap. 2.

The important result is that (4.89) is positive definite; however, in contrast to
N�s

0 , it is not a simple quadratic form. The essential difference between the conven-
tional and the modified moment methods is that in the conventional case the entropy
production is not proved to be positive definite beyond the second order of approx-
imation, while in the modified moment approach it is rigorously positive definite at
any order of approximation.

Let us rewrite the entropy production as follows

�s D �s
0

sinh�

�
: (4.91)

For small values of the fluxes, � is small and (4.91) reduces to �s
0 . Expression (4.91)

is useful for determining the expressions for the non-linear thermal conductivity �
and shear viscosity 
. From the form of �s

0 derived in Chap. 2, it is inferred that

�s D
�

1

�0T 2
q � q C 1

2
0T

0

Pv W
0

Pv

�
sinh�

�
I (4.92)

this suggests that we should define a non-linear � and a non-linear 
 through

�.q;
0

Pv/ D �0

�

sinh�
; 
.q;

0

Pv/ D 
0

�

sinh�
; (4.93)

where �0 and 
0 are the limits of � and 
 for small values of the fluxes, and � stands
for

� D


�E

nkB

�
1

�0T 2
q � q C 1

2
0T

0

Pv W
0

Pv

��1=2

; (4.94)

in view of (4.86) and (4.90).
To be more explicit consider the generalised viscosity (4.93) in the absence of

heat flux. It takes the form
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.
0

Pv/ D 
0

Œ�E=.2nkBT 
0/
0

Pv W 0

Pv�1=2

sinhŒ�E=.2nkBT 
0/
0

Pv W 0

Pv�1=2

: (4.95)

For a plane Couette flow parallel to the x1 axis,
0

Pv W 0

Pv D 2.P v
12/

2, where P v
12 D

�
. P�/ P� with P� the shear rate; in this case, (4.95) reduces to


. P�/ D 
0

sinh�1.�� P�/
�� P� D 
0

ln
n
�� P� C �1C .�� P�/2�1=2

o

�� P� ; (4.96)

with �� D Œ�E
0=.nkBT /�
1=2. Expression (4.96) is the well-known Eyring formula,

which describes shear thinning, i.e. the decrease of the apparent viscosity 
 with
increasing shear rate.

With regard to heat transport, the first of relations (4.93) predicts a reduction of
the heat flux for very large values of the temperature gradient. This phenomenon,
which is imperceptible under usual circumstances, becomes crucial in laser-driven
plasmas devised to achieve controlled thermonuclear fusion. This reduction plays a
very important role in the transport of laser energy from the deposition region to the
ablative surface (Clause and Balescu 1982; Eu 1992).

The consequences of non-linear transport coefficients for the velocity and the
temperature profiles in Lennard-Jones fluids have been analysed in detail by Eu
and co-workers in a variety of situations (Eu 1992, 1998). Their results are in good
agreement with molecular dynamics and experimental data. Non-linear effects are
especially important at very low densities, because � varies as n�1, and at very high
density, where the viscosity 
0 increases exponentially with density. Both situations
have been examined by Eu, who has shown that EIT provides a unified way to treat
problems ranging from rarefied Knudsen gases to dense fluids.

Other non-linear extensions have been proposed where the dependence of the
entropy on the fluxes is not limited to second order. An exact solution of the Boltz-
mann equation has been derived for Maxwell molecules under a heat flux (Santos
and Brey 1991), which confirms the basic idea that the generalised entropy will
depend on the fluxes, but shows a complicated dependence of the entropy on q.

Other non-linearities may arise from the non-dissipative terms occurring in the
entropy flux; as a matter of fact, the ˇ coefficient in the expression for the entropy
flux may depend, in principle, on the scalar invariants of the fluxes. Thermody-
namics does not provide special restrictions on these coefficients in the non-linear
domain. However, valuable information may be obtained if one requires that the
non-dissipative part of the evolution equations be Hamiltonian, or, in other words,
susceptible of being written in terms of Poisson brackets (Grmela and Öttinger 1997;
Öttinger 2005). This hypothesis is quite reasonable, because both particle mechan-
ics at the microscopic level and the macroscopic behaviour of a perfect fluid are
Hamiltonian. Moreover, since the equations of EIT can be written in the form
of Poisson brackets (see Chap. 1), this opens the way to the use of the powerful
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techniques of symplectic geometry. The formulation in terms of Poisson brackets
appears therefore to be an interesting complement to the thermodynamic results.

4.7 Beyond the Thirteen-Moment Approximation:
Continued-Fraction Expansions of Transport Coefficient

In the previous sections, one has selected as the extra variables the fluxes of heat,
momentum, and matter. However, there exists no restriction on extending the space
of variables by including a whole hierarchy of new quantities obeying linear or
even non-linear evolution equations. Now, the question arises whether it is suffi-
cient to base a mesoscopic description exclusively on the conserved variables plus
the usual dissipative fluxes (or a small number of additional fluxes) or, on the con-
trary, whether one should include an infinite number of variables. As recalled earlier,
Grad’s method does not introduce a smallness parameter; therefore, it is difficult to
find any rigorous justification to truncate the expansion at the thirteen-moment level,
as it is shown in Sect. 4.3.

These questions have raised doubts about the foundations of EIT. The need to
take into account higher-order fluxes has become increasingly urgent as shown in
the analyses by Velasco and Garcı́a-Colin (1991, 1993). In this section we propose
a way out, which consists in including a priori an infinite number of fluxes in the
description; in a second step most of these extra variables are eliminated by intro-
ducing an effective relaxation time which takes their contribution into account. Such
a reduction in the number of variables is needed as we wish to compare with exper-
imental results, which are usually described by a limited number of variables. As an
illustration, we consider the effect of introducing higher-order moments in heat con-
duction. The results can be directly extended to viscous flows, electrical conduction
or any other transport phenomenon.

So far, we have taken as non-equilibrium variable the heat flux q; we now wish
to incorporate higher-order variables, each one being defined as the flux of the pre-
ceding one. To be explicit, we take as variables J .1/, J .2/; : : :;J .n/, where J .n/, a
tensor of order n, is the flux of J .n�1/. This is not an academic game: at least two
arguments can be put forward in favour of this extension. First, it follows from the
kinetic theory that the relaxation times of q and Pv are of the order of magnitude
of the collision time. Since the relaxation times of the higher-order fluxes cannot be
much shorter than the collision time, all of them are of the same order. Therefore,
using only the first-order fluxes as independent variables is probably not satisfac-
tory to describe high-frequency processes; indeed, when the frequency becomes
high enough to be comparable to the inverse of the relaxation time of the first-order
fluxes, the higher-order fluxes behave themselves like independent variables and
must be incorporated in the formalism. The second point is that, up to now, the
analysis has been mostly limited to an exponential relaxation for the dynamics of
the fluxes. The inclusion of higher-order fluxes opens the way to more complicated
dynamics.
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In microscopic terms, J .1/ D q is a part of the third-order moment of the velocity
distribution function and J .n/ is, correspondingly, a part of its .n C 2/ th-order
moment. Up to the nth-order moment, the Gibbs equation takes the form

ds D T �1du � ˛1vJ .1/ � dJ .1/ � � � � � ˛nvJ .n/ ˝ dJ .n/; (4.97)

and the entropy flux can be written as

J s D ˇ0J .1/ C ˇ1J .2/ � J .1/ C � � � C ˇn�1J .n/ ˝ J .n�1/: (4.98)

The symbol˝ denotes the contraction of the corresponding tensors, and the coeffi-
cient ˇ0 may be identified by comparison with the classical theory asˇ0 D T �1. We
have limited ourselves to the simplest form of the entropy and the entropy flux and
have not taken into account coupled contributions of the form J .3/ W J .1/J .1/, and
similarly, in (4.97–4.98). This approximation is sufficient for the present purposes.

The entropy production is easily derived from (4.97–4.98) and is given by

�s D �
h
�rT �1 C ˛1

PJ .1/ � ˇ1r � J .2/
i
� J .1/ : : :

�
NX

nD3

J .n�1/ ˝
h
˛n�1

PJ .n�1/ � ˇn�1r � J .n/ � ˇn�2rJ .n�2/
i
: (4.99)

The above expression suggests the following set of evolution equations for the J .n/:

rT �1 � ˛1
PJ .1/ C ˇ1r � J .2/ D 
1J .1/; (4.100a)

ˇn�1rJ .n�1/ � ˛n
PJ .n/ C ˇnr � J .nC1/ D 
nJ .n/; (4.100b)

with 
n � 0, as required from the positiveness of the entropy production. Defining
�n as �n D ˛n=�n and writing rT �1 in terms of rT , the set of equations (4.100)
can be written as follows

�1
PJ .1/ D �. PJ .1/ C �rT /C ˇ1�1

˛1

r � J .2/; (4.101a)

�n
PJ .n/ D �J .n/ C ˇn�n

˛n

r � J .nC1/ C ˇn�1�n

˛n

rJ .n�1/ .n D 2; 3; : : : ; N /:
(4.101b)

Since J .n/ is the flux of J .n�1/, this implies, by the very definition of a flux requir-

ing that PJ .n�1/ D �r � J .n/ C � � � , that the coefficient of r � PJ .n/
in the equation

for PJ .n�1/
must be equal to �1. As a consequence, ˇn D �˛n is a relation which

reduces considerably the number of independent parameters. Indeed, we have a set
of 3N coefficients ˛n ˇn and �n, but the above relation between ˇn and ˛n reduces
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them to 2N independent coefficients in the macroscopic theory. Furthermore, the
theory of fluctuations predicts that ˛n D kBhıJ .n/ıJ .n/i�1, so that we are left with
N independent coefficients at the level of the fluctuation theory. In addition, the
kinetic theory allows one to express �n in terms of molecular interactions, from
which it follows that the formalism contains no free parameters.

In the .!; k/� Fourier space the hierarchy of equations (4.101) may be written
as a generalised transport law with .!; k/ -dependent coefficients

QJ .1/
.!; k/ D �ik�.!; k/ QT .!; k/; (4.102)

where QJ .1/
.!; k/ and QT .!; k/ are the Fourier transforms of J .1/ 	 q.r ; t/ and

T .r; t/ while �.!; k/ stands for

�.!; k/ D �0

1C i!�1 C k2l2
1

1Ci!�2C k2l2
2

1Ci!�3C

k2l2
3

1Ci!�4

; (4.103)

with l2n D ˇ2
n.
n
nC1/

�1 > 0. The result (4.103) allows us to define a k-dependent
thermal conductivity �.k/ in the steady state. Compact expressions for �.k/may be
obtained in special cases:

(a) if ln are given by l2n D ˛nC1l
2, with ˛n D n2Œ.2nC1/.2n�1/��1 (Hess 1977),

the continued-fraction expansion for �.k/ given by (4.103) may, in the limiting
case ! D 0, be written as

�.k/ D 3�0

.lk/2



lk

tan�1.lk/
� 1

�
I (4.104a)

(b) when l2n D 1
4
l2, which represents a model for two-dimensional systems

(Hess 1977), it is found that for ! D 0

�.k/ D 2�0

.lk/2

hp
1C .lk/2 � 1

i
: (4.104b)

Expressions of transport coefficients in the form of a continued-fraction expansion,
such as (4.103), are well known in non-equilibrium statistical mechanics (Nagano
et al. 1980) and they have proved very useful in the analysis of critical phenom-
ena, where non-local effects become important and where the usual polynomial
expansions of the generalised transport coefficients in terms of powers of k fail
to converge.

Introducing (4.103) into the energy balance equation �c PT D �r � q yields the
dispersion relation
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� i! D �k2

1C i!�1 C k2l2
1

1Ci!�2C k2l2
2

1Ci!�3C

k2l2
3

1Ci!�4

: (4.105)

The value of the phase speed vp D !=Re k depends on the order of approximation
considered in (4.105). For instance, up to third-order and in the high-frequency limit,
one obtains

v2
p1.1/ D

�

�1

; (4.106a)

v2
p2.1/ D

�

�1

C l21
�1�2

; (4.106b)

v4
p3.1/ D

�
�

�1

C l21
�1�2

C l22
�2�3

�
v2

p3.1/�
�

�1

l22
�2�3

: (4.106c)

For ideal gases, the convergence of (4.105) is seen to be slow, and therefore it is
necessary to use an asymptotic expression including an infinite number of higher-
order fluxes. A proposed scheme is the following. Let us define Hn.!; k/ by
Hn.!; k/D�n.!; k/=�0, where �n.!; k/ is the nth-order approximant to �.!; k/
in (4.103). In the asymptotic limit, it is found that

H1.!; k/ D 1

1C i!�1 C l21k2H1.!; k/
; (4.107)

with �1 and l1 being the limits of �n and ln for high n. This scheme has proved
to be sufficiently accurate for a wide variety of problems in physics (Giannozzi
et al. 1988). Solving (4.107) with respect to Hn.!; k/ results in

H1.!; k/ D �.1C i!�1/˙
p
.1C i!�1/2 C 4k2l21
2k2l21

: (4.108)

The dispersion equation (4.105) thus becomes i! D ��k2H1.!; k/ which leads
in the high-frequency limit to

i! D �

2l21

�
i!�1 ˙

q
4l21k2 � !2�21

�
; (4.109)

while the corresponding phase speed is

v2
p1 D

�

�1 � .l21=�/
: (4.110)

By identifying this expression for the phase velocity with the standard expression
vp D .�=�eff/

1=2, one may introduce a ‘renormalized’ or ‘effective’ relaxation
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time by

�1eff D �1 � .l21=�/: (4.111)

The interest of this procedure is that it takes account of the presence of all the fluxes
although one single flux, the first-order one, is used in the analysis; the key point is
that its relaxation time is no longer given by �1 but rather by �1eff defined by relation
(4.111).

Such an approach finds a natural application in nano-materials wherein non-local
effects are dominant and wherein some heat carriers may travel through the medium
without undergoing collisions, as it will be shown in Chap. 10.

An analogous development for the viscous pressure tensor would yield the fol-
lowing expression for the effective relaxation times of the corresponding variables

�2eff D �2 � .l 021=�/; (4.112)

� being the kinematic viscosity, and � the corresponding correlation length. It may
be shown by Hess (1977) that

l21 D
3kBT

4m
�2

1 ; l
021 D

3kBT

4m
�2

2 : (4.113)

By recalling that � D 5kBT=.3m/�1 and � D .kBT=m/�2, it is found from (4.111)
and (4.112) that

�1eff D 11

20
�1Grad; �2eff D 1

4
�2Grad; (4.114)

where �1Grad and �2Grad are the respective relaxation times in the thirteen-moment
approximation. These values for the effective times are comparable to their respec-
tive values obtained by fitting the experimental data for ultrasound velocity which
are �1 exp D 0:40�1Grad, �2 exp D 0:29�2Grad (Anile and Pluchino 1984).

It can thus be stated that the introduction of the whole set of higher-order fluxes
and their elimination through the definition of an effective relaxation time is able
to yield results which are in better agreement with the experimental results than
a simple theory restricted a priori to the first thirteen moments. The above pro-
cedure presents the advantage that it does not ignore a priori all the other fluxes.
At high frequencies more and more fluxes contribute to the value of the phase
speed of dissipative signals according to (4.106). By considering only the first-order
fluxes as independent variables, one obtains nevertheless a satisfactory qualitative
understanding of high-frequency phenomena, in contrast with the classical theory
of irreversible processes, which predicts unrealistic results. However, to achieve
a better quantitative agreement with experiments, the introduction of higher-order
fluxes is needed. Furthermore, the possibility of recovering the continued-fraction
expansion for transport coefficients from EIT provides a closer connection with
microscopic theories than classical irreversible thermodynamics. The ability to gain
specific information about the memory functions from thermodynamic arguments
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is an important feature, because of the extreme difficulty of deriving explicit
results from statistical mechanics, where the problem is generally circumvented by
mathematical modelling.

One should finally note that since the evolution equations of EIT contain more
variables than those of classical descriptions, they require more boundary condi-
tions. This problem has been examined in the kinetic theory of rarefied gases (Wald-
mann and Vestner 1975; Roldughin 1995) and more recently from a macroscopic
point of view (Struchtrup 2003).

4.8 Problems

4.1. (a) Show how to obtain the results (4.37) and (4.38) from (4.32–4.33) and
(4.36). (b) By following the procedure leading to (4.30–4.33), determine the
non-equilibrium contributions to the entropy and the entropy flux up to the
fourth order in �.

4.2. Assuming f .r ; c; t/ D feq.c/Œ1 C �.r; c; t/� with �.r; c; t/ � 1, derive the
linearized form of the Boltzmann collision operator. Study the H -theorem in
this approximation.

4.3. The shear viscosities for He and Ar at 273 K and 1 atm are respectively 1:87�
10�5 kg m�1 s�1 and 2:11 � 10�5 kg m�1 s�1. (a) Calculate the collision time
�2 for both gases. (b) If �1 D 3

2
�2, evaluate the thermal conductivity of both

gases, if their respective atomic weights are 4 and 40.
4.4. An expression for the relaxation time is ��1 D p2n¢0hvi, where n is the num-

ber of molecules per unit volume; hvi D Œ8kBT=.�m/�
1=2 the mean speed of

the molecules, and ¢0 the collision cross-section, which for rigid spheres of
diameter d is given by ¢0 D �d 2. (a) Determine the dependence of the vis-
cosity and the thermal conductivity on n and T . (b) Using the data of Problem
4.3, evaluate the atomic diameters of He and Ar. (c) From dimensional argu-
ments, find the dependence of the collision cross-section ¢0 on n and T when
the interaction between the particles is described by a potential of the form
V.r/ � r�s , with s being a constant. Show that 
 and � behave as T .sC4/=.2s/.

4.5. A monatomic gas composed of molecules of atomic diameter 2 � 10�10 m
is subjected to a plane Couette flow at 273 K and 1 atm. (a) Determine the
relaxation time �2 and calculate the shear viscosity at low shear rates. (b)
A non-linear analysis of the Boltzmann equation yields for the shear-rate
dependent viscosity the expression


. P�/ D 
0

sinh�1.� P�/
� P� ;

with � being a relaxation time which may be identified as �2 and 
0 the
shear viscosity for low shear rates (see (4.96)). Evaluate the shear viscosity for
� P� D 0:5.
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4.6. Show that the kinetic equation for the distribution function in the relaxation-
time approximation

@f

@t
C c � rf D �1

�
.f � feq/

satisfies an H -theorem. Find the expression of the corresponding entropy
production.

4.7. Find the evolution equations of Pv and q from the kinetic equation for the
distribution function in the relaxation-time approximation.

4.8. Grad proposed to expand the non-equilibrium distribution function in Hermite
polynomials of the dimensionless molecular velocity C D Œm=.kBT /�

1=2C :

f D feqŒ1C
X

n

.1=nŠ/a
.n/
i .r ; t/H

.n/
i .C /�;

where the H .n/
i are tensors of order n, with subscripts i denoting a col-

lection of n labels .i D fi1; i2; : : : ; ing/, and feq is the local-equilibrium

distribution function. The coefficients a.n/
i are also tensors of order n, given

by a.n/
i D .m=�/

R
f H

.n/
i dC . The first three polynomials are H .1/

i D C i ,

H
.2/
ij D C iC j � ıij , H .3/

ijk
D C iC jC k � .C iıjk C C j ıki C C kıij /. (a)

Show that a.1/
i D 0, a.2/

ij D .1=p/P v
ij , and a.3/

ijk
D .1=p/.m=kBT /

1=2Sijk ,

with Sijk D
R
C iC jC kf dC . (b) Show that

3X
rD1

a
.3/
irr D

2

p

�
m

kBT

�1=2

qi :

(c) The Hermite polynomialsH .n/
i andH .m/

j are orthogonal, i.e. their productR
feqH

.m/
j H

.n/
i dC is zero unless n D m and i is a permutation of j . Show

that the non-equilibrium entropy has the form

s D seq � 1
2
kB

X
n

˛na
.n/
i a

.n/
i :

Find the form of ˛n in terms of the products of H .n/
i (summation over all per-

mutations of the set of subindices i is assumed in the expression for f and s)
(see Velasco, Garcı́a-Colı́n (1993)).

4.9. To clarify the asymptotic expressions used in Sect. 4.7 for transport coeffi-
cients, (a) show that the continued fraction

R D a

1C a
1C a

1C���
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tends, in the asymptotic limit of an infinite expansion, to

R1 D 1

2

�p
1C 4a � 1

	
:

(Hint: Note that in this limit, R1 must satisfy R1 D a=.1 C R1//. (b)
From this result, show relation (4.104b). (c) Using the method outlined in this
problem, and assuming that all the relaxation times and correlation lengths are
equal, prove (4.107) and (4.108).





Chapter 5
Fluctuation Theory

Up to now we have developed a thermodynamic formalism and have derived evolu-
tion equations for the dissipative fluxes. In the Part III of this book, these equations
are used to interpret experimental data or applied to situations which are beyond
the scope of the classical irreversible thermodynamics. In this chapter, we focus our
attention on the generalised Gibbs equation, which is the central result of extended
irreversible thermodynamics (EIT). Our aim is to show that the generalised entropy
plays an essential role in the description of fluctuations around equilibrium states of
not only the conserved variables but the dissipative fluxes, too.

The main reason to study the fluctuations is that it provides a link between
entropy and probability and that it allows one to compute the non-classical coef-
ficients of the entropy in terms of the equilibrium distribution function. The line of
thought involving fluctuations is somewhat intermediate between the macroscopic
and the microscopic descriptions: this is the reason why some authors refer to it
as a mesoscopic theory. In fact, some other modern approaches to non-equilibrium
thermodynamics beyond local equilibrium introduce, as additional variables of the
theory, the second moments of the fluctuations out of equilibrium instead of the
fluxes (see for instance Keizer 1987). However, to take into account this alternative
possibility one must consider fluctuations around non-equilibrium states, which will
be examined in Chap. 6.

Still another reason to consider fluctuations is that their study around equilibrium
states has led to one of the most important results of classical non-equilibrium ther-
modynamics, namely, the Onsager reciprocal relations, the derivation of which is
reviewed in Sect. 5.6.

5.1 Einstein’s Formula: Second Moments of Equilibrium
Fluctuations

The basic question to be answered is: How far is it possible to extend the relation
between entropy and probability when the classical entropy is replaced by a gener-
alised one? One way to solve this problem is to have non-equilibrium ensembles in
the Gibbsian sense and this has been the line of thinking of some authors. However,

D. Jou et al., Extended Irreversible Thermodynamics,
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the construction of such ensembles in general situations remains an open problem,
which is discussed in chap. 6.

In the present chapter, we follow an intermediate way based on the Einstein
relation for the probability of fluctuations. For isolated systems, the probability of
fluctuations of thermodynamic variables with respect to their equilibrium reference
values is related to the change in entropy�S associated with the fluctuation

�S D S � S.equilibrium/ (5.1)

where S is the total entropy of a system of mass M and volume V . The rela-
tion between the probability and the entropy change was proposed by Einstein by
inverting the well known Boltzmann–Planck formula for the entropy,

S D kB lnW; (5.2)

with W the probability of the macrostate and kB the Boltzmann constant. In this
way one is led to

W 
 exp.�S=kB/: (5.3)

If the fluctuations are small, the quantity �S may be expanded:

�S 
 .ıS/eq C 1

2

�
ı2S

�
eq ; (5.4)

ıS and ı2S being the first and second differentials of the entropy. Recalling that,
for an isolated system, the entropy is maximum in equilibrium, it follows that
.ıS/eqD 0 and

�
ı2S

�
eq � 0. Introduction of these results into (5.3) leads to the

Einstein’s formula

W 
 exp

�
1

2
ı2S=kB

�
: (5.5)

This relation is easily understood for isolated systems. Of course, the total energy
and the total volume of an isolated system cannot fluctuate. Consider, however, an
isolated system composed of two subsystems in thermal and mechanical contact.
The internal energy and the volume may be distributed between both subsystems in
different ways, one of which corresponds to the equilibrium situation defined by the
equality of the temperatures and pressures of both subsystems. The fluctuations con-
sidered here refer to those in the distribution of internal energy and volume between
both subsystems.

However (5.5) is a particular case of a more general expression formulated for
non-isolated systems. When the surroundings are incorporated, Einstein suggested
expressing the probability of fluctuations as

W 
 exp.��A=kBT0/; (5.6)
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where A, the availability, is a new quantity defined as

A D U � T0S C p0V; (5.7)

in which T0 and p0 are the constant temperature and pressure of the surroundings.
Note that A is not a property of the system alone but of the system in a given envi-
ronment. It can be shown that �A measures the maximum amount of useful work
which can be extracted from the system during exchanges with the surroundings
(Callen 1985; Landau and Lifshitz 1980). If the system and surroundings are in
thermal and mechanical equilibrium, T D T0 and p D p0, the change in A is
given by

�A D �U � T�S C p�V D �G; (5.8)

G being the Gibbs function, and (5.6) takes the form

W 
 exp.��G=kBT /: (5.9)

Similarly, for a system at fixed V and T , �A D �ˆ, with ˆ the Helmholtz free
energy, and the probability of fluctuations becomes

W 
 exp.��ˆ=kBT /: (5.10)

Expressions (5.9) and (5.10) are valid for large and small fluctuations. Restricting
our study to small fluctuations,�A can be expanded in a series as follows:

�A 
 ıAeq C 1

2

�
ı2A

�
eq C � � � ;

where the first-order term is zero at equilibrium becauseG (or ˆ/, at fixed T and p
(or fixed V and T ), are minimum in equilibrium. This allows us to write

W 
 exp



�1
2
ı2G=.kBT /

�
; W 
 exp



�1
2
ı2ˆ=.kBT /

�
: (5.11)

These equations are analogous to (5.5) and may still be written as (5.5); indeed, it is
easy to see that ı2ˆ at constant T is proportional to ı2S . To do so, remember that
ˆ D U � TS ; to study the fluctuations of U at constant T , U is the independent
variable and S is a function of U . Thus, one has ı2ˆ D �T ı2S and from (5.11)
one recovers (5.5) but with ı2S computed at constant T and V . Similarly, it is easy
to see that ı2G D �T ı2S which, combined with (5.11), again leads to (5.5) but
with ı2S computed at constant T and p. We have dealt explicitly with this variety
of situations to emphasize that (5.5) is not only applicable to isolated systems but to
many other situations, provided that one keeps in mind that different quantities are
to be fixed depending on the external constraints placed on the system.
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Now, we shall use the generalised entropy of EIT to obtain information about
the fluctuations around equilibrium states. The second differential of the gener-
alised entropy may be derived directly from the Gibbs equation (2.44), and when
this expression is introduced into (5.5) one obtains

W.ıu; ıv; ıpv ; ıq; ı
0

P v/ 
 exp

�
M

2kB

�
.T�1/u.ıu/

2 C 2.T�1/vıuıvC .T�1p/v.ıv/
2

�v�0
�T
ıpvıpv � v�1

�T 2
ıq � ıq � v�2

2
T
ı
0

P v W ı 0P v

��
(5.12)

where the subscripts u and v stand for partial derivatives with respect to u and v
respectively. Note that the terms coupling the fluctuations of u and v to those of the
fluxes are proportional to the average value of the fluxes, which is zero at equilib-
rium. In Chap. 6 we will consider fluctuations around non-equilibrium steady states,
where these terms do not longer vanish.

To obtain the second moments of the fluctuations from (5.12), it must be recalled
that for a multivariant Gaussian distribution function

W 
 exp



�1
2
Eij ıxiıxj

�
(5.13)

the second moments are given by

hıxiıxj i D .E�1/ij ; (5.14)

where the brackets h: : :i enote the average over the probability distribution (5.13).
Since in equilibrium the fluctuations of the classical variables u and v are uncoupled
with the fluctuations of the fluxes, as seen in (5.12), the second moments of the
fluctuations of u and v may be obtained from (5.12) and (5.14) by taking into account
that the matrix corresponding to the second derivatives of the entropy with respect
to these variables is

Euv D �M
kB

�
.T �1/u .T �1/v
.T �1/v .T

�1p/v

�
: (5.15)

By inversing the matrix and introducing the result in (5.14), one obtains

hıuıui D kBcpT
2 � 2kBT

2pv˛ C kBT
2p2v�T ; (5.16a)

hıuıvi D kBT
2v˛ � kBTpv�T ; (5.16b)

hıvıvi D kBT v�T ; (5.16c)

where cp is the specific heat at constant pressure, ˛ the coefficient of thermal expan-
sion, and �T the isothermal compressibility. Similarly, the second moments of the
fluctuations of the fluxes are given by
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hıqiıqj i D kB�T
2.�1V /

�1ıij ; (5.17a)

hıpvıpvi D kB�T .�0V /
�1; (5.17b)

hıP v
ij ıP

v
ij i D kB
T .�2V /

�1�ijkl ; (5.17c)

with ıij the Kronecker symbol and�ijkl D
�
ıikıjl C ıi lıjk � 2

3
ıij ıkl

�
.

Expressions (5.17a–c) are worth of further examination. They relate the dis-
sipative coefficients �, �, and 
 to the fluctuations of the fluxes with respect to
equilibrium. These relations may be interpreted in two different ways: either by
stating that the dissipative coefficients determine the strength of the fluctuations or
saying that the fluctuations determine the dissipative coefficients. The latter point
of view has been exploited in the Green–Kubo relations for the dissipative coef-
ficients, which are one of the cornerstones of modern non-equilibrium statistical
mechanics. Expressions (5.17a–c) for the second moments of the fluctuations allow
us also to compute the non-classical coefficients of the Gibbs equation (3.11) from
the equilibrium distribution function and the microscopic expressions of the dissi-
pative fluxes. In Sect. 6.7), it is shown how to generalise these results to fluctuations
around non-equilibrium steady states.

Here we will make evident the connection of (5.17a–c) with the well-known
Green–Kubo formulae. To this end, recall the Green–Kubo relations for thermal
conductivity and shear viscosity (Reich 1982):

� D V

kBT

Z 1

0

hıqi .0/ıqi .t/idt; (5.18a)


 D V

kBT

Z 1

0

hıP v
ij .0/ıP

v
ij .t/idt .i ¤ j /; (5.18b)

respectively. In (5.18a–b) the brackets h:::igtand for equilibrium average and no
summation is implied over repeated indices. At this point, it must be underlined that
(5.18) are valid for all kinds of dynamics; in particular, if the evolution of the fluc-
tuations of the fluxes is described by the Maxwell–Cattaneo relaxational equations
(2.64–2.66), then, after integration, (5.18) reduce to

� D �1V

kBT 2
hıqi .0/ıqi .0/i; (5.19a)


 D �2V

kBT
hıP v

ij .0/ıP
v
ij .0/i; (5.19b)

which are nothing else than the results expressed by (5.17a–c).
The Green–Kubo relations have generated a wide interest in connection with the

study of the evolution of the dissipative fluxes in statistical mechanics. This point is
worth emphasizing, because one of the objectives of EIT is just the determination
of evolution equations for the dissipative fluxes, but from a macroscopic point of
view. This provides an interesting point of contact between the macroscopic and the
microscopic approaches.
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5.2 Ideal Gases

In this section we compute the coefficients appearing in the non-classical part of the
generalised entropy by using the expressions for the second moments derived in the
previous section and the equilibrium distribution function for ideal gases.

As seen in Chap. 4 the kinetic definitions for q and Pv are

q D
Z
1

2
mC 2Cf dc (5.20)

and

P v D
Z �

mCC � 1
3
pU

�
f dc; (5.21)

where f is the distribution function, c the velocity of a molecule, v the mean veloc-
ity, C D c � v the molecular velocity relative to the mean motion, m the mass of a
molecule, U the identity tensor, and p the thermodynamic pressure.

The fluctuations of q near equilibrium are due to the fluctuations ıf of the distri-
bution function and the fluctuations ıv of the mean velocity. Up to first-order terms
in the fluctuations one has

ıq D
Z
1

2
mC 2C ıf dc �


Z
1
2
mC 2feqdc

�
ıv �


Z
mCCfeqdc

�
� ıv: (5.22)

For an ideal gas at equilibrium, the second and third integrals on the right-hand side
of (5.22) give respectively �uıv and pıboldsymbolv, and hence

ıq D
Z
1

2
mC 2C ıf dc � �hıv; (5.23)

where h D uC.p=�/ is the enthalpy per unit mass, which for a classical monatomic
ideal gas takes the form h D 5

2
kBT=m.

Since ıv is, by definition, taken from

�ıv D
Z
mC ıf dc; (5.24)

the fluctuation of the heat flux given by (5.23) can be written as

ıq D
Z �

1

2
mC 2 � 5

2
kBT

�
C ıf dc: (5.25)

Using this expression, frequently called the subtracted heat flux, to compute the
second moments of the fluctuations, one finds that

hıqıqi D
Z

dc
Z

dc0
�
1

2
mC 2 � 5

2
kBT

�
C

�
1

2
mC 02 � 5

2
kBT

�
C 0hıf .C /ıf .C 0/i:

(5.26)
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For the fluctuations of the non-diagonal components of the viscous pressure tensor,
an analogous derivation yields

ıPv D
Z
mCC ıf dc; (5.27)

from which

hıP v
ij ıP

v
kl i D

Z
dc
Z

dc0mCiCjmC
0
kC

0
l hıf .C /ıf .C 0/i: (5.28)

The expression for the second moments of the fluctuations of the distribution func-
tion may be obtained (Landau and Lifshitz 1980) from Einstein’s formula (5.5).
When Boltzmann’s definition of entropy (4.27), namely

S D �kBV

Z
f lnf dc; (5.29a)

where V is the volume of the system, is introduced into (5.5), one obtain

Pr.ıf / 
 exp



�1
2

V

feq.r; c; t/
.ıf .r ; c; t//2

�
: (5.29b)

hıf .r ; c; t/ıf .r 0; c0; t/i D 1

V
feq.r ; c/ı.r � r 0/ı.c � c0/ (5.30)

and consequently (5.26) and (5.28) reduce to

hıqıqi D 1

V

Z
dc

�
1

2
mC 2 � 5

2
kBT

�2

CCfeq; (5.31a)

hıP v
ij ıP

v
kl i D

1

V

Z
dcm2CiCjCkClfeq (5.31b)

Introducing the Maxwell–Boltzmann distribution function,

feq D n
�

m

2�kBT

�3=2

exp

�
�mC

2

2kBT

�
; (5.32)

into (5.31a and b) and substituting the corresponding results in (5.17a and c), one
obtains for the ratios �1=� and �2=
:

�1v=.�T 2/ D 2
3
.p2T /�1; �2v=.2
T / D 1

2
v.pT /�1: (5.33)

The present theory may also be applied to degenerate ideal gases. In this case, the
entropy reads (Landau and Lifshitz 1980)
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S D �kBV

Z
Œf ln.f=y/� y .1˙ f=y/ ln .1˙ f=y/�dc; (5.34)

where the upper sign applies for Bose–Einstein statistics and the lower one for
Fermi–Dirac statistics; the quantity y stands for y D .2sC 1/=h3 for particles with
spin s and mass m different from zero and y D 2s=h3 for particles with vanishing
mass. Here, h is the Planck constant. Combining the Einstein formula (5.5) with
(5.34), one obtains for the second moments of the fluctuations of the distribution
function

hıf .r; c; t/ıf .r 0; c0; t/i D � 1
V

�
@f

@˛

�
eq
ı.r � r 0/ı.c � c0/; (5.35)

feq D y

exp.˛ C x2/� 1; (5.36)

with x D Œm=.2kBT /�
1=2C and ˛ D �
=.kBT /, 
 being the chemical potential.

The expressions for q and Pv are identical with those of the preceding case, but now,
of course, the expressions for the enthalpy h and pressure p are those corresponding
to degenerate gases.

The results are consequently given in terms of the functions In.˛/ defined as

Iṅ .˛/ D
Z 1

0

xn

exp.˛ C xn/˙ 1dx; (5.37)

�1v

�T 2
D
(
5

3

kBT
7=2

mA

"
7

5

kBT

m
I6.˛/ � 5

3

kBT
5=2

m�A
I 2

4 .˛/

#)�1

; (5.38)

and
�2v

2
T
D 3mA

4kBT 7=2I4.˛/
; (5.39)

with A�1 D 4�21=2yR3=2m and R being the gas constant. These results coincide
with those derived by Liu and Müller (1983) by a different method. In the limit of
high values of ˛, (5.38, 5.39) reduce to (5.33).

The results of this section are in agreement with those of the kinetic theory of
ideal gases discussed in Chap. 4. The interest of the theory of fluctuations is out-
lined by (5.33) and (5.38–5.39), which show that it is possible to calculate the
extra terms of entropy from equilibrium statistical mechanics without appealing to
a non-equilibrium kinetic theory.

For obtaining results in the case of dilute real gases it must be taken into account
the interaction effects between particles. This leads to several corrections to the
coefficients �1v=.�T 2/ and �2v=.2
T /, which have been evaluated by Jou (1989)
up to the first order in a virial expansion.
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5.3 Fluctuations and Hydrodynamic Stochastic Noise

Expressions (5.16) can also be related to the classical formulae of Landau and
Lifshitz (1982) for hydrodynamic stochastic noise. This is achieved by assuming
that this noise arises from fast fluctuations of the dissipative fluxes; by using an
ad hoc version of the Onsager–Machlup formulation (1953), they were able to obtain
expressions for the second moments of the noise. Whereas in the usual theory the
stochastic noise appears as a purely mathematical entity, in EIT it receives a more
precise physical meaning, as shown below.

To make explicit the relation between rapid fluctuations and noise, we calculate
the time correlation functions from (5.17) and (2.66)–(2.68); it is found that

hıqi .0/ıqj .t/i D kB�T
2.�1V /

�1ıij exp.�t=�1/; (5.40a)

hıP v
ij .0/ıP

v
ij .t/i D kB
T .�2V /

�1�ijkl exp.�t=�2/: (5.40b)

In the limit of vanishing relaxation times, we recover the classical formulae of
Landau and Lifshitz, since in this limit ��1 exp.�t=�/ ! 2ı.t/, ı.t/ being the
Dirac delta function. Accordingly, in this limit we recover not only the classical
deterministic formulation of linear irreversible thermodynamics but its fluctuating

hydrodynamics counterpart too (Keizer 1983). In a strict sense, ıq and ı
0

P v may be
considered as noises only in the limit of vanishing � . In general, one should include
a white noise f in the evolution equations of these variables; for instance, one could
write (see Problem 5.6)

ı Pq C ��1ıq D f (5.41a)

being f a Gaussian noise with second moments given by

hfi .t/fj .t
0/i D 2�kBT

2

�2
ıij ı.t � t 0/: (5.41b)

When � ! 0, ıq tends to �f and it may be considered as a true stochastic noise,
rather than the fluctuation of a basic variable.

Let us also mention that by writing q D ��rT C ıq and allowingrT to fluctu-
ate, this formalism leads to spatial correlations of the temperature fluctuations (see
Problem 5.7); this was proposed by several authors as a possible origin of the 1=f
noise (Sato 1978) but we do not enter here into this specialized subject.

5.4 The Entropy Flux

The next step is to calculate the coefficients appearing in the entropy flux in terms of
the moments of fluctuations (Jou and Pavón 1985). The procedure is not straightfor-
ward and the final result not so direct and appealing as for the coefficients occurring
in the expression of the generalised entropy.
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Assume that the fluctuation in the distribution function, ıf D f �feq, is given by

ıf D feq.ı� �Q C ı
0

�v W
0

Pv/; (5.42)

with Q and
0

Pv the microscopic operators corresponding to the fluxes and ı�

and ı
0

�v parameters which are to be related to the fluctuations of the fluxes. This

expression is the simplest one leading to non-zero values for ıq and ı
0

P v

According to (5.42), we have the following relations between ı�; ı
0

�v and ıq,

ı
0

Pv

ıq D
Z

Qıf dc D
�Z

Q2
1feqdc

�
ı�; (5.43a)

ı
0

Pv D
Z

0

Pvıf dc D 2Œ
Z
.

0

Pv
12/

2feqdc�ı
0

�v; (5.43b)

wherein we have assumed that only the component q1 of q and P v
12 of Pv, with

P v
12 D P v

21, are non-vanishing.
Introduction of (5.42) into expression (5.29a) of entropy and in the corresponding

expression for the entropy flux

J s D �kB

Z
f lnf C dc (5.44)

yields, up to second order in the fluctuations of the fluxes,

�S D S � Seq D �1
2
kBV

Z
feq.Q � ı�C

0

Pv W ı
0

�v/2dc; (5.45a)

�J s D J s � T �1q D �1
2
kB

Z
feq.Q � ı�C

0

P v W ı
0

�v/2C dc: (5.45b)

These expressions can be recast in the form

�S D �1
2
kBV


Z
feqQ2

1dc

�
ı� � ı� � 1

2
kBV



2

Z
feq.Pv

12/
2dc

�
ı

0

�v W ı
0

�v

(5.46a)

�J s D �1
2
kB



4

Z
feqQ1Pv

12C2dc

�
ı

0

�v �ı�; (5.46b)
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which, according to (5.43), may be rewritten as

�S D 1

2
kBV


Z
feqQ2

1dc

��1

ıq � ıq � 1
2
kBV



2

Z
feq.Pv

12/
2dc

��1

ı
0

Pv W ı
0

Pv

(5.47a)

�J s D �kB

R
Q1Pv

12C2feqdcR
Q2

1feqdc
R
.Pv

12/
2feqdc

ı
0

Pv �ıq: (5.47b)

By comparing (5.47a and b) with their corresponding macroscopic expressions

�S D �1
2
�V.˛1ıq � ıq C ˛2ı

0

Pv W ı
0

Pv/ (5.48a)

�J s D ˇı
0

Pv �ıq; (5.48b)

we find that

˛1 D kB


Z
Q2feqdc

��1

; ˛2 D kB



2

Z �
Pv

12

�2
feqdc

��1

; (5.49)

ˇ D �kB

R
C2.Pv

12/Q1feqdcR
Q2feqdc

R
.Pv

12/
2feqdc

: (5.50)

Relations (5.49) are identical to those previously given by (5.19), whereas (5.50)
is new and expresses the coefficient ˇ in the entropy flux as a function of fluctua-
tions. Writing the denominator in terms of the dissipative coefficients and using the
relations (5.16) for the relaxation times, one obtains the more compact form

ˇ D � �1�2

kB�
T 3

Z
C2.Pv

12/Qfeqdc: (5.51)

This is a particular case of a formula derived by Ernst( 1970) from the kinetic theory
by means of projection-operator methods. More general expressions of ˇ in terms of
correlation functions of fluxes have been given by several authors (Wong et al. 1978;
Brey 1983). Application of (5.51) to ideal – either classical or degenerate – gases is
straightforward and yields

ˇ D �2
3
pT; (5.52)

a well-known result in kinetic theory, as shown in Chap. 4. The corresponding
expression of ˇ for dilute real gases is derived by Jou (1989).

5.5 Application to a Radiative Gas

It is easy to apply the above formalism to a radiation gas or a mixture of radiation
(photons, neutrinos, gravitons) and a material fluid (Jou and Pavón 1985). The latter
is assumed to thermalize in a short time, whereas the mean free time of radiation
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� is supposed to be much longer. Such systems are of interest in cosmological and
astrophysical problems.

In this case, we may interpret q and
0

Pv s

ıq D cıerad; (5.53)

and

ı
0

Pv D .1=c2/ccıerad; (5.54)

where c is the velocity vector (whose magnitude is the speed of light) and ıerad is
the fluctuation of the radiation energy per unit volume. When the Stefan–Boltzmann
law erad D aT 4, with a the black-body constant, is used for a radiative gas, the only
non-zero element of the matrix (5.15) is

�
T �1

�
u and the expression (5.16a) may be

written as
hıeradıeradi D 4kBaT

5V �1 (5.55)

By introducing this result into (5.17) and (5.50), it is found that

� D �V

kBT 2
hıq1ıq1i D 4

3
c2aT 3�; (5.56a)


 D �V

kBT 2
hıP v

12ıP
v
12i D

4

5
aT 4�; (5.56b)

ˇ D � �2V

kB�
T 3
hıq1ıP

v
12C2i D � 1

4aT 4
; (5.56c)

which coincide with the results derived in the relativistic kinetic theory (Israel and
Stewart 1979). In the above model, it was supposed that the relaxation times of

q and
0

Pv coincide.
Concerning the bulk viscous pressure, one must take into account that ıpv D

�ıerad, with � D Œ@Ptot=@.�e/�v � 1
3

, Ptot being the total scalar pressure of the
fluid, and � its proper density. One then obtains for the bulk viscosity

� D .�V=kBT /hıpvıpvi D 4�2aT 4�: (5.57)

An interesting point provided by the theory of fluctuations is a reduction of the
number of independent parameters. In the macroscopic theory developed in Chap. 2,
we have eight parameters, namely �1, �0, �2, �, �, 
, ˇ, and ˇ0. Equations (5.16) and
(5.51) and its analogue for ˇ0 provide five relations between these parameters, so
that we are left with just three independent parameters, for instance �1, �0, and �2.
In this way, the macroscopic extended irreversible thermodynamics plus fluctuation
theory give much more information than the classical theory with the same number
of free parameters.



5.6 Onsager’s Relations 135

5.6 Onsager’s Relations

Up to now, we have mainly considered static aspects of the fluctuations. The analy-
sis of the evolution of fluctuations leads to the Onsager–Casimir reciprocal relations
(Onsager 1931; Casimir 1945), which are of key importance in non-equilibrium
thermodynamics. Here we shall reproduce the classical derivation of Onsager–
Casimir relations. Another presentation based on extended thermodynamics will be
given in Sect. 14.2.

Assume that the entropy is a function of several variablesA1; : : : ; An and denote
by ˛ˇ their deviation from the average equilibrium value hAˇ i, ˛ˇ D Aˇ � hAˇ i.
Thus, the entropy arising from the fluctuations ˛ˇ is

S D Seq � 1
2
Gˇ�˛ˇ˛� ; (5.58)

with

Gˇ� D �
�

@2S

@˛ˇ@˛�

�
eq

: (5.59)

Summation with respect to repeated subindices is understood. It follows from
Einstein’s relation (5.5) that the second moments of the fluctuations are given by

h˛ˇ˛� i D kB.G
�1/ˇ� : (5.60)

Onsager assumed that the decay of spontaneous fluctuations of the system is
described by the same phenomenological laws that describe the evolution of the per-
turbations produced by external causes. He supposed, furthermore, that such laws
are linear, so that the evolution of ˛ˇ is governed by

d˛ˇ

dt
D �Mˇ�˛� : (5.61)

Onsager( 1931) took as fluxes the time derivatives of the fluctuations ˛ˇ and as
corresponding thermodynamic forces the derivatives of the entropy with respect to
˛ˇ :

Jˇ D d˛ˇ

dt
; Xˇ D

�
@S

@˛ˇ

�
D �Gˇ�˛� : (5.62)

With these definitions of Jˇ and Xˇ , the time derivative of the entropy is a bilinear
form in the fluxes and the forces

dS

dt
D �Gˇ�˛�

d˛ˇ

dt
D JˇXˇ ; (5.63)

while the evolution equations (5.61) can be casted in the form of linear phenomeno-
logical relations between fluxes and forces, namely
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Jˇ D Lˇ�X� : (5.64)

Indeed, it suffices to introduce the definitions (5.62) into (5.64) to obtain

d˛ˇ

dt
D �Lˇ�G��˛�: (5.65)

Comparison with (5.61) leads to the identification

L DM �G�1: (5.66)

In a steady state, one has for any couple of variables ˛ˇ and ˛�

h˛ˇ .0/˛� .t/i D h˛ˇ .0C �/˛� .t C �/i (5.67)

Since this equality is valid for any values of t and � ; in particular, for � D �t , one
has

h˛ˇ .0/˛� .t/i D h˛ˇ .�t/˛� .0/i: (5.68)

Assume that the variable Aˇ has a well-defined time-reversal parity, i.e. that under
the transformations t ! �t , p ! �p, with p the momentum of the particles, it
behaves as ˛ˇ .�t/ D "ˇ˛ˇ .t/, with "ˇ D C1 for even variables, such as mass
and energy, and "ˇ D �1 for odd variables, such as momentum or heat flux. As a
consequence, (5.68) becomes

h˛ˇ .0/˛� .t/i D "ˇ"�h˛ˇ .t/˛� .0/i: (5.69)

Note that (5.69) implies that equal-time correlations between even and odd variables
vanish in equilibrium. Relation (5.69) is of fundamental importance in deriving the
Onsager–Casimir relations: it expresses the microscopic reversibility of the system.

Moreover, direct integration of the evolution equation (5.61) yields

˛ˇ .t/ D expŒ�Mt �ˇ�˛� .0/ (5.70)

For small values of t one may expand (5.70) and keep only first-order terms in t .
Then (5.69) takes the form

h˛ˇ .0/Œı�� �M��t �˛�.0/i D "ˇ"� hŒıˇ� �Mˇ�t �˛�.0/˛� .0/i (5.71)

which yields
M��h˛ˇ .0/˛�.0/i D "ˇ"�Mˇ�h˛�.0/˛� .0/i: (5.72)

Expressing the second moments in terms of the matrix G of the second derivatives
of the entropy, (5.72) can be written as

M��.G
�1/ˇ� D "ˇ"�Mˇ�.G

�1/�� : (5.73)
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In view of the relation (5.66) between L and M, and since G is a symmetric matrix,
it follows from (5.73) that

L�ˇ D "ˇ"�Lˇ� (5.74)

which are the well known Onsager–Casimir reciprocal relations (1.82).
The present analysis has the advantage of exhibiting explicitly the main assump-

tions which underlie the derivation of Onsager–Casimir relations, namely, lin-
ear evolution equations and the hypothesis that the behaviour of fluctuations is
described on the average by the macroscopic transport laws. In the presence of a
magnetic field B, the operation of time-reversal will only change the internal mag-
netic field arising from the motion of the particles, which is automatically reversed
under time reversal. Because of the Lorentz force, which is proportional to the vec-
tor product of the velocities and the magnetic field strength, the external magnetic
field B must be inverted in order that the reversal motion follows the same path as
in the direct motion. The same comment applies when the system rotates as a whole
with angular velocity !; the sign of the angular velocity must be changed because
the Coriolis force is proportional to the vector product of the linear velocities of the
particles and the angular velocity of the system. Therefore, in the presence of an
external magnetic field B and rotation !, the Onsager–Casimir relations read

L�ˇ .B; !/ D "ˇ"�Lˇ� .�B;�!/: (5.75)

The importance and the limitations of the Onsager–Casimir relations have been
stressed in Chap. 1.

5.7 Experimental Observations of Fluctuations of the Fluxes
and Flux Fluctuation Theorem

Fluctuations become especially relevant for systems in the small-number limit, like
in nanotechnology, single-molecule studies of ion channels and molecular motors,
and biological cells. In these cases, fluctuations of the diffusion flux across a channel
will show considerable deviations with respect to the average value described by
Fick’s law. Moreover, the new techniques of microfluidics and nanotechnology have
made possible a direct measurement of the fluctuations of the diffusion flux.

Seitaridou et al. (2007) have measured the flux of particles in a microfluidic sys-
tem with colloidal particles and they have found that the distribution function of the
values of the flux is Gaussian. This result is similar to that of EIT, accordingly the
probability of fluctuations of the diffusion flux J is given by

Pr.ıJ / / exp



� �

2D0kBT.ıJ /2

�
(5.76)

with D0 D D.@
=@c/�1, D being the diffusion flux, � the relaxation time of the
diffusion flux, and 
 the chemical potential.
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Seitaridou et al. (2007) assume independent particles, one-dimensional diffusion
and jump rates stationary in time. The correspondent probability distribution func-
tion is Gaussian with second moments proportional to p.1 � p/N , p being the
probability that a particle jumps in an operational time interval �t , and N the total
number of particles. The measured fluctuations of the diffusion flux were found in
good agreement with the theoretical predictions.

The mentioned authors have also established the so-called “flux fluctuation theo-
rem” i.e. the relative probability of the flux J to have a direction opposite to the one
predicted by Fick’s law, with a matter flow from higher to lower concentration (this
direction will be the called forward direction). Seitaridou et al. found that the ratio
between the probability of having a forward flux .J / and the probability of having
a backward flux .�J / of the same modulus is given by

Pr.J /

Pr.�J / D exp

�
2hJ i
h.ıJ /2i � J

�
: (5.77)

For large flux values, the probability of a backward flux is exponentially negligible.
Though derived from different arguments, it is interesting to note that this

result can be directly obtained from the expression of the extended non-equilibrium
entropy, by considering an average flux hJ i and by comparing the entropy of a for-
ward and backward instantaneous fluxes J and �J respectively. It is convenient to
use as a potential for the fluctuations the Legendre transform of the non-equilibrium
entropy with respect to the diffusion flux, namely,

Qs 	 s.u;J / �
�
@S

@J

�
� J D seq.u/� 1

2
˛J � J C ˛hJ i � J ; (5.78)

whose extreme value with respect to J is found at J D hJ i; ˛ is defined by ˛ D
�=.D0T /, as mentioned in (5.76).

Using Boltzmann’s relation between probability and entropy, we may write

Pr.CJ / / exp



1

kB

�
seq � 1

2
˛J � J C ˛hJ i � J

��
; (5.79a)

Pr.�J / / exp



1

kB

�
seq � 1

2
˛J � J � ˛hJ i � J

��
; (5.79b)

from which follows relation (5.77), after recalling that
˝
.ıJ /2

˛ D kB=˛. This deriva-
tion is interesting because (5.77) is not only valid for the diffusion flux, but also for
other fluxes, as heat flux, electric current or viscous pressure. Ghosh et al. (2006)
derived relation (5.77) by using the maximum entropy approach under the condi-
tions of an average number of particles and an average diffusion flux, thus leading
to a thermodynamic potential (which they called “calibre”, following Jaynes) which
depends on the diffusion flux.

Expressions analogous to (5.77), relating the probability of forward and back-
ward processes in non-equilibrium steady states have been the subject of several
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studies. One of them consists in exploring the entropy changes in forward and
backward direction respectively Pr.�S/= Pr.��S/ (Evans and Searles 2002).

5.8 Problems

5.1. When the relaxation time of the distribution function is not a constant but a
function of the peculiar (or relative) velocity C , the Green–Kubo relations for
the thermal conductivity and the shear viscosity yield

� D .kBT
2/�1V h�.C /Qx.C /Qx.C /i;


 D .kBT
2/�1V h�.C /Pv

xy.C /Pv
xy.C /i;

with Qx D .1
2
mC 2 � 5

2
kBT /Cx and Pv

xy D mCxCy . (a) Show that these
expressions coincide with those derived from the relaxation-time approxima-
tion of the kinetic theory when � depends on C . (b) Compare the values of �
and of 
 obtained when � is assumed to be a constant and when �.C / varies
as C�1.

5.2. Consider a non-ideal monatomic gas whose particles interact through a poten-
tial �.r ij / which depends only on the distance r ij between the molecules,
r ij being the vector from particle i to particle j . The pressure tensor P is
P D Pc C Pp, with Pc and Pp being kinetic and potential contributions, as
obtained from (5.62) and (5.63). The entropy of the system is given by (5.69).
(a) Show that

hıP v
c12ıP

v
c12i D kBT 
c=�c;

hıP v
p12ıP

v
p12i D kBT 
p=�p;

with 
c and 
p the kinetic and potential contributions to the shear viscosity,

and �c and �p the respective relaxation times of
0

P �
c and

0

P �
p. (b) Show that

hıP v
c12ıP

v
c12i D kBpT;

hıP v
c12ıP

v
c12i D kBpT

�
4

15
Y1 C 1

15
Y2

�
;

with Y1 and Y2 given by

Y1 D 2�n=.kBT /

Z
geq�

0r3dr; Y2 D 2�n=.kBT /

Z
geq�

00r4dr;

where geq is the equilibrium pair-correlation function. (Hint: use expression
(4.69) for the entropy of a dilute gas with interactions),
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5.3. The internal energy and the entropy of a photon gas at equilibrium are U D
aT 4V and S D 4

3
aT 3V , with a D 8

15
�5k4

B=.c
3h3/. (a) Using the first of

expressions (5.56), show that the entropy of a photon gas under a radiative
heat flux q is, up to the second order,

S D 4

3
a1=4U 3=4V 1=4 � 3

8
a1=4U�5=4V 9=4q2:

(b) Obtain an expression for ��T for this system, with � the non-equilibrium
absolute temperature defined in Sect. 3.2.

5.4. The photon mean free path in photon–electron mixtures is given by ` D
.n�T /

�1, with n being the number of electrons per unit volume and �T the
Thomson scattering cross-section

�
�T D 8

3
�e4=

�
m2

ec
4
�D 6:65 � 10�29m2

�
.

According to (5.56) and neglecting the collisions of photons with protons,
because of their much smaller scattering cross-section, evaluate the photon
mean free path, the thermal conductivity, and the shear viscosity of a radia-
tive gas at 3; 000K composed of photons and electrons (and protons) with
n D 4 � 103 m�3.

5.5. In a mixture of radiation and non-relativistic matter, the pressure is p D
1
4
aT 4 C nkBT and the energy density " D aT 4 C 3

2
nkBT C nm0c

2, with
n being the number of particles per unit volume and m0 the rest mass of the
particles. Taking into account that .@p=@"/n D .@p=@T /n.@pT=@"/n, obtain
the bulk viscosity of the mixture from expression (5.57). Show that in the
ultrarelativistic limit (i.e. vanishing n) the bulk viscosity is zero.

5.6. Assume that a.t/ denotes a set of random variables satisfying a Langevin-like
equation

PaCH � a D f

with H a constant matrix and f a white noise such that

hf .t/i D 0;
hf .t 0/f T .t/i D �ı.t � t 0/:

(a) Show that the matrix � must satisfy the fluctuation–dissipation relation

H � � C � �HT D �

with �.t/ D hıa.t/ıaT .t/i. (b) Prove relation (5.41b).

5.7. In a rigid heat conductor, the generalised entropy s.u; q/ is written as

s.u; q/ D seq.u/� �.2��T 2/�1q � q:

In a steady state, where q D ��rT , it is given as

s.u;ru/ D seq.u/� ��.2�c2
v T

2/�1ru � ru;
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where u D cvT and cv is the specific heat capacity at constant volume consid-
ered here as a constant. In terms of energy fluctuations, the second differential
of the entropy reads

ı2s D 1

cvT 2
.ıu/2 �

�
��

2�c2
v T

2

�
rıu � rıu:

Show that

hıu.r/ıu.r C r 0/i D kBcvT
2.�2r 0/�1 exp.�r 0=�/;

where � stands for .��=�cv/
1=2 and has the meaning of a correlation length.

Note that in the limit � ! 0 the well-known result hıu.r/ıu.r C r 0/i D
kBcvT

2ı.r 0/ is recovered. (Hint: Calculate the second moments of the Fourier
components jıukj.) (See H. Sato, Physica B 97 (1979) 194 for an application
to 1=f noise.)

5.8. Show how to obtain (5.52) from (5.51) for a monatomic ideal gas by follow-
ing the procedure indicated in Sect. 5.2. Check that the result is the same for
classical and quantum gases.

5.9. Assume that third-order terms of the form
0

Pv W 0
qq were included in the

extended entropy, such that

s D seq � 1
2
˛1q � q � 1

2
˛2

0

Pv W
0

Pv �˛00 0

Pv W 0
qq :

(a) Prove that according to fluctuation theory (Callen 1985), the coefficient
of the third-order terms may be expressed as a function of the third-order
moments of the fluctuations of the corresponding fluxes as

˛00 D �k�2
B ˛2˛

2
1hıqxıP

v
xyıqyi:

(b) By using this expression and following the procedure indicates in Sect.
5.2 show that for an ideal monatomic gas this coefficient is

˛00 D � 9
25
m.n2k3

BT
4/�1:

(See Jou, Casas-Vázquez (1983))

5.10. An analogous third-order coupling between viscous pressure and diffusion
flux as that considered between viscous pressure tensor and heat flux in
problem 5.9 is interesting in the analysis of the structure factor of poly-
mer solutions under shear flow (see Criado-Sancho et al. (1999)). Following
the procedure indicated in the Problem 5.9, find the expression to the cor-
responding coefficient in terms of third-order moments of fluctuations and
evaluate it.
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5.11. The fluctuations of the diffusion flux may be examined in a simple one-
dimensional model composed of two reservoirs with N1 and N2 particles,
respectively (Ghosh et al. (2006)). We discretize the time in intervals�t , and
assume that the probability that a particle jumps from one reservoir to the
other in the time interval �t is p, independent of time. We assume that all
jumps are independent from each other.

(a) Show that the average net flux of particles from reservoir 1 to 2 is

hJ.t/i D pN1.t/ �N2.t/

�t
:

RewritingN1�N2 D .c1 � c2/�x, with ci the concentration of particles
per unit length in subsystem i and �x the spatial separation of the sys-
tems, and defining D D p.�x/2=�t as the diffusion coefficient, check
that the above expression for the particle flux corresponds to Fick’s law.

(b) Show that the variance of the fluctuations of the diffusion flux is

˝
.ıJ /2

˛ D p.1 � p/ N

.�t/2

with N D N1 CN2.
(c) Show that for a high number of particles, the probability of fluctuations of

J for given N1 and N2 is

Pr.J / D 1p
2�p.1� p/N exp

(
� ŒJ � p.N1 �N2/�

2

2p.1 � p/N

)

Note that fluctuations around equilibrium correspond to N1 D N2.



Chapter 6
Information Theory

Information theory was first introduced in statistical mechanics by Jaynes in 1957
(see Jaynes 1963) and from then on has found many applications (Levine and
Tribus 1979; Grandy 1988; Zubarev et al. 1997; Eu 1998; Luzzi et al. 2001, 2002).
Here we discuss the main basic points underlying the theory and apply them to the
analysis of the foundations of extended irreversible thermodynamics (EIT). There is
a strong analogy between EIT and some formulations of information theory because
information is measured by means of a generalised entropy depending on the vari-
ous (equilibrium and non-equilibrium) constraints acting on the system. Moreover,
information theory is not limited to the quadratic order of approximation and opens
therefore an avenue to highly non-linear descriptions.

One of the problems in the information theory is the physical identification of
the multipliers which are introduced for taking account of the constraints. At equi-
librium, the nature of these Lagrange multipliers is elucidated by comparing the
microscopic expression for the differential of the entropy with the macroscopic
Gibbs equation. One problem out of equilibrium is to find the corresponding macro-
scopic Gibbs equation with an unambiguous identification of the non-classical
parameters related to non-equilibrium constraints. EIT is the only theory which,
at the present time, provides such a Gibbs equation.

For simplicity, we focus our analysis on steady states, which are the most direct
generalisation of equilibrium states. Usually, information is incorporated in the
study of the behaviour of the variables to obtain predictions about their most prob-
able future evolution; this leads in a natural way to the formulation of the transport
equations (Robertson 1967; Schlögl 1980; Luzzi et al. 2001). Here we are more
interested in enlarging the concept of Gibbs ensembles to non-equilibrium states,
thus providing a further basis for the understanding of the non-equilibrium entropy
and the equations of state of EIT.

6.1 Basic Concepts

Consider a system of N particles characterized by their positions and momenta,
	N D fr1;p1; : : : ; rN ;pN g. Assume that we have instruments measuring the local
mean values hAii of a set of extensive observables Ai .	N /. The problem is to

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 6, c� Springer Science+Business Media LLC 2010
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obtain the probability density fN .	N / which maximizes the information about the
system compatible with some measured quantities. In other words, the objective is to
determine the probability density which maximizes the global entropy S defined by

S D �kB.h
3NNŠ/�1

Z
fN .	N / lnfN .	N /d	N ; (6.1)

subject to the constraint

.h3NNŠ/�1

Z
fN .	N /d	N D 1; (6.2a)

.h3NNŠ/�1

Z
fN .	N /Ai .	N /d	N D hAii .1 D 1; 2; : : :/; (6.2b)

with specified values for the mean values hAi i of the observables Ai at any point
r . In (6.1–6.2a) d	N D dr1dp1 � � �drN dpN is the volume element in the phase
space, h the Planck constant, and kB the Boltzmann constant.

The choice of a correct set of observables plays an important role in the formal-
ism; an incomplete set of variables leads to an unsatisfactory distribution function.
The choice of variables depends both on theoretical arguments and on the degree
of experimental accurateness one wants to ascribe. Information theory requires an
adequate selection of the set of variables to give rise to satisfactory predictions and,
therefore, does not correspond to a purely subjective choice of the variables. The
choice of variables in non-equilibrium situations remains a problem which needs
further developments (Vasconcellos et al. 1991; Luzzi et al. 1998, 2001).

According to the well-known Lagrange procedure, to achieve the maximization
of S subject to constraints (6.2a), one has to maximize the quantity

S � .kBh
3NNŠ/�1

Z
fN

n
�0 C

X
i
ŒAi .	N /� hAi i� � �i

o
d	N ; (6.3a)

where the �i are the Lagrange multipliers corresponding to the quantities Ai and
the middot indicates a scalar product. In inhomogeneous systems, hAi i depend
on the position and consequently the Lagrange multipliers �i must be also func-
tions of the position. Since hAii have fixed values and are not subject to variation,
maximization of (6.3a) is equivalent to maximize

� kB

Z h
fN lnfN C fN�0 C fN

X
i
�i �Ai .	N /

i
d	N ; (6.3b)

In (6.3), �0 is the Lagrange multiplier accounting for normalization, and in what
follows subscript i starts with i D 1. In EIT the quantities Ai are identified with the
internal energy, the particle density and the fluxes. For instance, a simple situation
would consist of a closed system with internal energy U subjected to a heat flowQ;
in this case, the constraints are U and Q (Fig. 6.1).
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U

Q

⎯⎯⎯⎯⎯→

Fig. 6.1 A closed system is placed between two thermal reservoirs at different temperatures. The
constraints on the system are the mean values of the energy U and heat flux Q

Expression (6.3b) is an extremum under the condition that fN satisfies

ı

ıfN

h
fN ln fN C fN�0 C fN

X
i
�i �Ai .	N /

i
D 0; (6.4)

with ı being a functional derivative. This yields

fN D Z�1 exp
h
�
X

i
�i �Ai .	N /

i
; (6.5)

where

Z D
�
h3NNŠ

	�1
Z

exp
h
�
X

i
�i �Ai .	N /

i
d	N (6.6)

is a generalised partition function that follows from the normalization condition
for fN .

The Lagrange multipliers are derived from the constraints (6.2a). The latter may
be written in the compact form

� @ lnZ

@�i

D hAi i ; (6.7)

as follows from definition (6.6) of Z and relations (6.2a). Introduction of the
distribution density (6.5) in the definition (6.1) for the entropy results in

S D kB

h
lnZ C

X
i
�i � hAii

i
: (6.8)

In equilibrium, one may take as observable quantity the energy U of the system,
A.	N / D H.	N /, where H.	N / is the microscopic Hamiltonian operator with
hH.	N /i D U . The distribution function (6.5) is then the one corresponding to the
canonical ensemble

fN D Z�1 exp Œ�ˇH.	N /� ; (6.9)

where we have written �1 D ˇ, as it is usual in statistical mechanics. If in addition
to the energy the number of particles is chosen as an observable quantity with a
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specified mean value, the distribution function takes the form

fN D Z�1 exp
��ˇH.	N / � ˛N 0� ; (6.10)

with N 0 being the microscopic particle-number operator.
Up to now, the Lagrange multipliers ˛ and ˇ of (6.9) or (6.10) are not assigned a

physical meaning. In view to their physical interpretation, let us take the differential
expression of (6.8), namely

dS D kB

X
i

�i � dhAii C kB

X
i

hAii � d�i C kBd lnZ D kB

X
i

�i � dhAi i:
(6.11)

The second equality follows from differentiating the expression (6.6) for Z with
respect to the Lagrange multipliers, which results in d lnZ D �P

i

hAi i � d�i . By

identification of (6.11) with the Gibbs equation of classical thermodynamics,

dS D T �1dU � 
T �1dN; (6.12)

one is led to the identifications

ˇ D 1=.kBT /; ˛ D �
=.kBT /;

with T being the absolute temperature and 
 the chemical potential.
In a non-equilibrium state characterized by Pv and q as additional variables, one

should write

dS D kBˇdU C kB˛dN C kB�Pv W dPv C kB�q � dq: (6.13)

Note that the Lagrange multipliers �Pv and �q do not have any analogue in classical
thermodynamics and therefore cannot be identified in an equilibrium theory. In EIT,
such a Gibbs equation is given by (3.11) and after comparison with (6.13) allows us
to identify the Lagrange multipliers, up to second order in the fluxes, as

ˇ D 1

kB�
; ˛ D � 


kB�
; �Pv D � �2V

2kB
T
Pv; �q D � �1V

kB�T 2
q: (6.14)

The main point of interest of the foregoing analysis is the possibility of computing
an entropy depending on the constraints acting on the system. In non-equilibrium
steady states, typical constraints are the thermodynamic fluxes and forces, which
thus may be introduced as variables in expression (6.8) for the entropy. Whether the
above fluxes allow describing the system with sufficient details cannot be answered
a priori, but by comparison with experiments.

It is worth noting that an expression for the entropy flux may be obtained in a
way similar to that leading to (6.11) (Domı́nguez and Jou 1995b). The entropy flux
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is defined as

J s D � kB

h3NNŠ

Z
fN ln fN

X
k

.vk � hvi/ d	N ; (6.15)

with vk the velocity of particle k and hvi the average velocity. Introducing into (6.15)
the expression (6.5) for fN and denoting by JAi the flux of the variable Ai , namely

JAi D � kB

h3NNŠ

Z
fN Ai

X
k

.vk � hvi/d	N ; (6.16)

one finds in a direct way
J s D kB

X
k

�i � JAi : (6.17)

Note that �i has the same tensorial rank as Ai whereas JAi is one rank higher,
and thus their internal product is indeed a vector. When energy and particle fluxes
are considered, the entropy flux (6.17) reduces to the classical expression J s D
.1=T /q � .
=T /J , but will contain more terms if other fluxes are considered.

It is important to emphasize that the distribution function (6.5) is not the exact
one, but an approximate distribution function which gives exact results for the vari-
ables taken as constraints, but not for other variables. To have a self-consistent
description, one should introduce as constraints all the slow variables (i.e. all the
variables whose time scale are of order of the time scale of observation) for inter-
nal consistency (Luzzi et al. 2002). Furthermore, expression (6.5) lacks information
about the dissipation and the microscopic dynamics of the system, i.e. about the
dynamics of the fast variables not included as constraints in the maximum-entropy
description. A general approach along these lines is the so-called MaxEnt-NESOM

(Non-Equilibrium Statistical Operator Method), which has been applied to several
problems, but goes beyond the level of this book; the interested reader is referred to
Luzzi et al. (2001, 2002).

Note that the information-theoretical methods do not specify which variables
are necessary for the description of the system. In principle one should include all
the variables decaying with a relaxation time comparable to the experimental time.
Therefore, it is imperious to be careful in using a truncation procedure. Indeed,
some systems are described by a hierarchy of variables whose relaxation times differ
widely and whose higher-order variables tend to zero very fastly. In other systems,
such as ideal gases, instead, all the non-conserved variables decay with almost the
same value of the relaxation time, and that would indicate that, in principle, an
infinite number of relaxation variables should be taken into account, and not only a
finite number of them.

In this chapter we have limited our considerations to non-equilibrium steady
states. Dynamical equations may also be obtained by following several approaches,
such as those of Robertson (1967), Zubarev et al. (1997), the non-equilibrium sta-
tistical operator method (Luzzi et al. 2001, 2002), or the generalised projection
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operator of (Ichiyanagi 1990, 1991). However, the compatibility of the evolution
equations with the H -theorem is, in many situations, a subject of controversy
(Banach 1987; Nettleton 1990; Eu 1991).

6.2 Ideal Gas Under Heat Flux and Viscous Pressure

As a first application consider an ideal monatomic gas out of equilibrium subjected
to a heat flux and a viscous pressure. This problem or closely related ones have been
dealt with by several authors (Corbet 1974; Nisbet and Gurney 1974; Jou et al. 1984;
Nettleton 1988). At each position, the mean values of the particle number density
n, the energy density per unit volume �u, the momentum density �v, the heat flux
q, and the components of the pressure tensor P are supposed to be known. Since
the equilibrium pressure p is fixed by u and n, the independent knowledge of P is a
constraint on the viscous part Pv of the pressure tensor.

We now use the information theory to derive an expression for the non-
equilibrium distribution function and the non-equilibrium entropy. We assume a
one-particle distribution function f , which is satisfactory for particles moving
independently because they do not interact except through instantaneous collisions.

The constraints (6.2a) on the distribution function f can be written as

n.r/ D
Z
f .r ;C /dC ; (6.18)

�v.r/ D
Z
mcf .r ;C /dC ; (6.19)

�u.r/ D 3

2
nkBT .r/ D

Z
1

2
mC 2f .r ;C /dC ; (6.20)

Pv.r/ D
Z
mCCf .r ;C /dC � pU; (6.21)

q.r/ D
Z
1

2
mC 2C f .r ;C /dC ; (6.22)

with C the peculiar molecular velocity. Since TrPv D 0 in (6.21), it is inferred that
the viscous pressure is zero.

In the previous section it was shown that the distribution function f .r ;C /

maximizing the entropy

�s.r/ D �kB

Z
f .r ;C /lnf .r ;C /dC ; (6.23)

subject to conditions (6.18–6.22) has the form

f D exp



�˛ � ˇ1

2
mC 2 � �v � C � �Pv W .mCC � pU / � �q � 1

2
mC 2C

�
;

(6.24)



6.2 Ideal Gas Under Heat Flux and Viscous Pressure 149

where exp.�˛/ designates the one-particle partition function z and the Lagrange
multiplier �v has been introduced to ensure the constraint on the value of the relative
velocity. The next step is to identify the coefficients ˛, ˇ, �v, �Pv, and �q . We
assume that the coefficients �v �Pv and �q are small for small values of Pv and q,
an ansatz to be confirmed a posteriori. Expanding the exponential in (6.24) up to the
first order in these terms results in

f .r;C / D exp



�˛ � ˇ 1

2
mC2

� 

1 � �v � C � �Pv W .mCC � pU / � �q � 1

2
C 2C

�
:

(6.25)

After substitution of (6.25) in (6.18–6.22), one obtains, up to first order in the fluxes,

expŒ�˛� D n
�

m

2�kBT

�3=2

; ˇ D 1

kBT
; (6.26)

�v D m

pkBT
q; �Pv D � 1

2pkBT
Pv; �q D � 2m

5pk2
BT

2
q: (6.27)

Bearing these results in mind, (6.25) becomes

f .r ; c/ D n
�

m

2kBT

�3=2

exp

�
�mC

2

2kBT

�

1C 1

2pkBT
mCC W Pv

C 2m

5pk2
BT

2

�
1

2
mC 2 � 5

2
kBT

�
C � q

�
: (6.28)

This is nothing but the expression of the distribution function (4.36) derived within
the thirteen-moment approximation, discussed in Chap. 4. The philosophy behind
both formalisms is however very different. In Grad’s approach, the distribution func-
tion is expanded in terms of Hermite polynomials, in such a way that higher-order
terms would contain higher-order Hermite polynomials. In information theory, one
takes into account the constraints on the system and limits the expansion of the
exponential just to the first order. A higher-order expansion would clearly differ
from the corresponding one in Grad’s theory. Nevertheless, at the present order of
approximation, the expressions for the entropy derived from the information theory
and Grad’s formalism are identical.

The results (6.14), together with the computation of the Lagrange multipliers
carried out in (6.27) yield expressions for 
 and � which are equivalent to those
obtained in the kinetic theory. The macroscopic Gibbs equation thus appears to be a
useful complement to non-equilibrium information theory.

An analysis similar to the one presented here, but focused on the diffusion flux
between two discontinuous systems, has been carried out by Ghosh et al. (2006), as
a basis of experimental analyses of the distribution of the fluctuations of this flux in
microfluidic systems, mentioned in Chap. 5.
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6.3 Ideal Gas Under Shear Flow: Non-linear Analysis

The simplest example allowing for a non-linear analysis is the problem of a clas-
sical ideal gas under shear (thermal effects are not present) (Bidar et al. 1997;
Jou et al. 2001) with the constraints (6.18–6.22). For the distribution function
which maximizes the entropy, the technique of Lagrange multipliers results in the
following expression

f D z�1 exp

2
4�1

2

0
@X

i

ˇmC 2
i C

X
i

X
j

�ijmCiCj

1
A
3
5 ; (6.29)

where ˇ and �ij .	 �P v
ij
/ the Lagrange multipliers corresponding to the constraints

on the energy and on the components of the viscous pressure tensor and z is the
one-particle partition function. Explicit integration of the partition function z gives
(see the mathematical identity (6.78))

z D .2�/3=2

m3=2jMj1=2

V

N
; (6.30)

where jMj is the determinant of the matrix

M D
0
@ˇ C 2�11 �12 �13

�12 ˇ C 2�22 �23

�13 �23 ˇ C 2�33

1
A : (6.31)

The Lagrange multipliers are obtained from the constraints, which may be written
as

�u D �@ ln z

@̌
; P v

ij D �
@ ln z

@�ij

: (6.32)

If one rewrites (6.29) in the compact form

f D z�1 exp



�1
2

M W mCC

�
; (6.33)

and introduces this result in (6.23), it immediately follows that the expression for
the entropy is given by

S D nkB ln zC 1

2
kBM W P: (6.34)

Furthermore, taking into account that

P D
Z
mCCf dC D nM�1;
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and introducing U D nh 1
2
mC 2i, one may write

1

2
M W P D ˇU C 1

2
Tr
�
U � ˇPn�1

�
; (6.35)

which reduces to the equilibrium expression when P D nˇ�1U. By taking into
account (6.30), (6.35) and expressing M in terms of P, the entropy (6.34) can be
written as follows

S D constCNkB lnV � 3
2
NkB lnˇ C ˇU

C1
2
NkBflnŒdet.UC Pvˇn�1/� � Tr.Pvˇn�1/g; (6.36)

where P D nˇ�1U C Pv. In equilibrium, one has ˇ D 1=.kBT / and Pv D 0, so
that the expression for P reduces to P D nkB T U , as expected. Note that (6.36) is
non-linear in Pv, and goes beyond the quadratic non-equilibrium approximation.

It is easy to express the Lagrange multipliers � in terms of Pv. Indeed, since
M D ˇU C � and on the other hand M D nP�1 D n.nˇ�1U C Pv/�1, it follows
that

� D ˇ.UC ˇn�1Pv/�1 � ˇU: (6.37)

The term within the brackets in the right-hand side of (6.37) may be expanded into
a series of Pv, and limiting this to the first term, one has

� 
 ˇ2n�1Pv 
 � 1

nk2
BT

2
Pv: (6.38)

Introducing this result into the expression (6.11) for the Gibbs equation, written per
unit mass, it is found that

ds D kBˇduC 1

2
kB� W dPv D T �1du� �v

2
T
Pv W dPv: (6.39)

From the well-known kinetic theory result 
 D nkBT � , one observes that (6.39)
coincides with the macroscopic expression (3.11) except for the terms in dv and
in dq and dpv. This is because we have taken as variables the internal energy u
and the viscous pressure Pv but not the volume neither the other fluxes. However,
the term in dv can be directly obtained from the differential of (6.36), which yields
�=� D nkB D p=T , as noted in (3.27).

When the system is submitted to a fixed shear viscous pressure P v
12, correspond-

ing to a plane Couette flow, the non-vanishing Lagrange multipliers are ˇ and �12,
and one has

z D .2�/3=2

m3=2

V

N

�
ˇ3 � ˇ�2

12

��1=2
: (6.40)
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Fig. 6.2 Several temperatures in an ideal gas under Couette flow are plotted as functions of the
dimensionless ratio R D VP v

12=U . The temperatures shown are: local-equilibrium temperature T
(horizontal axis), thermodynamic non-equilibrium temperature Tneq.� 1=kBˇ/; the kinetic tem-
perature in the x and y axes Tx D Ty , and in the z axis, which coincides with Tneq; and the
fluctuation–dissipation effective temperature Teff (reprinted with permission from Criado-Sancho
et al. (2006) Phys Lett A 350:339)

The Lagrange multipliers may be obtained in terms of u and P v
12 as

ˇ D 1 � y
2ŒR2 C .1 � y/�

N

U
; �12 D 3R2 C 2.1� y/

2RŒR2 C .1 � y/�
N

U
; (6.41)

with R D VP v
12=U and y D .1 C 3R2/1=2. Note that near equilibrium, i.e. when

�12 tends to zero, we see that ˇ D 3
2
N=U and �12 D �ˇ2.V=N /P v

12. Thus, when
P v

12 D 0, one recovers from (6.33) the standard Maxwell–Boltzmann distribution
function with ˇ D .kBT /

�1. Instead, out of equilibrium an interesting situation
appears in which several definitions of temperature yield different results (Casas-
Vázquez and Jou 2003).

In Fig. 6.2 there are plotted the Lagrange multiplier ˇ, corresponding to the
reciprocal of the thermodynamic temperature; the kinetic temperature in the x and
y axes (directions 1 and 2); the local-equilibrium temperature T , related to the
total kinetic energy, and an effective temperature defined through a non-equilibrium
fluctuation–dissipation theorem relating the viscosity the fluctuations of the viscous
pressure. This illustrates the diversity of forms of the temperature out of equilibrium
(Criado-Sancho et al. 2006).

The entropy has now the form of a non-linear non-quadratic expression in the
fluxes, namely
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S D Seq C 1

2
NkB ln

27R2ŒR2 � .y � 1/�2
2.y � 1/3 ; (6.42)

where Seq is the equilibrium entropy.

6.4 Ideal Gas Submitted to a Heat Flux: Non-linear Analysis

Consider an ideal non-relativistic gas at rest under fixed values of energy and heat
flux. The distribution function, according to the maximum-entropy formalism, is
given by (Domı́nguez and Jou 1995)

f D Z�1 exp



�ˇ1

2
mC 2 � � �

�
1

2
mC 2 � 5

2
ˇ�1

�
C

�
; (6.43)

where the factor 5=.2ˇ/ guarantees that the mean speed is zero. This distribution
diverges for high values of the molecular speed, because the operator for the second
term in the exponent is odd in the velocity; to avoid this divergence, let us expand
(6.43) up to second order in � so that

f D Z�1 exp



�ˇ1

2
mC 2

� 

1 � � �

�
1

2
mC 2 � 5

2
ˇ�1

�
C

C1
2
.� � C /2

�
1

2
mC 2 � 5

2
ˇ�1

�2
#
: (6.44)

Grad’s results are recovered if one truncates the expansion at the first-order in � .
By keeping up to the second-order terms in � , one finds for ˇ and � the following
expressions

ˇ D .kBT /
�1



1C 2

5

m

p2kBT
q � q

�
; (6.45a)

� D �2
5

m

pk2
BT

2
q: (6.45b)

The expression for � coincides with that obtained from Grad’s expansion. This is not
surprising because (6.43) and (4.36) agree up to the first order. It is worth stressing
that the Lagrange multiplier ˇ is different from .kBT /

�1 and that it depends on
the heat flux. In Grad’s approach, where second-order terms in q are omitted, one
has ˇ D .kBT /

�1. This is the reason why the question of the difference between
absolute non-equilibrium temperature and local-equilibrium temperature does not
appear in kinetic theory, where the latter is always used by definition.

Note furthermore that (6.44) yields different values for the averages of v2
x , v2

y ,
and v2

z . If the heat flux has the direction of the y axis, as in example (3.25), it is
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found that �
1

2
mv2

x



D
�
1

2
mv2

z



<
1

2
kBT;

�
1

2
mv2

y



>
1

2
kBT; (6.46)

as derived from a different basis in Sect. 3.4.

6.5 Relativistic Ideal Gas Under an Energy Flow

As a further illustration, consider a relativistic ideal gas in a non-equilibrium steady
state, with prescribed internal energy U and integrated energy flux V q, where V is
the volume and q the energy flux (Ferrer and Jou 1995). The distribution function
maximizing the entropy reads

f D Z�1 exp
h
�ˇ

X
i
pic � � �

X
i
picc

i
; (6.47)

where pic is the microscopic expression for the energy of the i th particle and picc

is the particle contribution to the energy flow (all particles are supposed to move at
the speed of light c). According to (6.6), the partition function is defined as

Z D V N

NŠh3N

Z
dp1 : : :

Z
dpN exp

h
�ˇ

X
i
pic � � �

X
i
picc

i
; (6.48)

where the factor V N comes out from integration over the positions of the parti-
cles. In contrast with the classical gas studied in Sect. 6.4, the distribution function
(6.47) does not diverge because the dependence of the energy flux in terms of the
momentum is of first order, instead of third order as for the classical gas. This allows
to obtain an explicit expression for the partition function without introducing any
truncation of the exponential. The explicit result for (6.48) is

Z D 1

N Š

�
8�V

ˇ3c3h3

�N �
1 � c

2�2

ˇ2

��2N

: (6.49)

We now determine the Lagrange multipliers ˇ and � in terms of U and V q. We
obtain from the conditions on the mean energy and the mean flux, respectively,

U D 3N

ˇ
C 4N

ˇ

c2�2

ˇ2 � c2�2
; (6.50)

V q D � 4Nc2�

ˇ2 � c2�2
: (6.51)

Note that (6.49)–(6.51) diverge for � D ˙ˇ=c, which sets a maximum value for � ,
a feature which will be commented below. Inversion of (6.50) and (6.51) yields for
ˇ.U; V q; N / and �.U; V q; N /
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ˇ D 3N

U

1

y � 1; (6.52)

and

� D 3N

Vq2

y � 2
y � 1q; (6.53)

where y stands for

y D
"
4 � 3

�
Vq

cU

�2
#1=2

: (6.54)

It follows from (6.50–6.51) that for V q D 0 one has � D 0 and ˇ D .kBT /
�1; in

addition, (6.49) reduces to the usual equilibrium expression for the partition func-
tion. In general, V q ¤ 0, ˇ ¤ .kBT /

�1, and the non-equilibrium temperature � , is
given by � D T .y � 1/. Furthermore, it is seen that ˇ and � diverge for y D 1, i.e.
when V q tends toUc. This domain of validity of V q is easy to interpret, becauseUc
is the maximum energy flow which may be expected: it corresponds to the energy
U carried at the maximum possible speed, which is precisely c.

Recalling that the entropy is given by S D kB .lnZ C ˇU C � � V q/ and taking
account of (6.49) and (6.53), it is found that

S D Seq CNkB ln



1

16
.y � 1/.y C 2/2

�
; (6.55)

which shows that the entropy may depend on the energy flux V q in a non-quadratic
way.

It is easy to obtain from (6.47) the corresponding expression for the pressure
tensor, which has the general form

P D �UC bqq; (6.56)

where the non-equilibrium pressure � is defined by �=� D .@S=@V /V q;U:N and b
is given by the condition that TrP D 3� C bq2 D 3p, with p the local-equilibrium
pressure. Note that it is the integrated energy flux V q rather than the flux q which
is kept constant during differentiation. By differentiating the entropy with respect to
V , one obtains for �

� D nkB� D 1

3

U

V
.y � 1/; (6.57a)

and consequently

b D � 1
q2
.y � 2/: (6.57b)

Inserting these two expressions into (6.56) leads to

P D 1

3

U

V



.y � 1/U� 1

q2
.y � 2/qq

�
: (6.58)
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Observe that for y D 2, the pressure tensor reduces to P D 1
3
.U=V /U D pU

which is the equilibrium pressure tensor. The term in qq becomes dominant when
the energy flux approaches cU (i.e. y ! 1) and plays an important role in radiation
hydrodynamics, where the pressure tensor is written as (Mihalas and Mihalas 1985)

P D U

V

�
1 � �
2

UC 3� � 1
2

qq

q2

�
; (6.59)

� being the so-called Eddington factor. By comparison of (6.58) and (6.59), one has

� D 5 � 2y
3

: (6.60)

This expression for the Eddington factor has also been obtained by Anile et al. (1991)
on arguments based on a rational formulation of EIT, and by requirements of
Lorentz invariance (see Problem 17.2) (Levermore 1996; Domı́nguez-Cascante and
Faraudo 1996).

Let us briefly comment about the behaviour of the entropy when the energy flux
approaches its maximum value. According to (6.55), the entropy is diverging instead
of vanishing, as a result of using classical rather than quantum statistics. If one
wishes to study electromagnetic radiation, the relevant statistics is that of Bose–
Einstein and one should maximize the corresponding expression for the entropy,
namely

S D �kB

�
h3NNŠ

	�1
Z
Œf lnf � .1C f / ln.1C f /�d	: (6.61)

This yields for the distribution function

f D Œexp.ˇpc C � � pcc/ � 1��1 : (6.62)

Here, we do not consider a fixed number of particles because we are dealing with
photons whose particle number is not fixed. The calculations of ˇ and � are rather
cumbersome (Larecki 1993) and the final results are

ˇ D 1

2kB

�
aV

U

�1=4
.y C 2/1=2

.y � 1/3=4
; (6.63)

and

� D �3
4

� a
V

	1=4 V q

c2U 2

1

.y C 2/1=2.y � 1/3=4
: (6.64)

Here, a is the radiation constant appearing in the well known expressionU D aT 4V

for the internal energy of radiation at equilibrium. Now expression (6.61) for the
entropy becomes
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S

V
D 2

3
a1=4

�
U

V

�3=4

.y � 1/1=4.y C 2/1=2; (6.65)

which tends to the expected value S=V D 4
3
aT 3 at equilibrium (V q D 0) and

which vanishes for V 2q2 ! c2U 2.

6.6 Heat Flow in a Linear Harmonic Chain

Harmonic chains are ideal systems which shed an original light on thermodynamics.
Heat flow in harmonic chains coupled at each end to heat reservoirs at different tem-
peratures has been studied in Spohn and Lebowitz (1977), Miller and Larson (1979)
and many others. In a harmonic chain, the phonon mean free path is infinite, so that
the energy flux along it is not proportional to the temperature gradient but to the
temperature difference between the reservoirs located at its ends.

To avoid complications associated with the boundary conditions, Miller and
Larson (1979) eliminate the boundaries by considering that chain ends are linked
together to form a ring. In this case, the system turns out to be a ‘superconductor’
of thermal energy, because of its infinite heat conductivity: a heat flux lasts indef-
initely, without appealing to boundary reservoirs to sustain it. Such a chain ring is
characterized by the constraints

hHi D U; hJ i D Q; (6.66)

where H is the Hamiltonian of the system, J the heat flux operator, U the mean
(internal) energy of the chain, and Q the mean heat flux along the ring.

The system consists of a linear chain of N particles, each of mass m. Each par-
ticle is connected to its nearest neighbours by Hookean springs with stiffness �.
The N th particle is connected by a spring to the first particle, so that the chain
forms a closed ring. One may choose a system of dimensionless quantities where
the mass is expressed in terms of m, time in units of .m=�/1=2, and energy in units
of h.2�/�1.�=m/1=2. Let q˛ be the displacement from equilibrium for each particle
˛.˛ D 1; : : : ; N / and p˛ its conjugate momentum.

The Hamiltonian H.q1; p1; : : : ; qN ; pN / is given by

H D 1

2

X
˛

p2
˛ C

1

2

X
˛

.q˛C1 � q˛/
2: (6.67)

The microscopic operator J .q1; p1; : : : ; qN ; pN / for the heat flux is

J D �1
2
N
X

˛

.q˛C1p˛ � q˛p˛C1/: (6.68)
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To obtain this form for J consider that the system is mentally divided into a right
sub-system and a left subsystem. We may identify all the particles with labels ˛ > �
where � is fixed) as the right subsystem, and those with labels ˛ � � as the left
subsystem. The two subsystems interact via a single coupling spring. Half of the
potential energy of the coupling spring is attributed to each subsystem. Let J˛ be
the net rate of increase of the energy of the subsystem characterized by ˛ >� . It is
given by the rate of work performed on it by the coupling spring,�.q�C1�q� /p�C1,
plus half the rate of increase of the potential energy of the coupling spring, 1

2
.q�C1�

q� /.p�C1 � p� /. This yields

J˛ D �1
2
.q˛C1 � q˛/.p˛C1 C p˛/: (6.69)

Taking the average of (6.69) over all pairs gives back (6.68), because of the cancel-
lations due to the fact that the sums are modulo N . From Hamilton’s equations of
motion, it is also checked that J is a constant of the motion.

Now we transform H and J in terms of normal coordinates 
˛ and canonical
momenta �˛ D d
˛=dt , which reduce the potential energy to a canonical quadratic
form. The transformation matrix A relating q and 	, defined by 	 D A � q, is given
by Goldstein (1975)

A˛� D N�1=2Œsin.2�˛�=N/C cos.2�˛�=N/�: (6.70)

In terms of the normal coordinates, the Hamiltonian of the system becomes

H.
; �/ D 1

2

X
˛

.�2
˛ C !2

˛

2
˛/; (6.71)

where !˛, the angular frequency of the ˛-th mode, is given by !˛ D 2 sin.�˛=N/.
Taking into account that matrix A given by (6.70) is orthogonal and symmetric
(A D A�1), the heat flux operator (6.68) reads as

J D �.1=N /
X

�

sin.2�
=N/
�

��N �� � 
N ����

�
; (6.72)

with M D 1
2
N if N is even andM D 1

2
.N � 1/ if N is odd. We have also used the

result !� D !N ��, which follows from the definition of !˛ .
The dimension of the phase space of the system that we are studying is 2N , but

by assuming that the centre of mass of the system remains fixed, the dimension is
reduced to 2.N �1/. The next problem is to find the reduced probability distribution
function f maximizing the entropy

S D �kB.h
N �1/�1

Z
f ln f d	N �1; (6.73)
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subject to the constraints (6.66). Here d	N �1 D d
1d�1 � � �d
N �1d�N �1. Note that
the factor NŠ in (6.1) does not appear in (6.73) because the particles, being kept in
a given order, are no longer indistinguishable.

The result for f is, as shown in Sect. 6.1,

f D Z�1 exp.�ˇH � �J /; (6.74)

where ˇ and � are the respective Lagrange multipliers andZ is the partition function

Z D .hN �1/�1

Z
exp.�ˇH � �J /d	N �1: (6.75)

To obtain the partition function, note that both J and H can be expressed as a
sum over pairs 
 and N � 
 of normal coordinates sharing the same characteristic
frequency !�, i.e. J DP� J� and H DP� H�, with

H� D 1

2

�
�2

� C �2
N �� C !2

�

�

2

� C 
2
N ��

��
; (6.76a)

J� D N�1 sin.2�
=N/.
��N �� � 
N ����/: (6.76b)

Consequently, the partition function can be expressed as a productZ DQ
�

z� with

z� D h�2

Z
d
�d
N ��d��d�N �� exp.�ˇH� � �J�/: (6.77)

To calculate these integrals one may employ the general result

Z
dr exp

�
R � r � 1

2
r �M � r

�
D .2�/n=2 .jMj/�1=2 exp

�
1

2
R �M�1 �R

�
;

(6.78)
where r and R are n-dimensional vectors and M is a positive-definite square matrix.
To evaluate z�, r is considered to be the four-dimensional vector with components
.
�; 
N ��; ��; �N ��/, R the null vector 0, and M the matrix M�, given by

M� D ˇ!�

0
BB@
!� 0 0 �y�

0 !� y� 0

0 y� !�1
� 0

�y� 0 0 !�1
�

1
CCA ; (6.79)

where y� D y cos.�
=N/ and y D �.Nˇ/�1. It turns out that z� D jM�j�1=2, so
that

z� D ˇ�2!�2
�

�
1 � y2

�

��1
: (6.80)
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The total partition function may be calculated in the thermodynamic limit by noting
that ln Z D P

� ln z� may be converted into an integral in the limit of large N
since j!��1 � !�j becomes arbitrarily small. One finds asymptotically that

lnZ D
Z M

0

ln z�d
 D �.N=�/
Z 	=2

0

d� Œ2 ln.2ˇ/C 2 ln.sin �/

C ln.1� y2 cos2 �/
�

D �N ln

�
1

2
ˇ
h
1C .1 � y2/1=2

i�
: (6.81)

The final result for Z can be written as

Z D
�
1

2
ˇ
h
1C .1 � y2/1=2

i�N

: (6.82)

The Lagrange multipliers ˇ and � may be found in terms of U and Q through the
constraints (6.66), which in analogy to (6.7) are expressed by

U D hHi D �@ ln Z

@̌
; Q D hJ i D �@ ln Z

@�
; (6.83)

When (6.84) is introduced into (6.83), one obtains for ˇ and y

ˇ D 1C x2

".1� x2/
; y D � 2x

1 � x2
; (6.84)

with " D U=N and x D Q=". In terms of these quantities, (6.82) becomes

Z D Œ".1 � x2/�N : (6.85)

For x D 0 one recovers the usual equilibrium results, whereas for x2 ! 1 both ˇ
and y diverge. Thus, the presence of a critical heat flux Q D " is outlined from the
above considerations.

The entropy and the generalised Lagrange multiplier ˇ deserve special com-
ments. According to (6.73) and (6.74), the entropy may be written as

S D kB.ˇU C �QC ln Z/: (6.86)

In the thermodynamic limit when N tends to infinity, the entropy per particle turns
out to be, in view of the explicit form (6.82) of Z,

s D lim
N !1

S

N
D kB

�
1C ln "C ln.1� x2/

� D seq C kB ln.1 � x2/: (6.87)

As expected, the presence of the heat flux modifies the value of s. For small values
of the heat flux, (6.87) reduces to
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s.";Q/ D seq."/� kB

"2
Q2: (6.88)

The dependence of this expression on the heat flux Q provides a further corrobora-
tion of the basic assertions of extended irreversible thermodynamics, stating that the
entropy is a function of the heat flux out of equilibrium, and allows one to explore
higher-order terms in the heat flux.

The Lagrange multiplier ˇ can be interpreted in terms of a generalised absolute
temperature � defined as � D .kBˇ/

�1; from (6.84) one has

��1 D T �1

�
1C x2

1 � x2

�
D T �1

�
1C 2x2

1 � x2

�
(6.89)

indicating that the generalised temperature � differs from the usual local-equilibrium
temperature T (	 "=kB) by terms at least of the order x2 orQ. The same result can
be obtained from (6.87) and the definition ��1 D .@s=@"/Q.

The entropy (6.87) diverges when x ! 1, i.e. when the absolute temperature
� D .kBˇ/

�1 tends to zero (in this limit the heat flux tends to the maximum value).
This is so because of the use of classical statistics rather than quantum statistics.
Indeed, when the non-equilibrium temperature � becomes lower than the Einstein
temperature of the lattice, it is necessary to resort to Bose–Einstein’s rather than
classical statistics (Camacho and Jou 1995); therefore the results obtained by Miller
and Larson are no longer valid for a heat flux larger than a given value. Consider a
harmonic chain with a linearized dispersion relation ! D cjkj, c being the phonon
speed and jkj the magnitude of the wavevector. A quantum analysis of the system
under the constraint of a fixed energy density and fixed energy flux q yields for the
distribution function maximizing the entropy

f .kIˇ; �/ D �exp.ˇ�c2jkj C ��c2jkj/� 1��1
; (6.90)

where ˇ and � are the Lagrange multipliers and � D h=.2�/.
The entropy behaviour in the quantum limit when "D.ˇ ˙ � � c/ � 1 (with "D

the Debye energy "D D �c�=l) is

s D kB

2

� �
6�

	1=2 h
."c C q/1=2 C ."c � q/1=2

i
: (6.91)

The Lagrange multipliers ˇ and � are given by

ˇ D 1

2

� �
6�

	1=2



1

."c C q/1=2
C 1

."c � q/1=2

�

D 1

2kBT



1

.1C x/1=2
C 1

.1 � x/1=2

�
; (6.92)
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� D 1

2c

� �
6�

	1=2



1

."c C q/1=2
� 1

."c � q/1=2

�

D 1

2ckBT



1

.1C x/1=2
� 1

.1 � x/1=2

�
; (6.93)

where T ."/ 	 .6�c"=k2
B�/

1=2 is the local-equilibrium temperature and x D q="c.
At equilibrium q D 0 and consequently � D 0, ˇ D .kBT /

�1 and (6.90) becomes
the equilibrium Bose–Einstein distribution function. The relation between T and "
follows from the quantum equation of state at low T , namely

" D k2
B�

2

3hc
T 2: (6.94)

Note that the results (6.84) are not recovered in the classical limit because, in the
present problem, the linearized dispersion ! D cjkj has been used instead of the
exact dispersion relation.

It is interesting to note that the expression for the specific heat at constant heat
flux defined as cq D .@"=@�/q is

cq D 4"3=2

k2
B�

2

�
6�c

�

�1=2
.1 � x2/3=2

.1C x/3=2 C .1 � x/3=2
: (6.95)

Note that cq vanishes in the limit x ! 1, i.e. when the non-equilibrium abso-
lute temperature � tends to zero, and this corresponds to a third-law-like behaviour
(Camacho and Jou 1995). This provides a generalization of the third law to non-
equilibrium steady states: indeed, in equilibrium, � coincides with the equilibrium
temperature so that the vanishing of � means the vanishing of T ; however, in non-
equilibrium, even at a non-zero value of T , � may approach zero at sufficiently high
values of the heat flux. A similar quantum behaviour at high values of the energy flux
was also found by Fröhlich who analysed Bose–Einstein condensation of phonons
in non-linear systems at high values of the energy flux (Fröhlich and Kremer 1983).

6.7 Information Theory and Non-equilibrium Fluctuations

Fluctuations around non-equilibrium steady states combine dynamical and statisti-
cal non-equilibrium contributions (Tremblay et al. 1981; Tremblay 1984; Ortiz de
Zarate and Senger 2006). Here, we focus our attention on the statistical aspects.
Information theory is particularly useful for studying the fluctuations of the vari-
ables around the non-equilibrium steady state. With this objective in mind, let us
express the second moments of the macroscopic values of the observables Ai .	N /

around their average values; it is straightforward to check after differentiation of
(6.7) that
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h.Ai .	N /� hAii/.Aj .	N /� hAj i/i D @2 ln Z

@�i@�j

: (6.96)

Expression (6.96) may be written in terms of the second derivatives of the gener-
alised entropy by taking into account the mathematical relation

X
k

@hAii
@�k

@�k

@hAj i D ıij : (6.97)

Using (6.7) and (6.11), (6.97) may be alternatively expressed as

� 1

kB

X
l

@2 ln Z

@�i@�l

@2S

@hAli@hAj i D ıij ; (6.98)

from which it follows that @2 ln Z=@�i@�l is related to the inverse of the deriva-
tive @2S=@hAli@hAj i; accordingly, the second moments of fluctuations may be
written as

h.Ai .

0/� hAi i/.Aj .


0/ � hAj i/i D 1

kB

"�
@2S

@hAi@hAi
��1

#

ij

: (6.99)

This shows that the maximum-entropy formalism relates the second moments of the
fluctuations of thermodynamic quantities in a non-equilibrium steady state to the
second order derivatives of a generalised entropy. Formally, this is the same situation
as in equilibrium; there is, however, an important difference, because the entropy
function is no longer the classical one but contains as supplementary variables the
fluxes acting as constraints on the system.

In the usual approaches of non-equilibrium hydrodynamic fluctuations (Trem-
blay et al. 1981; Tremblay 1984), it is assumed that the hydrodynamic noise, owing
to fast fluctuations of q and Pv, keeps its local-equilibrium form, as determined from
the local temperature, pressure, and velocity. The intuitive argument in support of
this assumption is that these fluctuations are so fast that they do not have enough
time to be influenced by the non-equilibrium conditions of the system. However, if
the time of decay of the fluctuations of the fluxes is not negligibly small, the noise
may ‘know’ that the system is out of equilibrium and may undergo some changes.

Of course, such modifications of the noise are minute for frequencies much lower
than the inverse of the relaxation times of the fluxes, as in light scattering in liquids.
However, they could be perceptible at frequencies comparable to the inverse of the
relaxation times, as observed in light scattering in gases or neutron scattering in
liquids.

To obtain an expression for the probability of fluctuations, we define a gener-
alised specific free energy g as

g D �kB� ln Z D ��s C
X

i

�i � hAii; (6.100)
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where �i are the Lagrange multipliers. In analogy with (6.9), the probability of
fluctuations at constant �i is given by

W 
 exp

�
� 1

kB�
�g

�
; (6.101)

where�g is the change in g related to the fluctuations. It is now possible to calculate
the second moments of the fluctuations in non-equilibrium steady states by using the
identifications (6.14) of the Lagrange multipliers �i appearing in Eq. (6.13).

As an illustration, we examine the fluctuations in a gas under a temperature gradi-
ent; viscous effects are omitted. The respective Lagrange multipliers for the energy
and the heat flux in the steady state are ˇ D .kB�/

�1 and �q D �1V.kBT
2/�1rT .

We recall further that the Lagrange multiplier related to the volume is �vD
�.kB�/

�1, where � is the generalised pressure defined by (2.42b). Thus the gen-
eralised free energy (6.100) takes the form

g D ��s C uC �vC �1v�

T 2
rT � q: (6.102)

The first differential of g at constant values of the multipliers is

ıg D ��ıs C ıuC �ıvC �1v�

T 2
rT � ıq; (6.103)

or, taking into account the dependence of s with respect to u, v, and q,

ıg D ��
�
��1ıuC ���1ıv � �1v�

�T 2
q � ıq

�
C ıuC �ıvC �1v�

T 2
rT � ıq:

(6.104)

It is immediately seen that this expression vanishes in the steady state where
q D ��rT . The second differential of g is simply ı2g D ��ı2s, because the last
three terms of (6.102) are linear in u, v, and q, and consequently (6.101) becomes
an Einstein–Boltzmann relation in which s is the generalised entropy. From earlier
results (see (2.29)) it follows that

s D seq � 1
2
˛1q � q; (6.105)

with ˛1 D �1v.�T 2/�1, while its second differential is

ı2s D .��1/u.ıu/
2 C 2.��1/vıuıvC .��1�/v.ıv/

2 � ˛1ıq � ıq
C2�.rT /˛1v � ıvıq C 2�.rT /˛1u � ıuıq: (6.106)

When this result is inserted into (6.5), one obtains an explicit expression for the
probability of the fluctuations ıu, ıv, and ıq. Up to second order in q0 D ��rT it
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is found that the second moments are given by

hıqıqi D kB�T
2

�1v

"
1C cvT

2

˛1

�
@˛1

@u

�2

q2
0

#
; (6.107a)

hıuıqi D �kB�T
2

�1v�
q0

��
T �1

�
v
˛1v �

�
T �1p

�
v
˛1u
�
; (6.107b)

hıvıqi D �kB�T
2

�1v�
q0

��
T �1

�
v
˛1u �

�
T �1

�
u
˛1v
�
; (6.107c)

where the subscripts u and v mean the respective partial derivatives and� stands for

� D �T �1
�

u

�
T �1p

�
v
� �T �1

�2
v
: (6.108)

Two points are worth mentioning: (1) The correlations hıuıqi and hıvıqi, which
vanish at equilibrium because of the opposite time-reversal symmetry of the corre-
sponding quantities, differ from zero out of equilibrium: this is a manifestation of
the breaking of the time-reversal symmetry out of equilibrium; (2) non-equilibrium
corrections of order q2

0 appear in the second moments of the heat flux fluctuations
and, as a consequence, in the hydrodynamic noise.

We can write (6.107) explicitly for a monatomic ideal gas. One has .T �1p/v D
�p.T v/�1, .T �1/v D 0, .T �1/u D �.cvT

2/�1 with cv D 3
2
kB=m. Furthermore,

in (6.33) we have found that ˛1 D 2
5
.k2

BT
3n2/�1, and consequently that ˛1u D

4
5
m.k3

BT
4n2/�1 and ˛1v D 4

5
m.k2

BT
3n/�1. The final expressions are thus

hıqıqi D kB�T
2

�1v
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8
�`2.r ln T /2

�
; (6.109a)

hıuıqi D �2uN�1�rT; (6.109b)

hıvıqi D �2vN�1�rT; (6.109c)

where ` is the mean free path given by .8kBT=�m/
1=2�1. These results are of the

same order, but not are exactly equal to the non-equilibrium corrections which may
be found from the kinetic theory of gases (Tremblay et al. 1981; Tremblay 1984;
Schmitz 1988). This is not surprising because of the various approximations which
have been introduced.

The above procedure, which relates a generalised thermodynamic potential to
non-equilibrium fluctuations, differs from the procedure followed by some authors
(Jähnig and Richter, 1976; Keizer 1987) that construct non-equilibrium thermody-
namic potentials by starting from knowledge of the non-equilibrium fluctuations,
as obtained from suitable dynamical equations, and using then the Einstein relation
(6.5) as a definition of the potential. In contrast, we start from a thermodynamic
potential and study its consequences for non-equilibrium fluctuations.

The explicit examples studied in Sects. 6.3–6.6 also exhibit the dependence on
the fluxes. For instance, the second moments of the fluctuations of the energy and of
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the heat flux around their mean values in the harmonic chain ring studied in Sect. 6.6
are given by

h.H � U /.H � U /i D @2 ln Z

@̌ 2
D N"2 1C x2

1 � x2
; (6.110a)

h.J �Q/.J �Q/i D @2 ln Z

@�2
D "2

2N

1C 4x2 � x4

1 � x2
; (6.110b)

h.H � U /.J �Q/i D @2 ln Z

@̌ @�
D �2N"2 x

1 � x2
: (6.110c)

The heat flux influences the second moments of fluctuations, which diverge for a
critical value of the heat flux Q D ". The second moments of the fluctuations of
energy and heat flux vanish at equilibrium, because these quantities are of differ-
ent time-reversal parity. However, the presence of a non-vanishing mean heat flux
(x ¤ 0) leads to a non-vanishing covariance, as predicted by the above macroscopic
results.

6.8 Problems

6.1. The thermal conductivity of a dielectric solid is � D 1
3
�cvc

2
0�1, with c0 the

phonon speed, �1 the relaxation time due to resistive phonon collisions, cv the
heat capacity per unit mass, and � the mass density. In the Debye model cv

is proportional to T 3 at low temperatures. Starting from (6.107a), determine
the second-order non-equilibrium corrections to the second moments of the
fluctuations of the heat flux.

6.2. Find the non-equilibrium partition function for the distribution (6.44) for an
ideal gas under a heat flux.

6.3. (a) Using the expressions (6.99) for the fluctuations and (6.40) for the
entropy, obtain the second moments of the fluctuations of U and P12 in
terms of ˇ and �12 for a classical gas in Couette shear flow studied in
Sect. 6.3.

(b) Using (6.33) and (6.41) find the kinetic temperatures along the three spatial
directions to this system (Criado-Sancho et al. 2006).

(c) Assuming, for the sake of simplicity, that � and T do not depend on P v
12,

but that 
 may depend on it, find 
.P v
12/ from the extension of the Green-

Kubo formula


.P12/ 	 �

kBT V
hıP v

12ıP
v
12ineq ;

h� � � ineq being the second moments out of equilibrium.



6.8 Problems 167

6.4. Using relation (6.99) obtain the second moments of the fluctuations of the
energy and the energy flux in the relativistic gas studied in Sect. 6.5.

6.5. Using the identification for the Lagrange multiplier for the heat flux �q D
��r��1 and the expression (6.99) for the second moments of the fluctuations,
show that

� @q

@r� D
�V

kB�2
hıqıqineq;

where h� � � ineq stands for the average at non-equilibrium steady states. This
expression generalises the fluctuation–dissipation expression (5.19) for non-
equilibrium steady states and allows one to compute non-linear thermal con-
ductivities for transport laws of the form q D ��.r�/r� for an application
of this equation to a radiative gas see Jou Zakari (1995)).

6.6. (a) Show that the expressions for the Lagrange multipliers ˇ and � in (6.63)
and (6.64) for non-equilibrium radiation in the presence of a radiative heat
flux q may also be obtained from kBˇ D ��1 D .@S=@U /V;J;N and
kB� D .@S=@J /U;V;N with S given by (6.65). (b) Estimate the ratio � = T
for Vq = cU D 1 =2 and Vq = cU D 9 =10.

6.7. It has been proposed in the literature (see Crisanti and Ritort 2003 for a wide
review on this topic) to define an effective non-equilibrium temperature Teff

by extending the Green-Kubo relation (or analogous fluctuation–dissipation
expressions) out of equilibrium. For viscous Couette flow in the presence of a
shear viscous pressure P v

12, such an effective temperature may be defined as

kBTeff 	 �



hıP v

12ıP
v
12ineq

where h� � � ineq stands for the second moments out of equilibrium. Using for
�=
 the equilibrium value, obtain Teff as a function of the dimensionless non-
equilibrium ratio R 	 VP v

12=U (Criado-Sancho et al. 2006).
6.8. Using (6.62)–(6.64) for non-equilibrium electromagnetic radiation in the pres-

ence of a radiative heat flux q, and p D h =�, with � the photon wavelength,
find how the Wien law giving the wavelength �max corresponding to maxi-
mum emission of a black body at absolute temperature T , namely �max D
2:898mm �K=T is modified for non-vanishing values of Vq = cU (see J. Fort,
Physica A 243 (1997) 275, J Fort et al., Phys. Lett. A 236 (1997) 193).





Chapter 7
Linear Response Theory

In Chap. 5 we discussed the microscopic foundations of extended irreversible ther-
modynamics (EIT) through the fluctuation theory by focusing the attention on the
main features of the second moments of the fluctuations. The present chapter deals
with more general methods of non-equilibrium statistical mechanics, excerpting
in particular the dynamical aspects of fluctuations. First, we start from the Liou-
ville equation and introduce the projection operator technique to relate the memory
functions to the time correlation functions of the fluctuations of the fluxes.

This result plays a central role in modern non-equilibrium statistical mechanics
and it is also of special interest in EIT, because it emphasizes the role played by the
evolution of the fluctuations of the thermodynamic fluxes in specifying the memory
functions. The corresponding expressions, though compact and elegant, are merely
formal, and they are overwhelmingly difficult to be exploited. To obtain practical
results, one must construct models and EIT may be very useful as a thermodynamic
tool to propose admissible models for the phenomenological evolution equations of
the corresponding fluxes.

The method of projection operators is useful, since it provides a general and
explicit method for obtaining the evolution equations of the basic variables. Clas-
sically, the set of variables consists of the conserved slow variables (energy, linear
momentum, mass) and some order parameters characterizing second-order phase
transitions. Here we present a generalisation by adding the dissipative fluxes to
the basic set of variables. The projection operator technique is especially helpful
when the fluxes become ‘slow’ variables because their relaxation times become
sufficiently long.

7.1 Projection Operator Methods

In this section, we briefly introduce the main concepts and ingredients of the lin-
ear response theory (McQuarrie 1976; Résibois and De Leener 1977; Berne 1977;
Grabert 1981). Its main objective is to provide a microscopic expression for the
memory function relating a flux J .t/ at a given time t to its respective conjugate
force X.t 0/ at previous times t 0:

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 7, c� Springer Science+Business Media LLC 2010
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J .t/ D
Z 1

0

K.t � t 0/ �X.t 0/dt 0I (7.1)

K.t � t 0/ is the so-called memory function. Note that integration of the relaxational
evolution equation of the Maxwell–Cattaneo form, namely,

�
@J

@t
D �.J �L �X/ (7.2)

with L the corresponding phenomenological transport coefficient, yields, for a zero
initial flux,

J .t/ D
Z 1

0

L
�

expŒ�.t � t 0/=�� �X.t 0/dt 0: (7.3)

By comparing (7.3) and (7.1), one may identify the memory function as

K.t � t 0/ D L

�
exp

�
� t � t

0

�

�
; (7.4)

indicating that in the linearized version of EIT, the memory function decays expo-
nentially. In Chap. 4 we have justified equations of the form (7.2), and even more
general equations, by starting from the Boltzmann equation. However, the latter is
valid for semidilute gases, when binary collisions are the dominant relaxation mech-
anism. Modern statistical mechanics has tried to formulate more general versions of
transport theory, without these restrictions on the density. This is achieved by con-
sideringN -particle distribution functions instead of the more restrictive one-particle
distribution function, and by using the Liouville equation for the description of its
evolution.

In contrast to kinetic theory, we work now in the phase space of the whole system
instead than in the configuration space of a single particle and we start from the
fundamental Liouville equation

@fN

@t
D �iLNfN ; (7.5)

where fN is the N -particle distribution function describing a system of N point
particles of mass m and LN is the Liouville operator, defined as

iLN D
NX

iD1

�
@HN

@pi

� @
@r i

� @HN

@r i

� @
@pi

�
D fHN ; : : :g; (7.6)

with r i and pi the position and momentum of the i th particle, and HN the Hamilto-
nian of the system; the braces f; g stand for the Poisson bracket. Liouville equation
is essentially a reformulation of the Hamilton equations of motion

Pr i D @HN

@pi

; Ppi D �
@HN

@r i

: (7.7)
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Consider the set of all dynamical properties A, B , C , : : : of the system and define a
scalar product as

.A;B/ D
Z

d	NfN eqAB: (7.8)

At this point, it should be realized that, unlike situations near equilibrium, linear
response theory is faced with important problems when the system is driven far
from equilibrium. For instance, to study the evolution of perturbations around a
non-equilibrium steady state, it could be asked whether the non-equilibrium steady
state distribution function should not be preferred in the definition (7.8 instead of
the N -particle equilibrium distribution function fN eq.

It is easy to show that the Liouvillian operator LN is a linear Hermitian operator
L


N D LN / in the Liouville space defined by the set of all dynamical variables and
a metric given by the scalar product (7.8. Indeed, integrating by parts and assuming
that fN eq tends sufficiently fast to zero at the boundaries of integration it can be
written

.LNA;B
�/� D .LNB;A

�/ (7.9)

and consequently

expŒiLN t �A;B
�/� D expŒ�iLN t �B;A

�/; (7.10)

where the asterisk denotes the complex conjugate.
One defines a projection operator P that projects an arbitrary observable B onto

a given set of observables A by

PB D .B;A�/.A;A�/�1A: (7.11)

Note that A can also be considered to be a set of several observables (e.g. mass,
linear momentum, energy and so on) instead of a single one, in which case A is a
column vector whose components are the set of observables. The idea beyond this
projection is to concentrate the attention on the directly observable variables of the
set A rather than dispersing the attention on the whole set (in principle infinite)
of variables. Therefore, beyond its apparently formal aspect, the idea behind the
projection operators has a very physical and intuitive motivation.

The quantity
Q D 1 � P (7.12)

is also a projection operator which projects onto a subspace orthogonal to A. Since
by definition of Q, one has iLN D i.QC P/LN , and

eACB D eA C
Z 1

0

e.ACB/.1��/BeA�d� (7.13)

(recall that A and B are matrices which in general do not commute), it follows that

expŒiLN t � D expŒiQLN t �C
Z t

0

dt 0 expŒiLN .t � t 0/�iPLN expŒiQLN t
0�: (7.14)
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So far with general considerations; our aim is to obtain evolution equations for the
physically relevant variables A.	/ which depend on the phase-space coordinates.
When the particles follow the trajectories dictated by the Hamilton equations of
motion, the evolution of A.	/ is governed by

dA.	/

dt
D

NX
iD1

�
@HN

@pi

� @A
@r i

� @HN

@r i

� @A
@pi

�
D iLNA: (7.15)

Note that dA=dt is not necessarily contained in the subspace of the selected
variables A. Integration of (7.15) yields

A.t/ D expŒiLN t �A.0/ (7.16)

and differentiation with respect to time gives

dA.	/

dt
D expŒiLN t �iLNA.0/ D expŒiLN t �.P CQ/iLNA.0/: (7.17)

The insertion of the operatorPCQ does not alter the result, because it is the identity
operator. From the definition (7.11) of P it follows that

expŒiLN t �P iLNA.0/ D .iLN AA�/.A;A�/�1 expŒiLN t �A D i�A.t/; (7.18)

where A stands for A.0/ and the operator� for

i� D .iLNA;A
�/.A;A�/�1: (7.19)

The quantity� has the dimensions of the reciprocal of time and gives the frequency
at which A rotates in the subspace A, in the absence of the orthogonal variables.
Introduction of (7.13)and (7.19) into (7.17) yields

dA.t/

dt
D i�A.t/C expŒiQLN t �QiLNA.t/

C
Z t

0

dt 0 expŒiLN .t � t 0/�iPLN expŒiQLN t
0�QiLNA: (7.20)

To have a more compact expression, set

F.t/ D expŒiQLN t �QiLNA; (7.21)

which is called the random force and may also be written as

F.t/ D Q expŒiQLN t �QiLNA D QF.t/: (7.22)
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This means that F.t/ is orthogonal to A, which is expressed by

.F.t/; A�/ D 0; (7.23)

indicating that there is no correlation betweenA and the random force, an important
conclusion to be exploited below.

The term iPLNF.t/ appearing in the last integral of ( 7.20) can be written as

iPLNF.t/ D iPLNQF.t/ D .iLNQF.t/; A�/.A;A�/�1A: (7.24)

Since Q and LN are both Hermitian, it follows that

.iLNQF.t/; A�/ D �.F.t/; .QiLNA/
�/ D �.F.t/; F �.0//: (7.25)

By defining the memory functionK.t/ as

K.t/ D .F.t/; F �.0//.A;A�/�1 (7.26)

and combining (7.26), (7.8), and (7.20), one obtains the generalised Langevin (or
Mori) equation:

dA

dt
D i�A.t/ �

Z t

0

dt 0K.t 0/A.t � t 0/C F.t/: (7.27)

Relation (7.26) between the memory function and the random force is known as the
fluctuation–dissipation theorem.

From (7.27) it is easy to derive the time correlation function C.t/ for the vari-
ables A, an interesting quantity in non-equilibrium statistical mechanics because it
is measurable from light- and neutron-scattering experiments, and defined by

C.t/ D .A.t/; A�.0//: (7.28)

Taking the scalar product of (7.27) with A� and using (7.22), one has

dC

dt
D i�C.t/�

Z t

0

dt 0K.t 0/C.t � t 0/: (7.29)

If (7.27) for the microscopic operator A is averaged over an initial non-equilibrium
distribution function, one obtains for the macroscopic value hAi

dhA.t/i
dt

D i�hA.t/i �
Z t

0

dt 0K.t 0/hA.t � t 0/i C hF.t/i; (7.30)

where hA.t/i and hF.t/i denote the respective ensemble averages ofA.t/ and F.t/,
with hF.t/i explicitly given by
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hF.t/i D
Z

d	fN .	; 0/ expŒiQLN t �QiLNA.	/: (7.31)

Equations (7.29) and (7.30) are at the heart of the theoretical efforts to describe
the experiments in generalised hydrodynamics (see Chap. 12) and they deserve
some comments. On the one side, there exists no clear-cut criterion for select-
ing the variables, except that of the relative slowness of their evolution, which
becomes problematic at very high frequencies. Expression (7.26) is worth of atten-
tion, because it relates the memory function to the correlation of the noise. In
fluctuating hydrodynamics, the noise is attributed to the fast fluctuations of the heat
flux and the viscous pressure tensor. Thus, in the light of (7.26) and (5.18) we could
write for the memory functions generalising thermal conductivity and viscosity, the
relations

�.t � t 0/ D V

kBT 2
hıqi .t/ıqj .t

0/i (7.32a)


.t � t 0/ D V

kBT
hıP v

ij .t/ıP
v
ij .t

0/i (7.32b)

(in these equations, there is no summation with respect to repeated indices). These
memory functions complement the transport equations which, in the spirit of (7.1),
read as

q.t/ D �
Z t

0

�.t � t 0/rT .t 0/dt 0: (7.33a)

Pv.t/ D �
Z t

0

2˜.t � t 0/V.t 0/dt 0: (7.33b)

When the relaxation times of the fluctuations of the fluxes are very short, in such
a way that the memory functions are non-negligible only for very small values of
t� t 0 the bounds of the integrals may be extended to infinity and the thermodynamic
forces may be taken out of the integral with the value corresponding to t D t 0. Doing
so, one recovers from (7.32) and (7.33) the Green–Kubo expressions (5.18).

Notwithstanding the elegance and generality of the procedure, the apparent sim-
plicity of Eqs. (7.32–7.33) is misleading because of the complexity of the Liouville
operator. This is why some simplifications must be introduced, usually in the form
of mathematical models for the memory functions, to be able to deal with practi-
cal problems. Extended irreversible thermodynamics is useful as it provides some
hints for such modellings. In the next section we illustrate the previous method by
deriving evolution equations for the dissipative fluxes when the latter are chosen as
independent variables.



7.2 Evolution Equations for Simple Fluids 175

7.2 Evolution Equations for Simple Fluids

In their analysis of neutron-scattering experiments in liquids (see Chap. 12), Akcasu
and Daniels 1970 go beyond the local-equilibrium description by introducing the
heat flux and the viscous pressure tensor among the set of variables and by applying
the method presented above to obtain the evolution equations for this enlarged set
of variables. We present here the main steps of their formalism, which is of special
interest in the context of EIT because it starts from the same selection of basic
variables.

The variables in this description are the mass density �, the momentum density
J D �v, the energy E, the energy flux Q, and the pressure tensor P. In Fourier
space, which is suitable to study the response of the system to external solicitations,
the microscopic operators of the aforementioned variables for a simple fluid are

�.k/ D m
X

˛

expŒik � r˛�; (7.34a)

J .k/ D
X

˛

mv˛ expŒik � r˛ �; (7.34b)

E.k/ D
X

˛

2
41
2
mv2

˛ C
1

2

X
ˇ

�.r˛ˇ /

3
5 expŒik � r˛ �; (7.34c)

Q.k/ D
X

˛

2
41
2
mv2

˛ C
1

2

X
ˇ

�.r˛ˇ /

3
5 v˛ expŒik � r˛�

C 1

4

X
˛

.v˛ C vˇ / � r˛ˇ r˛ˇ

�0.r˛ˇ /

r˛ˇ

1 � expŒ�ik � r˛�

�ik � r˛

expŒ�ik � r˛�;

(7.34d)

P.k/ D
X

˛

8<
:mv˛r˛ C 1

2

X
ˇ

�
r˛ˇ r˛ˇ

�0.r˛ˇ /

r˛ˇ

1 � expŒ�ik � r˛�

�ik � r˛

�9=
;

expŒ�ik � r˛ �; (7.34e)

where r˛ˇ D r˛ � rˇ is the relative position of particles ˛ and ˇ, �.r˛ˇ / denotes
the interaction potential between the particles and �0 D d�=dr˛ˇ ; the last terms
in E.k/, Q.k/ and P.k/ take into account the contributions of the intermolecular
potential, as it was already done in Sect. 4.5 for the viscous pressure. Expressions
(7.34) are useful for calculating the transport coefficients, but here we are more
interested in the general form of the evolution equations rather than in computing
these coefficients.
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Instead of E.k/, Q.k/, and P.k/, it is convenient to introduce the quantities

E.k/ D E.k/� .E.k/; �
�.k//

.�.k/; ��.k//
�.k/; (7.35a)

Pv.k/ D P.k/ � .P.k/; �
�.k//

.�.k/; ��.k//
�.k/� .P.k/; E

�.k//
.�.k/; E�.k//

E.k/; (7.35b)

q.k/ D Q.k/� .Q.k/;J
�.k//

.J .k/;J �.k//
J .k/: (7.35c)

The variable E.k/ may be identified as E.k D �cv.k/T .k/, with T .k/ the absolute
temperature and cv.k/ the specific heat at constant volume. The variables P v.k/

and q.k/ correspond, of course, to the viscous pressure and to the heat flux; indeed
in (7.35c) the convective energy current is subtracted from the total energy current,
and in (7.35b) the equilibrium pressure (a function of T and �) is subtracted from
the total pressure tensor.

Let us now establish the evolution equations for the 14 components of the state
vector, namely

A D f�; E ; P v
11; P

v
22; P

v
33; P

v
13; P

v
23; P

v
12; J1; J2; J3; q1; q2; q3g : (7.36)

The first eight variables are even, whereas the last six are odd functions of the
velocity. Hence, the state vector (7.36) may be decomposed into even and odd parts:

eeA D colfAe ; 0g C colf0;Aog: (7.37)

As a consequence, the static correlation matrix � D .A;A
/, with A
 the trans-
posed of A, splits into two disjoint submatrices

� D
�
�e 0

0 �o

�
; (7.38)

with

�e D .Ae ;Ae
/ D
0
@ .�; �

�/ 0 0

0 .E ; E�/ 0

0 0 .Pv;Pv
/

1
A (7.39)

and

�o D .Ao;Ao
/ D
�
.J ;J 
/ 0

0 .q; q
/

�
: (7.40)

The block diagonality of �e and �o is a consequence of the choice of the state
variables in (7.36).

The frequency matrix i� D .A;A
/��1 defined by (7.19) is here

i� D
�

0 .Ae;Ao
/.�o/�1

.Ae;Ae
/.�e/�1 0

�
: (7.41)
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The usual conservation laws of mass, momentum and energy read

@�

@t
D ik � J ; (7.42a)

@J

@t
D ik � P; (7.42b)

@E

@t
D ik �Q: (7.42c)

It follows that the random noise F D QiLN A has only nine non-zero components,
corresponding to the dissipative fluxes

F D f0; 0; F v
11; F

v
22; F

v
33; F

v
13; F

v
23; F

v
12; 0; 0; 0; q1; q2; q3g : (7.43)

Accordingly, the memory function matrix K.t/ D .F .t/;F �.0// is of the form

K.t/ D

0
BB@
0 0 0 0

0 ¥vv.t/ 0 ¥vq.t/

0 0 0 0

0 ¥qv.t/ 0 ¥qq.t/

1
CCA ; (7.44)

where ¥vv and ¥qq are 6 � 6 and 3 � 3 square matrices, while ¥vq and ¥qv are 3 � 6
and 6 � 3 rectangular matrices respectively.

Introducing (7.38), (7.43), and (7.44) into (7.29) results in the following evolu-
tion equations of Pv and q:

PPv.t/ � . PPv; q
/.q; q
/�1q.t/C
Z t

0

dt 0¥vq.t � t 0/ � q.t 0/

� . PP v;J 
/.J ;J 
/�1J .t/C
Z t

0

dt 0¥vv.t � t 0/ W Pv.t 0/ D Fv.t/; (7.45)

and

Pq.t/ � . Pq; E�/.E ; E�/�1E.t/C
Z t

0

dt 0�qq.t � t 0/ � q.t 0/

� . Pq;Pv
/ � .Pv;Pv
/�1Pv.t/C
Z t

0

dt 0
qv.t � t 0/ W Pv.t 0/ D F q.t/: (7.46)

These equations are exceedingly complicated, and therefore the following simplifi-
cations are usually introduced:

Z t

0

dt 0¥vv.t � t 0/ W Pv.t 0/ DWv.k/ � Pv.t/; (7.47)

Z t

0

dt 0¥qq.t � t 0/ � q.t 0/ DWq.k/ � q.t/; (7.48)
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with

Wv.k/ D
Z 1

0

dt¥vv.t/; Wq.k/ D
Z 1

0

dt¥qq.t/: (7.49)

In generalised hydrodynamics, the cross terms in ¥vq and ¥qv are usually neglected.
Defining the quantities †, ƒ, A, and B (which are fourth-rank tensors at the
exception of ƒ which is of second-rank) by

ˇV �1. PPv;J k/ D ik �†; (7.50a)

. Pq; E�/.E ; E�/�1 D ik �ƒ; (7.50b)

. PPv; q
/.q; q
/ D ik �†; (7.50c)

. Pq;Pv
/.Pv;Pv
/�1 D ik � B; (7.50d)

one obtains from (7.45) and (7.46) the simplified expressions:

PPv �† � ©CWv � Pv � A � ikq D F v.t/ (7.51)

and
Pq � ik �ƒCWq � q � B � ikPv D F q.t/; (7.52)

where ©.k/ is the rate of deformation tensor, i.e.

© D i

2�
.kJ C Jk/: (7.53)

Relations (7.51) and (7.52) have the same form as the linear macroscopic equations
for the heat flux and the viscous pressure tensor proposed in (2.70–2.72), ƒ being
the thermal diffusivity tensor and Wv and Wq frequency matrices. In some aspects
(7.51–7.52) are less general than (2.70–2.72), because the coupling between the
viscous pressure tensor and the heat flux, which was however present in (7.45–
7.46), has been neglected. The contribution of the projection operator formalism is
that it yields expressions for the coefficients in terms of correlations between the
variables.

It is worth emphasizing that when the space of the relevant dynamical variables
is enlarged to include dissipative fluxes, the projection operator method predicts
some results derived within macroscopic extended irreversible thermodynamics.
Nevertheless, in the microscopic formalism no attention is paid to the thermody-
namic implications. By taking thermodynamics into account, EIT may provide a
useful complement to the analysis of the evolution equations, whose final form
must nevertheless be phenomenologically modelled if it is wanted to study actual
problems.
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7.3 Continued-Fraction Expansions

In Sect. 4.6 we saw that when higher-order fluxes are introduced into the description
one is led to a hierarchy of equations which yields, in Fourier space, a continued-
fraction expansion of the transport coefficients. In this section we point out that
similar results may also be obtained from a microscopic perspective within the
framework of the projection-operator techniques, when the noise appearing in evo-
lution equations of the form (7.27) is taken as a new variable for which an evolution
equation must be formulated (Mori 1965). This point of view has some analogy with
EIT, when the fluctuations of the dissipative fluxes, which are considered as a noise
in classical fluctuating hydrodynamics, are incorporated as additional variables in
the theory.

When the noise in the evolution equation of the variable of order n�1 is selected
as an additional variable, one obtains a hierarchy of equations of the form

dFn

dt
D i�nFn.t/ �

Z t

0

Kn.t
0/Fn.t � t 0/dt 0 C FnC1.t/: (7.54)

Indeed, the evolution equation for F0 is

dF0

dt
D i�0F0.t/ �

Z t

0

K0.t
0/F0.t � t 0/dt 0 C F1.t/; (7.55)

with (see for instance (7.19) and (7.26))

�0 D h PF0F
�
0 ihF0F

�
0 i�1; K0 D hF1.t/F

�
1 ihF0F

�
0 i�1: (7.56)

The time correlation function of F0 is defined as

C.t/ 	 hF0.t/F
�
0 ihF0F

�
0 i�1: (7.57)

After multiplying (7.55) by F �
0 and taking into account that hF1.t/F

�
0 i D 0, one is

led to
dC.t/

dt
D i�0C.t/ �

Z t

0

K0.t
0/C.t � t 0/dt 0; (7.58)

the Laplace transform of which is

C.s/ D C.0/

s � i�0 CK0.s/
: (7.59)

To calculate K0.s/ we use the property that K0.t/ is the time correlation function
of F1 and that F1 satisfies an equation of the form

dF1.t/

dt
D i�1F1.t/ �

Z t

0

K1.t
0/F1.t � t 0/dt 0 C F2.t/; (7.60)
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with

�1 D h PF1F
�
1 ihF1F

�
1 i and K1.t/ D hF2.t/F

�
2 ihF1F

�
1 i�1: (7.61)

Multiplying (7.60) by F �
1 and averaging, one finds, after that hF2.t/F

�
1 i D 0 is

taken into account,

dK0.t/

dt
D i�1K0.t/�

Z t

0

K1.t
0/F1.t � t 0/dt 0: (7.62)

The Laplace transform of (7.62) is

K0.s/ D K0.0/

s � i�1 CK1.s/
; (7.63)

and introduction of this result into (7.59) yields

C.s/ D C.0/

s � i�0 C K0.0/

s � i�1 CK1.s/

:

(7.64)

This procedure may continue indefinitely becauseKn.t/ is proportional to hFnC1.t/

F �
nC1i, and all the Fn obey evolution equations of the same form, so that the Laplace

transform of the correlation function for F0 may be written as a continued fraction
in s of the form

C.s/ D C.0/

s � i�0 C K0.0/

s�i�1C
K1.1/

s � i�2 C � � �

; (7.65)

with

Kn�1.0/ D hFn.0/F
�
n .0/ihFn�1.0/F

�
n�1.0/i�1;

i�n D h PFn.0/F
�
n .0/ihFn.0/F

�
n .0/i�1:

This result is comparable to (4.103) for the continued-fraction expansion of the
transport coefficients by recalling that, according to (7.32), the memory function
generalising the transport coefficients is given by the time correlation function of the
fluctuations of the dissipative fluxes. Other microscopic justifications of continued-
fraction expansions may be found in the non-equilibrium statistical operator method
(Madureira et al. 1998). Such a continued fraction was, however, obtained by assum-
ing that the only couplings between variables of different orders are those with the
variables of the immediately higher and lower orders, i.e. that the time derivative
of variable of order r is related only to the variables of orders r � 1, r and r C 1.
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In general situations, more general couplings are occurring, and the form of the
hierarchy of evolution equations becomes much more intricate.

7.4 Problems

7.1. Assume that the relaxation time � of the distribution function depends on the
peculiar molecular velocity C according to �.C / � C a, where a is a constant.
The respective relaxation times for q and Pv are then given by

��1
1 D h.d Oqx=dt/ Oqxi. Oqx Oqx/

�1

and
��1

2 D h.d OP v
xy=dt/ OP v

xyi. OP v
xy
OP v
xy/

�1;

with Oqx and OP v
xy the microscopic operators for qx and P v

xy and h.d Oqx=dt/ Oqxi D
h�.C / Oqx.C /i and h.d OP v

xy=dt/ OP v
xyiD h�.C / OP v

xy.C /
OP v
xy.C /i. Find �1=�2 in terms

of a and calculate this ratio for a D 0 and a D �1.
7.2. In general, the non-equilibrium entropy for an ideal monatomic gas should

be expanded in terms of all the moments of the velocity distribution function
rather than in terms of just the first thirteen moments. To estimate the relaxation
times of the higher-order moments, introduce the quantities

M .n/ D
Z
C nf .C /dc

and compute the corresponding relaxation times according to the expression

��1
n D h.dM .n/=dt/M .n/ihM .n/M .n/i�1 D h��1.C /C nC nihC nC ni�1:

Determine �n for �.C / � C a, with a D 0, a D �1, and a D C1.
7.3. Let the Laplace transform C.s/ of an autocorrelation function be given by

C.s/ D ŒsCK.s/��1, withK.s/ the Laplace transform of the corresponding
memory function. Assume that K.s/ may be expanded as a continued fraction
of the form K.s/ D K0=s C K.s/ D K0=s C K1=s C K2=s C K3 � � � Show
that the first and second approximations, defined by cutting the expansion at
K1 or at K2 respectively, lead to the following memory functions:

K.t/ D K0 expŒ�K1t �;

and
K.t/ D K0 exp.�bt/a�1.a cos atC b sin at/;

with b D �1
2
K2 and a2 D K1 � 1

4
K2

2 .
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7.4. An alternative derivation of (7.14) starts from the Laplace transform ofG.t/ 	
eiLt, namely, QG.s/ D 1=.s � iL/. Since iL D i.QC P/L, it follows that

QG.s/ D 1

s � i.QC P/L:

By using the identity

1

A
� 1

B
D 1

A
.B �A/ 1

B

check that
QG.s/ D 1

s � iQL
C 1

s � iL
iPL

1

s � iQL

and, by Laplace transforms, show (7.14).
7.5. (a) Let Pr.t/ be the probability that a system is in the state r at time t . Assume

that the time evolution of Pr.t/ is given by the master equation

dPr=dt D
X

s

ŒWrsPs.t/ �WsrPr .t/�;

with Wrs the transition probability from state s to state r per unit time. For
isolated systems, Wrs D Wsr. Show that the master equation satisfies an
H -theorem, i.e. define H DP

r Pr lnPr and show that dH=dt � 0. (b) Con-
sider a very simple situation with only two states, corresponding to particles
travelling to the right (state 1) or to the left (state 2). Thus, W11 D W22 D T
(the transmission coefficient) andW12 D W21 D R (the reflection coefficient).
Assume that P1 C P2 D n, with n the total concentration of particles, and
that all the particles are moving at speed v. Show that the entropy correspond-
ing to a non-equilibrium steady state with n particles per unit volume and a
non-vanishing flux of particles j is

S D �1
2
kB

�
nC j

v

�
ln

�
nC j

v

�
� 1
2
kB

�
n� j

v

�
ln

�
n � j

v

�
:

This expression shows clearly the highly non-linear character of the depen-
dence of the entropy on the flux.



Chapter 8
Computer Simulations

Computer simulations have become an important tool in statistical mechanics, since
they allow the study of systems in conditions hardly accessible to experimental
observations. Furthermore, they are useful to assert, at least in some situations, the
very foundations of macroscopic formalisms. In particular, in equilibrium, com-
puter simulations have been especially fruitful in the analysis of the equations of
state and phase transitions of systems composed of interacting particles; out of
equilibrium, they are very helpful in the calculation of transport coefficients and in
the formulation of non-equilibrium thermodynamics beyond the local-equilibrium
approximation. However, out of local equilibrium several conceptual problems arise
which are not present in equilibrium, as, for instance, the definition of temperature
or pressure and their relation with measurements.

The interpretation of the results provided by computer simulations relies on
assumptions such as the meaning of temperature (which is usually identified as the
kinetic temperature) and the kind of average to be performed to obtain truly signifi-
cant macroscopic results. As a consequence, a detailed comparison of the results of
simulations with experimental observations may shed a critical view on these crucial
and subtle matters. Most attention has been focused on the calculation of transport
coefficients out of equilibrium in the linear regime, and more recently the non-linear
regime has been the subject of active research. In particular, non-equilibrium equa-
tions of state and non-linear transport equations have been extensively studied by
Evans and collaborators (Evans and Morriss 1990); in this chapter we will pay
special attention to their contributions and emphasize the aspects which are most
closely related to extended irreversible thermodynamics.

8.1 Computer Simulations of Non-equilibrium Steady States

Let us consider a set of particles described by a Lennard–Jones interaction poten-
tial in a non-equilibrium steady state characterized by a constant shear rate P� .
Systems under a stationary and homogeneous shear rate are one of the most thor-
oughly investigated situations in non-equilibrium molecular dynamics. Indeed, it
is considerably easier to simulate systems in a velocity gradient than systems in

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 8, c� Springer Science+Business Media LLC 2010
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a temperature gradient (Hafskjold and Kjelstrup 1995). Dissipation due to viscous
pressure produces heat which must be removed to keep the system in a steady state;
for this reason, several thermostating procedures have been proposed to maintain
the temperature constant. In this section we outline the basic equations used in the
molecular analysis and comment briefly on the thermostating problem.

According to Evans and colalaborators (1990), the microscopic equations
describing the motion of the molecules under the action of a velocity gradient r�

are given by

Pr i D pi

m
C .r�/T � r i ; (8.1a)

Ppi D F i � .r�/T � pi � ˛pi ; (8.1b)

where F i is the force acting on the molecule i of mass mi , and ˛pi (with pi the
momentum of the molecule i ) is a Gaussian thermostat which removes energy from
the system so as to keep the temperature constant. This is achieved by imposing that
(see Problem 8.2)

’ D �V Pv W .r�/P
i

.p2
i =mi /

; (8.2)

where V is the total volume. This description is not fully realistic, as it implies
that heat is removed at the same point as where dissipation is produced, whereas in
real situations heat is eliminated across the boundaries of the system. Furthermore,
the Gaussian thermostat produces sharply defined kinetic energy and only potential
energy is distributed canonically. A better choice for the thermostat is the so-called
Nosé–Hoover thermostat (Hoover 1999), which yields results in agreement with
the canonical ensemble, not only for the potential but also for the kinetic energy.
Since the rate of viscous heating is quadratic in the shear rate, both thermostats will
obviously lead to the same results in the linear regime. Several debates about the
best choice of a thermostat have arisen in relation to some ordering transitions in
dense fluids (Loose and Hess 1989).

One of the main objectives of non-equilibrium molecular dynamics is to obtain
the transport coefficients of fluids with a higher precision than the usual fluctuation–
dissipation techniques based on Green–Kubo expressions (see Chap. 6. Further-
more, numerical simulations are also relevant for checking ideas on non-equilibrium
temperature and pressure and on fluctuations in non-equilibrium states (Baranyai
and Evans 1989; Daivis 2008). In their earlier calculations of 1980, Hanley and
Evans (1982) did not calculate the entropy and defined simply the temperature in
terms of the average kinetic energy of the particles; however, later, Evans (1989)
computed the entropy and the corresponding temperature for an isoenergetic planar
Couette flow at low densities. The large mean free paths in this low-density regime
require very long runs to achieve an accuracy comparable to that for dense fluids;
as a matter of fact, the results were achieved after 15 million time-step calculation
runs. Table 8.1, which shows some of Evans’ results, makes evident the difference
between the kinetic (local-equilibrium) temperature T and the (non-equilibrium)
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Table 8.1 Values of the dimensionless quantities p1 and u1 of (8.3) obtained at P� D 1 (a density
of 0.844 and a temperature of 0.722 correspond to the triple point of the fluid) (Evans 1989)

Temperature Density p�

1 u�

1

0.72 0.84 2.81 0.58
1.00 0.84 2.20 0.49
1.00 0.73 0.72 0.15
1.75 0.84 1.31 0.31
1.75 0.73 0.44 0.14

thermodynamic temperature � defined as the derivative of the energy with respect
to the entropy. It is to be noticed that � < T , in agreement with the results of EIT
(see Sect. 3.2).

8.2 Non-equilibrium Equations of State

Non-equilibrium equations of state for the pressure and the internal energy of fluids
under shear have been computed by Hanley and Evans (1982). These authors have
carried out their calculations for a system of 108 particles with an interaction poten-
tial of the form �.r/ D 4".¢=r/12 (r is the distance between particles, " and ¢ the
strength and range of the potential) at fixed values of density and temperature, under
a constant shear rate P� . The first result deserving special attention is the shear-rate
dependence of the pressure p.T; V; P�/ and the internal energy per particle u.T; V; P�/

p.T; V; P�/ D p0.T; V /C p1.T; V / P�3=2; (8.3a)

u.T; V; P�/ D u0.T; V /C u1.T; V / P�3=2: (8.3b)

In Table 8.1 are shown some numerical values for p1.T; V / and u1.T; V /. Pressure,
energy, shear rate, and temperature are expressed in dimensionless form in terms of
the parameters " and ¢ . The relations between the dimensional and dimensionless
quantities are

p D p�."=¢3/; u D u�"; P� D P��."=m¢2/1=2; T D T � ."=kB/ ;

where the symbols with asterisks denote dimensionless quantities. The problem is
that when these quantities are scaled with the parameters of atomic fluids, the typical
shear rates used in non-equilibrium molecular dynamics are much higher than those
found in current experiments (Problem 8.3). The results are more satisfactory with
colloidal suspensions, which may be modelled by the same two-particle interaction
potential, but with a relaxation time of the order of milliseconds, much longer than
the relaxation times of atomic fluids, of the order of picoseconds. Correspondingly,
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for a given value of the dimensionless shear rate (which is given by the product of
the actual shear rate times the relaxation time) the actual shear rate corresponding to
a colloidal suspension is one millionth of the shear rate corresponding to an atomic
fluid.

The main difference between (8.3a and b) and the results of EIT is the non-
analytic dependence of p and u on P�3=2, whereas EIT predicts a dependence on
P�2. However, the contradiction is only apparent: computer simulations have been
performed at high values of P� in order to make easily visible the effects of shear; in
contrast, in the present description of EIT it is supposed that P� remains small. The
transition from a P�2 to a P�3=2 behaviour has been studied in the context of extended
thermodynamics by Nettleton (1987), who introduced the volume fraction of locally
dilated spherical regions as a further state variable. At a high shear rate, Nettleton
observes a bifurcation in the asymptotic solution with a P�3=2 dependence for p and
u and a P�1=2 dependence for the viscosity. In Sect. 8.3 we reexamine this difference
in the frame of a more general non-linear version of EIT.

The second point to be emphasized is that p1 and u1 in (8.3) satisfy the relation

N

�
@u1

@V

�
T; P�
D �p1 C T

�
@p1

@T

�
V; P�

: (8.4)

Such a relationship was proved analytically for the soft-sphere fluid but not for the
Lennard–Jones fluid, in which case the computed expressions for p1 and u1 are
consistent with (8.4) within an error of about 5%. Relation (8.4) is well known
for equilibrium systems, with p and u being the equilibrium pressure and internal
energy. What is new and unexpected is that (8.4) is also satisfied by the non-
equilibrium contributions of p and u. This led Hanley and Evans to propose a
generalised Gibbs relation of the form

dU D T dS � pdV C � d P� (8.5)

where �.T; V; P�/ is a state function reflecting the shear-rate dependence of the
thermodynamical potential. Expression (8.4) is easily derived from (8.5), since

�
@U

@V

�
T; P�
D �p C T

�
@S

@V

�
T; P�

: (8.6)

Introducing the Maxwell relation .@S=@V /T; P� D .@p=@T /V; P� into (8.6) and recall-
ing that the internal energy is U D Nu, we see that (8.6) is identical to (8.4).

A third point predicted by the numerical results refers to thermodynamic stability.
By using the Helmholtz potential

dˆ D �SdT � pdV C � d P� (8.7)

and proceeding in close analogy with classical thermodynamics, one obtains the
following stability conditions:
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Cv.T; V; P�/ � 0 .thermal stability/; (8.8a)

�.@p=@V /T; P� � 0 .mechanical stability/; (8.8b)

.@�=@ P�/T;V � 0 .shear-rate stability/ (8.8c)
�
@p

@V

�
T; P�

�
@�

@ P�
�

T;V

�
"�

@p

@ P�
�

T;V

#2

(8.8d)

Such stability conditions are generally not satisfied for any value of the shear rate.
For instance, one notes that .@u1=@T /V; P� may be negative according to Table 8.1,
which means that a fluid may be thermally less stable in the presence of a shear. In
view of Table 8.1, .@p=@�/T; P� is seen to be positive so that, under a shear, mechani-
cal instability is enhanced. The fourth condition in (8.8a–d) is more severe than the
second one in the sense that it leads to a value of the critical shear rate lower than the
one inferred from the thermal stability condition. Hanley and Evans have interpreted
the shear-rate influence on phase transitions as a consequence of the breakdown of
solid-like structures of charged suspended colloidal particles when the system is
sheared (Ackerson and Clark 1981; Hanley et al. 1983). Clearly, numerical simula-
tions strongly suggest that thermodynamics should be extended beyond its classical
description.

Numerical simulations are also useful to test the theoretical ideas on non-
equilibrium temperature and non-equilibrium pressure. In their earlier calculations
Hanley and Evans (1982) did not evaluate the entropy and defined the temperature
in terms of the average kinetic energy of the particles. Later on, Evans computed
explicitly the entropy of shear states under shear flow for a system of 32 soft discs
interacting through a potential of the form �.r/ D ".¢=r/12, truncated at r D 1:5¢ .
Evans calculated the entropy for an isoenergetic planar Couette flow by using the
following expression for the entropy (see Sect. 4.5):

S

N
D 1 � kB ln

�
n

2�mkBT

�
� 1
2
nkB

Z
g.r12/ lng.r12/dr12 (8.9)

with g.r12/ being the radial distribution function; the entropy was obtained by inte-
grating the relevant distribution functions over the whole simulation volume, by
forming histograms for g.r/ and f .r/. Table 8.2 shows some of Evans’ results,
which make evident the difference between the kinetic (local-equilibrium) temper-
ature T and the (non-equilibrium) thermodynamic temperature � defined as the
derivative of the energy with respect to the entropy.

Furthermore, Evans has calculated the non-equilibrium pressure, defined as
� D �.@U=@V / P� , and has compared it with the kinetic pressure p obtained
from the trace of the pressure tensor. From a microscopic point of view, the non-
equilibrium corrections may be attribute to a deformation of the pair-correlation
g.r12/ in the presence of the shear flow. Some of Evans’ results are reproduced in
Table 8.3.

It is evident from these results that there are significative differences between the
values of � and T and between those of � and p in the presence of shear rates.
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Table 8.2 Values for the non-equilibrium entropy, the kinetic temperature T and the thermody-
namic temperature � at energy u D 2:134 at different densities and different values of the shear
rate P� . All the quantities are expressed in units of the parameters of the molecular potential ", ¢
and kB (Evans and Morriss 1990). The uncertainties in the entropy are ˙0:005 and in temperature
˙0:04

� P� s T �

0.100 0.0 5.917 2.175 2.126
0.100 0.5 5.653 2.171 2.048
0.100 1.0 5.392 2.169 1.963
0.075 0.0 6.213
0.075 0.5 5.852 2.190 2.088
0.075 1.0 5.499 2.188 1.902

Table 8.3 Values of the local-equilibrium pressure p versus the non-equilibrium pressure � at
energy u D 2:134 and density � D 0:100 for different values of the shear rate P� (Evans and
Morriss 1990)

P� p �

0.0 0.244 0.215
0.5 0.245 0.145
1.0 0.247 0.085

Note, furthermore, that � < T and � < p, as predicted by EIT, according to the
arguments presented in Sect. 3.5 Evans (1989) noticed that the numerical data for
the thermodynamic pressure � agree with the minimum eigenvalue of the pressure
tensor and conjectured that this is a general feature. He argued that, if the entropy
is related to the minimum reversible work to accomplish a virtual change, in a non-
equilibrium steady state the minimum work, changing the volume by dV , will be
that carried out by moving the wall perpendicular to the direction corresponding to
the minimum eigenvalue of the pressure tensor. We have found in (3.23) a similar
result for a gas submitted to a heat flux, where the pressure becomes lower in the
directions perpendicular to the heat vector, and in (3.29a) for fluids under shear flow.

8.3 Dependence of the Free Energy on the Shear Rate:
Non-linear Approach

We have already stated that the main difference between the results (8.3) of numer-
ical simulations and those of EIT is that the former predicts a non-analytical
dependence of p and E on the shear rate P� while EIT exhibits a dependence on
P�2. Indeed, it is found from (8.3) that the free energyˆ.T; V; P�/ is

ˆ.T; V; P�/ D .T; V /Cˆ1.T; V / P�3=2; (8.10)

in contrast with the P�2 behaviour found in Chap. 2.

ˆeq
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A strict comparison with EIT requires a macroscopic theory valid at very high
values of the shear rate. Indeed, computer simulations have been performed at high
values of P� in order to emphasize the effects of shear (Problem 8.3 shows the very
unrealistic values of the actual shear rate which correspond to the value P� D 1

of the dimensionless shear rate considered in NEMD (Non-Equilibrium Molecular
Dynamics) simulations of atomic fluids). In contrast, the quadratic approximation
supposes that P� remains small. Nevertheless, the transition from a P�2 to a P�3=2

regime may be apprehended qualitatively in a rather simple way in the context of
EIT (Bidar 1997). To achieve this goal, let us start from the following expression of
the free energy of EIT

ˆ.T; V; P�/ D ˆeq.T; V /C 1

2
�V
 P�2; (8.11)

where we have used P �
12 D 
 P� to write F.T; V; P�/ instead of F.T; V; P �

12/. In
general, the viscosity 
will be a function of P� and will decrease with increasing P� (a
phenomenon known as shear-thinning). Detailed expressions for such a dependence
of 
. P�/ may be obtained from kinetic theory, from numerical simulations, and from
maximum-entropy arguments. Here, we will use the latter to emphasize the internal
unity of the present text. Taking into account expression (6.41) for the Lagrange
multiplier �12 conjugated to the viscous pressure component P �

12 in information
theory, as well as the identification

�12 D � �


kBT
P �

12 D
� P�
kBT

; (8.12)

one may obtain 
 as a function of P �
12 as


 D �P
�
12

P� D �
0

3R2
�
R2 C .1 � y/�

2
�
R2 C 2

3
.1 � y/� ; (8.13)

where R and y are given by

R D P �
12.N u/�1; y D .1C 3R2/1=2; (8.14)

while 
0 is the shear viscosity in the low shear-rate limit. For low values of R, this
expression tends to 
0, whereas it tends to 0 when R approaches 1, in such a way
that 
. P�/ P� tends to the finite value Nu (corresponding to R D 1). The behaviour of

. P�/ is given implicitly by (8.13), but it is difficult to invert this relation analytically.
Its behaviour can be grossly modelled by Bidar (1997)


 D 
0

Œ1C .a� P�/n�1=n
; (8.15)
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where a and n are fitting parameters. It must be noted that (8.15) does not follow
from first principles; it is rather a heuristic simplification of (8.13), but it captures
the essential features of the asymptotic behaviour of the pressure tensor at high and
low values of the shear rate. Accordingly, expression (8.11) for the free energy may
be written as

ˆ.T; V; P�/ D ˆeq.T; V /C 1

2
�V
0 Œ1C .a� P�/n��1=n P�2: (8.16)

Note that the asymptotic behaviour of F at low P� is of the form P�2, whereas
for high values of P� it behaves like P� ; therefore, at the intermediate regime F is
expected to depend on P� as P�3=2. A linear behaviour of F (or S/ with P� is moreover
observed in NEMD; when the calculations are extrapolated to regions with small
shear rate, which are the most difficult to simulate, the possibility of a crossover to
a P�2 dependence is not excluded by the results of NEMD.

8.4 Shear-Induced Heat Flux and the Zeroth Law

It was stressed that numerical simulations may lead to a non-equilibrium temper-
ature dependent on the shear rate, as in EIT. In this last section, we examine the
relation between this temperature and the heat flux, which is of interest in con-
nection with temperature measurements. This was pointed out in our discussion
about non-equilibrium temperature in Chap. 3. Here, we will consider it from the
perspective of NEMD.

Evans and co-workers have studied the flow of a fluid in a Poiseuille config-
uration (Todd et al. 1995a,b; Todd and Evans 1995) and in a non-homogeneous
shear flow produced by a sinusoidal transverse force (Baranyai et al. 1992). The pur-
pose was to study the conditions of thermal ‘equilibrium’ between non-equilibrium
steady states characterized by different shear rates, in mutual thermal and mechani-
cal contact. One interesting result is the occurrence of a heat flow between different
‘subsystems’ even when they are at the same kinetic (i.e. local-equilibrium) temper-
ature. This reinforces the arguments presented in Chap. 3, in which it was claimed
that the heat flux is related to the gradient of the temperature � rather than to the
gradient of the local-equilibrium temperature T . Here, instead of a heat flux, the
non-equilibrium parameter is the shear rate. The results of Evans et al. (1995) con-
firm that layers with identical kinetic temperatures may have shear-rate dependent
thermodynamic temperatures, since they exchange heat.

However, as commented in Chap. 3 and in Sect. 8.2, such thermodynamic tem-
perature should decrease with increasing shear rates. In contrast, Evans et al. (1995)
obtained a heat flux in the opposite sense, i.e. from the layers with higher shear rate
to those with lower shear rate. To describe this result in a macroscopic way, they
assumed an ad hoc constitutive equation for the heat flux of the form
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q D ��rT � �
h
.r�/ W .r�/T

i
; (8.17)

where � is a coupling coefficient which describes the ‘isothermal’ generation of heat
flux due to a velocity gradient between parallel plates located at y D 0 and y D d .
For a planar Poiseuille flow with constant viscosity 
, the solution for the velocity
profile is

vx.y/ D � 1
2


dp

dx
.y � d/y; (8.18)

and the leading-order terms in the heat equation are

�cv
dT

dt
D �r2T C �r2 P�2 C 
 P�2; (8.19)

where P� 	 @vx=@y as usual. The temperature profile in a steady state now has the
form

T .y/ D � �

4�
2

�
dp

dx

�2

.d �2y/2� 1

192�


�
dp

dx

�2

.d �2y/4Cconstant: (8.20)

The effect of the coupling in the first term will dominate when d � 2y < p
48�=


and will change the shape of the temperature profile from quartic to parabolic in the
central region of the flow.

Although the modelling (8.17) fits the results of the non-equilibrium molecular
dynamics simulations, it is an ad hoc assumption and does not clarify the role of the
non-equilibrium temperature. In contrast, an equation analogous to (8.17) may be
obtained in the framework of EIT. We may start from the evolution equation (2.69)
for the heat flux, namely

� Pq C q D ��r� � a�

nkB
r � Pv; (8.21)

with a being a numerical constant. Furthermore, recall that in Sect. 3.3 we wrote the
pressure tensor as

P D �UC Pv D nkB�UC P� : (8.22)

For a plane shear flow, this tensor is given the form

P D
0
@nkB� 0 0

0 nkB� 0

0 0 nkB�

1
AC

0
@ b P�

2 �
 P� 0
�
 P� b P�2 0

0 0 0

1
A ; (8.23)

up to the second order in the shear rate. The value of the coefficient b is given by
the condition that TrP D 3p D 3nkBT , identically. This implies that

3nkB� C 2b P�2 D 3nkBT;
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and therefore

b P�2 D 3

2
nkB.T � �/: (8.24)

The expression (8.23) for P may be introduced into (8.21) and it follows that, in a
steady state, the component of the heat flux in the y direction (perpendicular to the
flow) is

qy D ��@�
@y
� a�

nkB

@

@y
.b P�2/: (8.25)

This equation shows a coupling between the heat flux and the gradient of the shear
rate; however, in contrast to (8.17), it exhibits explicitly the role of � . Moreover,
(8.25) does not exclude the possibility that the heat flows in the direction of r� . To
see that, let us eliminate b between (9.24) and (9.25) so that

qy D ��@�
@y
� 3
2
a�

@

@y
.T � �/ D

�
3a

2
� 1

�
�
@�

@y
; (8.26)

where in the second equality we have assumed that T is homogeneous. It follows
that for 3a > 2, the coupling between P� and q in (8.24) justifies that qy has the
same direction as the gradient of � instead of the opposite direction.

In EIT, the presence of coupling terms comes out in a rather natural way from
the general framework. Furthermore, the existence of this coupling shows that the
vanishing of the non-equilibrium temperature gradient in (8.21) does not guarantee a
zero heat flux. Therefore, the zeroth principle of thermodynamics must be taken with
caution in non-equilibrium situations, because of the different possible couplings
between the system being analysed and the system being used as a thermometer.
This conclusion is not completely surprising; for instance, in classical irreversible
thermodynamics, when both heat and matter may flow, it is possible to combine
the temperature gradient and concentration gradient in such a way that the net heat
exchange vanishes in spite of the existence of a temperature gradient. Here, the heat
flux could be made to vanish by a suitable combination of the gradients of � and P� .

8.5 Problems

8.1 In one of the earliest versions of non-equilibrium molecular dynamics of fluids
under shear, the microscopic equations of motion were derived from a so-called
DOLLS Hamiltonian (Hoover 1999), defined as

H D
X

i

pi � pi

2m
C
X
i;j

�.r i ; rj /C
X

i

.r�/ W pir i ;

where � is the intermolecular potential and the last term describes the action of
the flow. (a) By using the Hamiltonian algorithm, i.e.

Pr i D @H
@pi

; pi D �
@H
@r i

;
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derive the equations of motion from H and compare them with (8.1). (b) Check
that in contrast with the equations derived from the DOLLS Hamiltonian (8.1)
(also called the SLLOD equations of motion) (Evans and Morriss 1990) are not
derivable from a Hamiltonian.

8.2 In order for the kinetic energy of the system to remain constant one must require
that

P
i pi � Ppi D 0. (a) Apply this condition to (8.1b) and show that

˛ D
P

j F j � pj � .r�/ WPj pj pjP
i pi � pi

:

(b) Show that this expression may be rewritten in the form of (8.2).
8.3 In the tables of this chapter, the several quantities (temperature, density, shear

rate, etc.) are given in dimensionless form in units of m (mass of the particles)
and of the parameters " and ¢ describing the strength and range of the inter-
molecular potential. The values of the dimensionless temperature and number
density at the triple point are

T � D kBT

"
D 0:722; n� D n¢3 D 0:844:

The triple point of Ar (molecular mass D 40 g mol�1) corresponds to Tt D
83:8K and pt D 6:88 � 105 N m�2, and the number density corresponding to
the liquid phase is n D 2:6�1028 m�3. (a) Find " and ¢ for Ar. (b) Estimate the
actual value of the shear rate corresponding to the dimensionless value P� D 1.
(c) Evaluate the relaxation time for Ar and compare it with that of a globular
polymer with ¢ D 10�4 m and molar mass 103 kg � mol�1 and Tt D 300K.
Recall that

P� D �� � "

m¢2

	1=2

; � D
�
m¢2

"

�1=2

:

8.4 To describe fluid systems under shear flow with shear rate P� , the following
generalised free energy per unit mass is used

f .T; v; P�/ D feq.T; v/C ˛.T; v; P�/;

˛.T; v; P�/ is a function given, for instance, by ˛ D Av�xT �z P�2.yC1/, A is a
positive constant and x, y, and z are constant parameters. From the stability
conditions

�
@2f

@T 2

�
v; P�
� 0;

�
@2f

@v2

�
T; P�
� 0;

�
@2f

@ P�2

�
T;v

� 0;
�
@2f

@v2

�
T; P�

�
@2f

@ P�2

�
T;v

�
�
@2f

@v@ P�
�2

;

analyse how a shear rate can modify the stability of the system.
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Table 8.4 Values of the non-equilibrium entropy s for different values of the internal energy u and
of the shear rate P�

u s. P� D 0:0/ s. P� D 0:5/ s. P� D 1:0/

1.921 5.812 5.539 5.275
2.134 5.917 5.653 5.392
2.346 6.013 5.492 5.747

Table 8.5 Values of the non-equilibrium entropy s for different values of the density � and of the
shear rate P�

� s. P� = 0.0) s. P�D 0:5/ s. P�D 1:0/

0.100 5.917 5.653 5.392
0.125 5.686 5.478 5.267
0.075 6.213 5.852 5.499

8.5 The values obtained by Evans (1989) for the internal energy u and the entropy
s for density � D 0:100 in a numerical analysis of a system constituted of 32
soft discs described by a potential �.r/ D ".¢=r/12, at different values of the
shear rate P� , are listed in Table 8.4.
Estimate the mean value of the non-equilibrium temperature � at different shear
rates by using the values of the entropy presented in Table 8.4, and the defini-
tion � D .@U=@S/ P� , and by approximating the derivative by the corresponding
incremental ratio.

8.6 According to Evans (1989), the values for the entropy of the system of 32 soft
discs mentioned in the previous problem, at internal energy u D 2:134 and for
different densities, are given in Table 8.5.
Obtain the thermodynamic pressure at different shear rates by approximating
the derivative �™�1 D .@s=@v/u; P� by the corresponding incremental ratio.

8.7 In their analysis of the isothermal shear-induced heat flow discussed in Sect. 8.4,
Baranyai et al. (1992) proposed for the heat flux the constitutive equation
(8.17), namely

q D ��rT � �r
h
r� W .r�/T

i
;

with � being a coupling coefficient. (a) Show that for a velocity profile of
the form � D . P�y; 0; 0/ the energy balance equation takes the form (8.19).
(b) Given the classical expression for the entropy production, namely

¢s
CIT D q � rT �1 � T �1P� W .r�/;

and if the fluid is assumed to be Newtonian, discuss under which condi-
tions expression (8.17) for the heat flux is compatible with positive entropy
production.

8.8 The extended Gibbs equation for a viscoelastic fluid in the internal energy
representation is

dU D �dS � �dV C 
dN C �

2

P� W d.V P�/:
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(a) Show that in a steady state

�
@U

@.V P�/

�
S;V;N

D ��.r�/s:

(b) In equilibrium thermodynamics, the way to change a variable inU.S; V;N /
for the corresponding derivative of U with respect to this variable is a
Legendre transform. For instance, when S is replaced by TD.@U=@S/V;N ,
the Legendre transform is

ˆ.T; V;N / D U � @U
@S

S D U � TS:

Analogously to the equilibrium situation, if one wishes to use � .r�/s as
variable instead of Pv, one should make a Legendre transform as

ˆ.�; V;N; �.r�/s/ 	 U � @U
@S

S � @U

@.V P�/
W V P� :

Compare this expression with that obtained by direct substitution of P�

with �2
.r�/s in the free energyˆ D ˆeq C 1
4
JV P� W P� :

(c) Compare the form of the chemical potential derived from the Legendre
transform ˆ.�; V;N; � .r�/s/ and from the direct substitution of P� with
�2
.r�/s in ˆ. Note that the non-equilibrium contribution has opposite
sign in the two expressions.

8.9 By following the statements of Problem 8.8, discuss the Legendre transform
from V q to its conjugate in the generalised Gibbs equation, namely ��rT �1,
with � being the relaxation time of the heat flux in the Maxwell–Cattaneo
equation.
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Selected Applications





Chapter 9
Hyperbolic Heat Transport in Rigid Conductors

There exists an impressive amount of literature on heat conduction and hyperbolic
equations. It is not our purpose to examine this topic exhaustively, but to stress the
more significant and illustrative aspects in connection with extended irreversible
thermodynamics (EIT). Two main motivations underlie such a vast literature. One
of them, of a theoretical nature, refers to the so-called ‘paradox’ of propagation
of thermal signals with infinite speed. The second, more closely related to experi-
mental observations, deals with the propagation of second sound, ballistic phonon
propagation, and phonon hydrodynamics in solids at low temperatures, where heat
transport departs dramatically from the usual parabolic description.

In the classical theory of heat transport, thermal signals obey a parabolic equa-
tion. In the linear approximation, this implies that the influence of such a signal is
felt instantaneously throughout the whole system, or, otherwise stated, that the ther-
mal signal propagates at infinite velocity. One of the first motivations for EIT was
precisely to remove the paradox of infinite speed of propagation.

A macroscopic theory with finite speed of propagation finds its roots in the
kinetic theory and in experiments. From an experimental point of view, the search
for generalising the Fourier equation was launched in the 1960s by the discovery
of second sound and ballistic phonon propagation in some dielectric crystals at
low temperature. This observation stimulated also the development of microscopic
models of heat conduction supporting the generalised macroscopic transport equa-
tions. Such analyses are of interest in solid-state physics because they provide useful
and relevant information on phonon scattering processes. However, most works on
heat propagation are concerned with the dynamical consequences of the transport
equations, without paying much attention to their thermodynamic implications. In
Chap. 2 we have already emphasized the need to deal consistently with both dynam-
ical and thermodynamical aspects. In Chap. 10 we complete the analysis of heat
transport by focussing our attention on nanosystems, because of their technological
applications and their conceptual challenges.

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 9, c� Springer Science+Business Media LLC 2010
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9.1 Linear Wave Propagation: Second Sound
and Telegrapher Equation

The thermodynamical analysis of hyperbolic heat transport (described by the
Maxwell–Cattaneo’s equation) has been carried out in Sect. 2.1. Here we explore the
physical consequences of the presence of relaxational terms in the transport equa-
tion (2.4) when the relaxation time � and the heat conductivity � are constant. For
simplicity, we consider a rigid solid or an incompressible perfect fluid at rest, which,
according to the hypotheses of EIT, is locally characterized by the specific internal
energy u per unit mass and the heat flux vector q. The energy balance equation
reduces in this case to

�
@u

@t
D �r � q; (9.1)

where no energy supply has been considered. The evolution equation for q is
assumed to be the Eq. (2.4),

�
@q

@t
D �.q C �r�/: (9.2)

Consider infinitesimally small thermal disturbances around an equilibrium reference
state with vanishing velocity. In this case, � and T are identical up to second-order
corrections and @u=@t is given by @u=@t D cv@T=@t , with cv the heat capacity per
unit mass at constant volume. The evolution equations of T and q are therefore
given by:

�cv
@T

@t
D �r � q; (9.3)

and

�
@q

@t
D � .q C �rT / : (9.4)

Introduction of (9.4) into (9.3), results in a hyperbolic equation of the telegrapher
type, namely,

�
@2T

@t2
C @T

@t
� �r2T D 0; (9.5)

with �D�=�cv being the thermal diffusivity. General properties of the telegrapher
equation have been extensively studied. By assuming plane thermal waves of the
form

T D T 0 exp Œi .!t � kx/� ; (9.6)

where! is the (real) frequency, k the (complex) wave number, and T 0 the amplitude,
the dispersion relation obtained by substituting (9.6) into (9.5) reads

� �!2 C i! C �k2 D 0: (9.7)
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It follows that the phase velocity �p and the attenuation distance ˛ are given by

�p D !

Re k
D

p
2�!p

�! Cp1C �2!2
(9.8a)

and

˛ D � 1

Im k
D 2�

�p

: (9.8b)

At low frequencies .�! � 1/, it is found that �pD .2�!/1=2 and ˛D .2�=!/1=2,
which are the results predicted by the classical theory based on Fourier’s law. In
the high-frequency limit .�! � 1/, the first-order term derivative @T=@t in (9.5) is
small compared with the two other terms and (9.5) becomes a wave equation whose
solutions are known in the literature as second sound. The quantities �p and ˛ tend
to the limiting values �p 1 and ˛1 which are given by

�p 1 	 U D
p
�=� ; ˛1 D 2p��; (9.9)

where �p1 can be identified with the speed of propagation of thermal pulses as
shown in the next section. The velocity U is usually called the velocity of second
sound. It is interesting to note that within the limit � D 0, which corresponds to
the Fourier law, one has �p1D1 and ˛1D 0. Note that when � and � diverge
but �=� remains finite, as in the case of superfluids and solids at low temperature,
(9.5) reduces to a wave equation. According to kinetic theory, it is found that for
solids in the Debye approximation �=� D c2

0=3, with c0 the phonon velocity. As a
consequence, the second sound speed in a solid is

U.solid/ D 1p
3
c0: (9.10)

The problem of propagation of thermal signals was first dealt with by
Cattaneo (1948) and Vernotte (1958) (see also Jou et al. 1998; Sieniutycz and
Salamon 1992), who based their analysis on kinetic theory arguments and added a
relaxation term to the Fourier equation. This point of view has been used in several
contexts, such as in the analysis of waves in thermoelastic media, fast explosions,
and second sound in solids. The presence of second sound in solids, suggested by
Peshkov in 1947 and by Wards and Wilks in 1951, was analysed in terms of the
Maxwell–Cattaneo equation by Chester (1963, 1966), who obtained for the sec-
ond sound the result (9.10). Wide-ranging bibliography can be found in Luikov
et al. (1976), Joseph and Preziosi (1989), Ozisik and Tzou (1994) and Tzou (1997).
However, all is not well with the Maxwell–Cattaneo equation, which is insufficient
in several aspects: it does not describe accurately the broadening of the second-
sound signals, it does not incorporate the phenomenon of ballistic phonon propaga-
tion (i.e. the propagation of phonons without any collision) nor the dependence of
the second sound on temperature, and it does not deal with phonon hydrodynamics.
A more general equation is therefore proposed and discussed in Sect. 9.3.
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It should also be noticed that the telegrapher equation (9.5) does not conserve
the positive character of the solutions, i.e. it may yield negative values for T even
when the initial profile for T is positive everywhere. This unpleasant feature may be
avoided by imposing not only an initial positive profile for T but also a restriction
on the heat flux, namely, that q � �uU (see Problem 9.8). This condition is one of
the requirements of thermodynamic stability obtained in Chap. 3 and will receive a
confirmation in the foregoing sections.

It is not necessary to introduce relaxation terms into the heat equation to obtain a
finite velocity for the propagation of thermal signals. This feature is also predicted
by taking a non-linear diffusion equation with a thermal conductivity depending on
the temperature, for instance � 
 T n with n > 0 (Luikov et al. 1976). However,
experiments show that, for fluids or metals at intermediate and high temperatures,
this dependence is not realistic.

9.2 Transient Heat Conduction: Parabolic Versus
Hyperbolic Regimes

Our purpose is to compare parabolic and hyperbolic response of thermal conductors
whose boundaries are submitted to imposed temperature fields, heat pulses induced
by a laser pulse or an electrical discharge. Combining the energy balance

�cv
@T

@t
D �r � q C g.r ; t/; (9.11)

where g.r ; t/ is the volumetric internal energy supply, with Cattaneo equation (9.4)
results in

�
@2T

@t2
C @T

@t
� �r2T D 1

�cv

�
g C � @g

@t

�
; (9.12)

for constant relaxation time � and thermal coefficients � and cv. Equation 9.12 can
be solved by several techniques, like Laplace’s transformation or Green’s function
method (see Problem 9.17) and is particularly well suited to describe microscale
applications involving small time (sub-picoseconds) and small space scales (smaller
than one micron). We have in mind materials characterized by non-homogeneous
inner structures, like porous media, sand and processed meat. As it is here wished to
discuss a simple analytic solution, we shall consider the problem of heat conduction
in a thin film, say a dielectric crystal sandwiched between two metallic plates, in
absence of internal energy supply.

9.2.1 Formulation of the Problem in Absence of Internal Source

Consider a one-dimensional slab of thickness L whose initial temperature is T0.
At time t D 0C, the temperature at the boundary xD 0 is suddenly increased to
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T DT1 while it is maintained at T DT0 at the other extremity xDL. Introducing
the following dimensionless variables

x� D x=L; t� D t=�; T � D .T � T0/=.T1 � T0/; (9.13)

the boundary and initial conditions take the form

x D 0 W T �.0; t�/ D 1; x� D 1 W T �.1; t�/ D 0; (9.14a)

t� D 0 W T �.x�; 0/ D 0; @T .x�; 0/=@t� D 0: (9.14b)

Making use of the method of separation of variables, it is found that the solution of
Eq. (9.12), with g.r ; t/D 0, is given by

T � D 1 � x� � 1

2�
exp

��1
2
t�
� 1X

nD1

1

n
sin.n�x�/

�


1C 2˛n

˛n

exp.˛nt
�/C 2˛n � 1

˛n

exp.�2˛nt
�/
�
; (9.15)

with ˛nD .1 � 1
3
n2�2/1=2.

The heat flux at x�D 0, adimensionalized by �.T � T0/=L, is

q� D 1

3
Œ1 � exp.�t�/�C 2 exp

�
�1
2
t�
� 1X

nD1

˛n

n
sinh.˛nt

�/: (9.16)

In the Fourier approximation, i.e. letting � ! 0 and defining t�D t=.L�/, with � a
reference velocity, say the phonon velocity, the solutions (9.15) and (9.16) take the
form

T � D 1 � x� � .2=�/
1X

nD1

sin.n�x�/ exp
��1

3
.n2�2t�/

�
; (9.17)

q� D 1C 2
1X

nD1

exp
��1

3
.n2�2t�/

�
: (9.18)

Solution (9.15) and (9.16) are representative of waves damped by heat diffusion
and are converging to the Fourier solution for sufficiently long times. Expression
(9.17) reflects the property that temperature is instantaneously felt everywhere in
the whole slab, moreover, it follows from (9.18) that for t� ! 0, the heat flux q�
tends to infinity.
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Fig. 9.1 Non-dimensional temperature profiles for Fourier, Cattaneo (hyperbolic) and kinetic
(EPRT) evolution laws at three different dimensionless times (reprinted with permission from Joshi
AA, Majumdar A (1993) J Appl Phys 74:31)

9.2.2 Results for Diamond Films

The above analysis is applied to the problem of transient heat transport in a thin
diamond film, initially at temperature T0D 300K, when the temperature at the
face xD 0 is suddenly brought at T1DT0 C 0:1K. The results of Fig. 9.1 (Joshi
and Majumdar 1993) reproduce the temperature profiles for a layer of thickness
LD 1�m at the dimensionless times t�D 0:1; 1:0 and 1 (steady state) obtained
from Fourier’s law, Cattaneo’s law (hyperbolic model), and a kinetic model based
on an equation of phonon radiative transfer (EPRT), which is discussed in the next
chapter, in Sect. 10.2.

According to Fourier’s law, a well-established temperature distribution is obser-
ved within the slab at any time, the steady state solution is predicted after time is
increased beyond t� > 1. Cattaneo’s law gives rise to a temperature wave travelling
across the film, the attenuation of the wave is due to diffusion effects which increase
with time. The wave moves with a velocity c0=

p
3 as discussed in Sect. 9.1. When

compared to Fourier’s equation, it is seen that Cattaneo’s predicts a higher value
of the temperature, because behind the wave front, a higher amount of energy is
trapped into a smaller volume. Of course, at large time values, energy is distributed
over a larger volume because of diffusion and the hyperbolic temperature becomes
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Fig. 9.2 Heat flux evolution at the wall x� D 0 for Fourier, Cattaneo (hyperbolic) and kinetic
(EPRT) evolution laws as a function of dimensionless time, for systems of two different lengths
(reprinted with permission from Joshi AA, Majumdar A (1993) J Appl Phys 74:31)

closer to Fourier’s one. In Fig. 9.2 is reported the variation of the heat flux as a
function of time at the face x�D 0:

In virtue of Fourier’s law, the wall heat flux decreases rapidly to its steady state
value while Cattaneo’s law predicts a practically constant value around t�D 0,
which decays gradually to the steady state value at t�D 3. Fourier’s model over-
estimates the wall heat flux because the temperature gradient which sets in instan-
taneously is larger than with Cattaneo’s, generating a large value of the heat
flux.

In short, it can be said that Fourier’s law remains a very useful tool when
the relaxation time is sufficiently small to neglect heat flux relaxation. However,
when the relaxation time is of the same order as the time scale of the experiment
under study, Cattaneo’s equation must be preferred, like for instance in materials
undergoing very short thermal pulses.

9.2.3 Heating in Presence of Internal Energy Source:
Application to Thermal Ignition

General equation (9.12) is of interest in the treatment of combustion problems like
thermal ignition in reactive solids. In the present sub-section, we shall determine
the role of heat flux relaxation on the ignition time in a rigid body undergoing, for
example, a laser pulse for a short time of the order of picoseconds, fast exother-
mic chemical reactions or internal electric discharges. The selected body may be
a granular propellant as frequently used in rocket motors and guns, this kind of
propellant constitutes a non-homogeneous medium formed by grains of interactive
solids and voids between them. The analysis is also of application in emerging tech-
nologies of ceramic production, wherein ignition and solid phase reactions play a
central role. Typically, after mixing powdered reactants, like C and Ti, these are
compacted to form a porous cylinder one of whose extremities is ignited; after igni-
tion, the reaction propagates through the cylinder and the final result is a porous
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product TiC. We have shown that Cattaneo’s equation leads to higher temperature
fields than Fourier’s relation, the consequence will be an increase of the reaction
rate, as the latter grows exponentially with temperature.

9.2.3.1 The Model

The reactive semi-infinite rigid body is assumed to occupy the one-dimensional
space x > 0. The initial temperature is T0; at time 0C, a constant heat flux q0 is
applied across the bounding surface xD 0. The internal volumetric energy source
obeys an Arrhenius law of the form

g D �H exp.�E=RT/; (9.19)

in which H designates the constant heat of reaction, E the activation energy,R the
universal gas constant, and the mass density � is also a constant, as well as � , �,
and cv. The non-dimensional Cattaneo and energy laws read as

@T �

@x� C �� @q�

@t�
C q� D 0; (9.20)

@T �

@t�
C @q�

@x� �H� exp.�E�=T �/ D 0; (9.21)

with

x� D xq0

�T0

; t� D tq2
0

�cv�T
2
0

; T � D T

T0

; q� D q

q0

; (9.22a)

�� D �q2
0

�cv�T
2
0

; H� D �H�T0

q2
0

; E� D E

RT0

: (9.22b)

The initial and boundary conditions are given by

T �.x�; 0/ D 1; q�.x�; 0/ D 1; q�.0; t�/ D 1; T �.1; t�/ D 1: (9.23)

The corresponding Fourier ignition problem is obtained by setting ��D 0. The
set (9.20–9.23) has been solved numerically with the method of characteristics by
Antaki (1998) to which we refer for calculation details. Because of the hyperbolicity
property, heat is initially confined in a thin layer adjacent to the bounding surface
causing a jump in the temperature surface. According to Antaki (1998), the jump at
the surface is �T �D .��/1=2 and is of course equal to zero for � D 0.

Ignition occurs when the rate of external heating by the applied heat flux is equal
to the rate of internal energy by chemical reactions. For the moment being, it is
sufficient to define the ignition time t�i by the time characterized by thermal runaway
at the surface, i.e. @T �=@t�!1 at x�D 0. The calculation of this ignition time
implies the determination of the temperature at the surface by solving the set (9.20)–
(9.23).
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9.2.3.2 Results for Solids Propellants

Typical values for solid propellants (Antaki 1998) are �D 0:21W=mK, cvD
1:555 kJ=.kgK/, ED 83:91 � 103 kJ=kmol, H D 2:62 � 109 kW=kg, �D 1:6 �
103 kg=m3, � D 6:62 s, T0D 300K, q0D 41:87 kW=m2 to which correspondH�D
1:5, E�D 33:03, ��D 0:25. Figure 9.3 reproduces the Fourier and Cattaneo surface
temperature profiles T �

s as a function of time t�. The results have been shown to
remain qualitatively the same by selecting other values for H�, E� and ��.

The quantities t�iF and t�iC stand for the Fourier and Cattaneo ignition times
respectively. The Cattaneo solution exhibits a temperature jump �T �D 1:5 at
x�D 0. At short times, the temperature remains small because heat input is weak
.H�D 0/ at these low temperatures. At longer times, heating is dominated by the
exponentially increasing rate of heat release and ends finally with thermal runaway
which defines the ignition temperature. One observes a drastic reduction (of the
order of 33%) of the ignition time in the hyperbolic case in comparison to the
parabolic solution. This diminution is explained by the occurrence of a higher sur-
face temperature that in turn gives rise to higher reaction rates and, in consequence,
larger heat release. The reduction of the ignition time is increased with larger values
of the relaxation time.

In Fig. 9.4 are drawn the temperature profiles inside the sample for the inert
.H�D 0/ and reactive .H� ¤ 0/ Cattaneo (hyperbolic) models at ignition time
t�iCD 0:4 and for the sake of comparison is also represented the corresponding
reactive Fourier solution. The higher value of the reactive Cattaneo temperature is

Fig. 9.3 Dimensionless surface temperature T � as a function of dimensionless time t� for
Fourier’s and Cattaneo’s (hyperbolic) models (reprinted from Antaki PJ (1998) Comb Flame
112: 329)
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Fig. 9.4 Reactive Fourier’s temperature profile versus the corresponding inert and reactive
Cattaneo (hyperbolic) solutions at ignition dimensionless time t�iC D 0:4 (reprinted with permission
from Antaki PJ (1998) Comb Flame 112:329)

explained by the larger amount of heat released by the chemical reaction in absence
of reaction. It is worth to note that even the inert Cattaneo temperature is larger than
the reactive Fourier solution.

The above results illustrate the property that heat flux relaxation contributes to an
important reduction of the ignition time in a process involving solid phase Arrhenius
reaction rates. Accounting for heat flux relaxation may also be clarified in better
apprehending the processes behind Arrhenius kinetics. In micro-engineering, many
phenomena are governed by Arrhenius-like laws. One example is laser annealing of
silicon thin films to repair damages undergone during the fabrication of integrated
circuits.

9.3 Beyond the Cattaneo Equation

A more sophisticated model than Cattaneo’s, including non-local effects, was pro-
posed by Guyer and Krumhansl (1966). These authors base their description on the
phonon kinetic theory; accordingly, heat transport is described by momentum and
energy exchanges between colliding massless particles called phonons. One dis-
tinguishes three mechanisms of transport of phonons: at very low temperature and
in nanosystems, phonons travel freely without being scattered, they are referred to
as ballistic phonons, when the temperature and (or) the dimensions of the sample
are increased, collisions occur and a wave-like behaviour is observed. During this
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process, momentum and energy are conserved and the corresponding collisions are
called normal or N -collisions characterized by a time scale �N . By increasing still
more the temperature and (or) the dimensions, resistiveR-collisions which conserve
energy but not momentum are expected, and their characteristic time is denoted
�R; these R-collisions which result of collisions with the defects of the lattice and
the boundaries are the so-called “Umklamp” phonon–phonon collisions. The wavy
nature of heat transport is quickly damped and after a while, heat propagates by
diffusion.

� Fourier’s law corresponds to high frequency of R- and N -collisions, i.e. .�R/
�1

!1, .�N /
�1 !1:

� Cattaneo’s equation is associated with the limiting values .�R/
�1 ! 0 and

.�N /
�1 !1, i.e. �R >> �N .

� Ballistic phonons are characterized by vanishing frequencies of both normal and
resistive collisions, i.e. .�R/

�1 ! 0, .�N /
�1 ! 0.

At low temperature, frequencies of normal and resistive collisions may be compa-
rable and it is not excluded that �N � �R. In these regimes, it was soon recognized
that non-local effects play an important role. Although non-local terms have already
been introduced formally in Chap. 2, we shall here explore in more details their
physical meaning and consequences on heat transport properties. After recalling the
essentials of the Guyer–Krumhansl formalism, we propose a generalised version of
heat wave propagation with application to heat transport in dielectric crystals at very
low temperature .0K < T < 20K/.

9.3.1 Guyer–Krumhansl’s Model

The main merit of Guyer–Krumhansl’s formalism is to emphasize the role of non-
local effects in heat transport. It is a linear model originally established on kinetic
theory foundations but it can also be derived on strictly thermodynamic bases as
shown in the foregoing. The space of state variables is constituted as usually by the
temperature T and the heat flux vector q, with T obeying the energy conservation
law (9.1) and q the following time-evolution equation

@q

@t
D �r �QC � q; (9.24)

the second-order tensor Q represents the flux of the heat flux and � q a vectorial
source term, both Q and � q will be given by constitutive equations. In the kinetic
theory, T is interpreted as the kinetic energy, q is the flux of energy, and Q is the
next higher-order moment. Designating by f .r ;C ; t/ the distribution function and
C the relative velocity of phonons with respect to the barycentric velocity, one has
in virtue of the results of Chap. 4,

Q D
Z

1
2

mfC2CC dc; (9.25)
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indicating that Q is a symmetric second-order tensor. The constitutive relations of
Q and � q are assumed to be linear in q and rq and given by

Q D �d �.rq/sym C 1
2
.r � q/U� ; (9.26)

� q D �1
�
.q C �rT /; (9.27)

where the phenomenological coefficient d is constant but � and � may be tempera-
ture dependent. Substitution of (9.26) and (9.27) into (9.24) leads to

@q

@t
C q

�
C �

�
rT D 1

2
d
�r2q C 2rr � q� : (9.28)

Starting from the linearized Boltzmann equation in the Callaway approximation,
Guyer and Krumhansl obtain the following evolution equation

@q

@t
C 1

�R

q C 1

3
�cvc

2
0rT D

1

5
c2

0�N

�r2q C 2rr � q� : (9.29)

Clearly, expression (9.28) is the same as Guyer–Krumhansl’s result (9.29) at the
condition to perform the following identifications:

� D �R;
�

�
D 1

3
�cvc

2
0 ; d D

2

5
�N c

2
0 : (9.30)

The relaxation time of the heat flux is thus identified as the relaxation time of the
resistive collisions and the coefficient d , associated to non-locality, is related to the
relaxation time of the normal collisions, underlining the interdependence of normal
collisions and non-locality. Guyer–Krumhansl’s equation is frequently employed
to study heat transport in non-metallic solids. It should however be stressed that
similarly to Fourier’s law, Guyer–Krumhansl’s result predicts that signals propa-
gate at infinite velocity because the corresponding temperature equation obtained
by eliminating q between (9.29) and the energy balance (9.1) is a parabolic equa-
tion. Note finally that in steady states, Guyer–Krumhansl’s equation does not reduce
to Fourier’s.

9.3.2 A Generalised Guyer–Krumhansl’s Model

Our objective is twofold: firstly, to generalise Guyer–Krumhansl’s equation by
upgrading the second-order tensor Q to the status of independent variable; secondly,
to circumvent the problem of infinite velocity of propagation. In the following, the
space V of variables is formed by � (the non-equilibrium temperature), q (the

heat flux vector), Q (a second-order symmetric tensor QD 0

QCQU split into its

deviatoric
0

Q and bulk partQ considered as independent variables): V D �; q; 0

Q;Q:
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For practical reasons and to avoid the introduction of a temperature field depend-
ing on the fluxes, we prefer to select � rather than the internal energy u as indepen-
dent variable. The evolution equations of the state variables are assumed to be given
in the general form (Valenti et al. 1997):

@u

@t
D �r � q; (9.31)

@q

@t
D �br � 0

Q�drQ � 1

�1

q � �

�1

r�; (9.32)

@
0

Q
@t
D � 1

�2

0

Q�2

�2

.
0rq/sym; (9.33)

@Q

@t
D � 1

�0

Q � �

�0

r � q: (9.34)

where u is measured per unit volume. The coefficients b and d are introduced for
the sake of generality, it is only in the case that bDd D 1 that Q can be considered
as the flux of the heat flux. To take spatial non-local effects into account, it has

been assumed that the evolution equations of
0

Q and Q depend on the gradient and
divergence of the heat flux respectively. All the phenomenological coefficients are
allowed to depend on the temperature and will be identified in the foregoing. It is

checked that by setting �0D �2D 0 and by eliminating
0

Q andQ between (9.32, 9.33
and 9.34), one finds back Guyer–Krumhansl’s relation (see Problem 9.13). When the

time variations of
0

Q and Q are negligible, the above two expressions parallel the
Newton–Stokes equations with q playing the role of the velocity and Q that of
the mechanical stress tensor, and 
 and � may be viewed as viscosity coefficients.
This is characteristic of the hydrodynamic regime of phonon flow which is indeed
described by these equations.

The thermodynamics underlying the model (9.32–9.34) is easily derived by fol-
lowing the same procedure as in Sect. 2.4. It is left as an exercise (Problem 9.13) to
show that the expressions of the entropy flux and the positive dissipated energy are
given respectively by

J s D 1

�
q C ˇ 0

Q �q C ˇ0Qq; (9.35)

��s 	 1

��
q2 � ˇ�

2


0

Q W 0

Q�ˇ
0�
�
Q2 � 0: (9.36)

The coefficients ˇ and ˇ0 are undetermined at this stage of the analysis but, without
loss of generality, they can be taken as constants, while the coefficients b and d
introduced in the generalised Cattaneo’s equation (9.32) are given by

b D �ˇ�
2�

�1

; d D �ˇ
0�2�

�2

: (9.37)
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From the positiveness of (9.36) follows that the next quantities are positive definite:

� � 0; �ˇ


� 0; �ˇ

0

�
� 0: (9.38)

Since the temperature is selected as independent variable, it is more convenient to
use the Helmholtz free energy �D u��s as basic potential in Gibb’s relation, which
takes the form

d� D �sd� C �1

��
q � dq � ˇ��2

2


0

Q W d 0

Q�ˇ
0��0

�
Q � dQ: (9.39)

After expanding � in Taylor’s series around its (local) equilibrium value (qD 0,
0

Q D 0, QD 0/ one obtains from (9.39) that

�.�; q;
0

Q;Q/ D �eq.�/C �1

2��
q2 � ˇ��2

4


0

Q W 0

Q�ˇ
0��0

2�
Q2: (9.40)

Imposing the constraint that � is minimum at local equilibrium and combining
with inequalities (9.38), it is concluded that the three relaxation times are positive
definite: �1 � 0, �2 � 0, �0 � 0.

In view of future developments, it is interesting to derive the corresponding
expressions of the entropy and internal energy per unit volume. It is easily checked
(Problem 9.14) that the integrability conditions for (9.39) lead to

s D seq.�/ � 1
2

d

d�

� �1

��

	
q2 C 1

4
ˇ

d

d�

�
��2




�
0

Q W 0

QC1
2

d

d�

�
��0

�

�
Q2; (9.41a)

u D ueq.�/ � 1
2
�2 d

d�

� �1

��2

	
q2 C 1

4
ˇ�2 d

d�

�
�2




�
0

Q W 0

Q

C1
2
ˇ0�2 d

d�

�
�0

�

�
Q2; (9.41b)

wherein seq.�/ and ueq.�/ denote respectively the entropy and energy at (local)
equilibrium satisfying the classical relation

�
dseq

d�
D dueq

d�
D ceq > 0; (9.42)

with ceq the heat capacity at equilibrium. Relations (9.41a and b) are important
as they provide explicit expressions of entropy and internal energy outside (local)
equilibrium in terms of physically well defined quantities like the relaxation times,
heat conductivity and the viscosity coefficients. At this stage of the analysis, we
will introduce the simplifying hypotheses that the ratios �2=
 and �0=� appearing in

the evolution equations (9.33) and (9.34) of
0

Q and Q remain constant. This can be
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justified on the basis of the property that
0

Q andQ are of higher order than the other
state variables, as evidenced by the kinetic definition (9.25). As a consequence, the
expression of u will only depend on � and q and is given by

u.�; q/ D ueq C a.�/q2 (9.43)

with

a.�/ D �1
2
�2 d

d�

� �1

��2

	
: (9.44)

It should be stressed that the internal energy u is only temperature dependent in the
case that the ratio �1=��

2 is temperature-independent.
Moreover, introduction of higher-order moments raises the problem of the deter-

mination of the corresponding initial and boundary conditions. The problem is
delicate and has not found a definite solution yet, as commented in Box 9.1

Box 9.1 Boundary Conditions and Higher-Order Moments The occur-
rence of higher-order variables like the tensors Q or, more generally,
higher-order moments implies the specification of supplementary initial and
boundary conditions to guarantee the well-posedness of the problem and the
uniqueness of the solution. The problem becomes more acute when more than
13 moments are involved. Indeed, such higher moments do not have a precise
physical meaning and are not controllable, so that the question arises how to
prescribe these quantities at the initial time and at the boundaries.

The determination of the initial conditions is of no concern in steady situa-
tions. In transient problems, it is not so fundamental as it is generally admitted
that initially, the system is in thermodynamic equilibrium. A similar attitude
is followed in the calculation of shock propagations, where equilibrium is
assumed far before and far behind the shock front.

The problem of the boundary conditions is more delicate and controversial.
It is not clear how to obtain the values of the higher moments at the boundaries
without appealing to new strategies. Several directions can be distinguished.
The first one can be classified as a variational approach. It consists in formu-
lating variational principles whose admissible solutions are not only the bulk
equations but also some classes of boundary conditions, the so-called natural
boundary conditions. Many examples are found in continuum mechanics in
relation with finite elements methods (e.g. Lebon 1980; Zienkiewics and Mor-
gan 1983). It should however be noticed that the physical meaning of this kind
of boundary conditions is rarely addressed. The second route is based on the
formulation of principles more akin to the physics taking place at the bound-
aries. In that respect, an interesting approach was followed by Struchtrup and
Weiss (1998) with their minimax entropy production principle. Accordingly,
in stationary and one-dimensional situations, the boundary values for the
higher moments are identified as the ones that minimize the maximum value
of the local entropy production. The motivation underlying this criterion is that
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the entropy production constitutes a rather natural measure of the distance to
equilibrium. By selecting the boundary conditions in such a way, one ensures
that the corresponding solutions try to be as close as possible of the equi-
librium state in every point. The minimax criterion of Struchtrup and Weiss
should not be confused with the principle of minimum global entropy pro-
duction of Prigogine (1961), who demonstrated that some particular classes
of processes described by linear constitutive relations are characterized by a
minimum of the global entropy production. Struchtrup and Weiss’ formula-
tion has been the subject of severe criticisms because it has only been applied
to rather simple one-dimensional heat conduction problems in gases and does
not rest on firm physical bases. Indeed there is no sound justification that
the system adjusts its boundary values in order to minimize its entropy pro-
duction. In addition, application of Prigogine’s minimum entropy principle
is subordinated to the observance of several restrictions which are generally
not met in practical applications (e.g. Lebon 1980). It was also shown by
Castillo and Hoover (1998), who studied the motion of a heat conducting vis-
cous fluid, that the maximum of the entropy production is the smallest for the
unstable solution. Moreover, as pointed out by Liu et al. (2002), the minimax
entropy production criterion yields unrealistic results in pure heat conduction
problems. Some alternatives were proposed like this by Ruggeri (2000) who
uses the difference�sD s � seq between the non-equilibrium entropy and its
equilibrium value to measure the distance to equilibrium. The undetermined
boundary values are conjectured to be these which minimize the maximum
of �s. The arguments supporting Ruggeri’s approach are unfortunately sub-
ject to criticisms similar to these raised by the entropy production minimax
principle. Another modified version of Struchtrup and Weiss’ approach was
formulated by Grmela et al. (2007) who suggested that the domain of integra-
tion of the entropy production should not be the whole bulk but a thin layer
close to the boundaries. Their results are comparable to these of Struchtrup
and Weiss, the advantage is a simplification of the computational operations.
It follows from the above comments that reference to any supplementary prin-
ciple based on minimax considerations does not appear as the definite solution
of the problem. More recently, Struchtrup and Torrilhon (2007) proposed a
mixed phenomenological-kinetic analysis based on the linearized Grad’s 13-
moment equations. It is suggested to determine the boundary values of the
higher moments by calculating the entropy production due to collisions of the
gas particles with the wall and by requiring that this quantity is positive. It
is observed that the expression of the wall entropy generation takes a bilinear
form in the fluxes (the higher moments) and conjugated terms playing the role
of forces. The boundary conditions are then identified with linear phenomeno-
logical flux–forces relations with positive phenomenological coefficients to
comply with a positive entropy generation.

Many analyses on the derivation of the most appropriate boundary con-
ditions of higher moments have been formulated in the context of kinetic
theories. But the results refer generally to ideal situations, as linearized
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equations, the BKG relaxation time approximation, steady states, one-
dimensional problems and particular gases. Using kinetic methods raise also
the question of the difference between the definition of the kinetic and the
non-equilibrium temperatures (see Chap.3).

At the present time, a consistent procedure at the phenomenological level
is still lacking. Some authors (e.g. Waldmann 1967; Bedeaux et al. 1976;
Kjelstrup and Bedeaux 2008) model the boundaries as autonomous thermo-
dynamic systems to which are applied the rules and techniques of classical
irreversible thermodynamics to study transport though surfaces and along
surfaces. It is interesting to notice that this methodology presents striking
similarities with the more recent developments by Struchtrup and Torril-
hon (2007) and Grmela et al. (2007) and it represents, in our opinion, a
prospective worth to be deepened in the future.

A final alternative is provided by direct numerical simulations but it is
generally computer time consuming and is dramatically characterized by the
absence of sound and serious physical background leading to non-uniqueness
of the solutions. It is true that numerical methods are extraordinary tools at
the service of science but they cannot pretend to replace science.

9.3.2.1 Heat Propagation Velocity: Non-linear Acceleration Waves

We now determine the speed of propagation of weak discontinuities in presence of
non-local effects on the basis of the model described by relations (9.31–9.34). Con-
sider a smooth surface '.r ; t/moving through the body: by weak discontinuities, or

acceleration waves, are understood that across '.r ; t/, the variables � , q,
0

Q and Q
are continuous whereas their gradient and time derivative may suffer jump discon-
tinuities. According to the classical procedure (e.g. Jeffrey and Taniuti 1964), the
normal wave speed � and the unit normal vector n to the wave front are defined by

� D �@'=@tjr'j ; n D r'jr'j ; (9.45)

and the jump of the first derivatives across ' expressed by

ı WD .@=@'/'D0C � .@=@'/'D0� : (9.46)

On making the formal substitution @t ! �vı, r D � nı in (9.31)–(9.34) and after
use of (9.43) and the notation u� 	 @u=@� , one obtains the following homogeneous
algebraic set for the discontinuities

�u�ı� C 2�aq � ıq � n � ıq D 0; (9.47)

��1ıq D �ˇ��2n � ı 0

Q�ˇ0��2nıQC �nı�; (9.48)
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��2ı
0

Q D 

h
nıq C .nıq/T � 2

3
.n � ıq/U

i
; (9.49)

��3ıQ D �n � ıq: (9.50)

When � is non-zero, the linear set (9.47)–(9.50) has non-trivial solutions on
condition that the following characteristic polynomial is satisfied:

P.�/ WD u��
2 C 2 �

�1

aqn� � �

�1

�
1C ��2u�

� D 0; (9.51)

qn stands for q � n while � is a positive constant reflecting the non-local properties:

� D �
�
4

3

ˇ


�2

C ˇ0�
�0

�
> 0; (9.52)

by setting � D 0, one recovers the results of Coleman and Newman (1988). Equa-
tion 9.51 admits real solution if and only if

�
�

�1

aqn

�2

C �

�1

.1C ��2u� /u� > 0; (9.53)

i.e. for u� > 0 or, more explicitly, in virtue of (9.43) for u

ceq C da

d�
q2 � 0: (9.54)

In the case da=d� < 0; there exists an upper bound on q given by

q < qcr D
q
�ceq.da=d�/�1; (9.55)

beyond which hyperbolicity is lost; this result is typical of non-linear hyperbolicity
and will be discussed in more details in Sect. 9.3.4. Solutions of the polynomial
(9.51) represent the characteristic velocities of propagation and will be denoted as
�C.�; q/ and ��.�; q/. When the signals move in a medium at equilibrium for which

� is uniform and equal to T and where in addition qD 0

Q DQD 0, the velocity of
propagation is simply given by

�2
eq D

�

�1ceq
.1C �T 2ceq/: (9.56)

With the identifications established for example in Problem 9.13, it is possible to
express (9.56) in terms of the relaxation times �R and �N of the resistive and normal
phonon–phonon collisions. Assuming that �0 can be confused with �2, it is found
that

�2
eq D

�

ceq�R

C 3

5

�N

�2

c2
0 : (9.57)

In the limit that normal phonon–phonon collisions are of high frequency (1=�N !
1/, the above relation simplifies to �2

eqD�=.ceq�R/. Combined with the expression



9.3 Beyond the Cattaneo Equation 217

of the heat conductivity �D 1
3
c2

0ceq�R; it is found that �2D 1
3
c2

0 , which is the
regime generally referred to as the second sound. In the ballistic regime charac-
terized by weak frequencies of collisions, 1=�R ! 0; 1=�N 
 1=�2 ! 0, (9.57)
reduces to �2

eqD 3
5
c2

0 . This result is not fully satisfactory as the velocity of ballis-
tic phonons should be equal to the sound velocity c0. By increasing the number of
higher moments up to 30, Dreyer and Struchtrup (1993) were able to recover the
correct value c0. An alternative way (Dedeurwaerdere et al. 1996) is to introduce an
infinite number of moments, to define an effective relaxation time in analogy with
the continued fraction expansions proposed in Sect. 4.7.

Although most of the experiments on second sound in solids at low tempera-
ture have been performed on samples in equilibrium, interesting features arise by
studying heat pulses or high frequency thermal waves in non-equilibrium states. For
simplicity, consider a one-dimensional propagation for which the real roots of the
characteristic polynomial (9.51) are given by

�˙ D �
�
a�

u��1

�
q ˙ 1

u�

p
�; (9.58)

where � stands for

� D
�
�

�1

aq

�2

C �u�

�1

.1C ��2u� /: (9.59)

With the following notation

�c D
p
�=.u��1/; � D �caq; (9.60)

where the velocity vc is generally a function of � and q, not to be confused with �eq,
the solutions �˙ take the form

�C.�; q/ D �c

h
�� C

p
1C �2 C ��2u�

i
; (9.61)

��.�; q/ D ��C.�;�q/ D �c

h
�� �

p
1C �2 C ��2u�

i
(9.62)

It is worth noticing that if q >0, �C.�;Cq/ is the velocity of propagation in the
direction of q, while �C.�;�q/ is the velocity of propagation in the opposite direc-
tion; when q < 0, we are faced with the opposite situation. It is a simple matter
to check that the difference ��D �C.�;Cq/ � �C.�;�q/ between the velocity
of propagation in the direction of the heat flux and the velocity in the opposite
direction is

�� D �2�c� D �2.�=u��1/aq: (9.63)

It follows that provided a>0, the difference�v is smaller than zero, indicating that
a signal travelling in the direction of the heat flux will move more slowly than in the
opposite direction. The property that a>0 has been confirmed experimentally as
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shown in the next section and by phonon dynamics where it is proved that for a gas
in D dimensions, a is proportional to .D C 2/�R=.2�u��

3/ > 0. As far as we are
aware, experimental measurements of �v have not been performed yet. The non-
local effects do not only modify the speed of propagation with respect to the value
predicted by Cattaneo’s equation but they produce a rounding up and a widening of
the pulse profile which becomes larger and larger in the course of time.

9.3.2.2 Application to Dielectric Crystals at Low Temperature (<20 K)

Experiments on thermal waves in high-purity crystals at low temperature have
been performed by perturbing systems at equilibrium, characterized by a uniform
temperature and absence of fluxes. To compare our theoretical results with experi-
mental observations, we need only the simplified mathematical expressions derived
in the particular case of equilibrium, i.e. � D �eq 	 T (a uniform quantity), q1D 0,
Q11D 0. Nevertheless, these results provide interesting information about the coef-
ficients a.T / and � of our model. Measurements have been performed on NaF and
Bi samples (Jackson et al. 1976; Narayanamurti and Dynes 1972). It is shown by
Coleman and Newman (1988) that the measured speed of propagation is well fitted
by an empirical law of the form

��2
eq D AC BT n; (9.64)

where A, B and n are constant. For NaF and Bi, the values of A;B and n giving a
good fit are, respectively

A D 9:09 � 10�12; B D 2:22 � 10�15; n D 3:1
A D 9:07 � 10�11; B D 7:58 � 10�13; n D 3:75

when velocities are measured in centimetres per second and the temperatures in
kelvins. The temperature ranges where heat pulse propagations have been observed
are 10K < T < 18:5K for NaF and 1:4K < T < 4K for Bi. An important quantity
is the heat capacity, which varies with T according to the Debye law

ceq D "T 3; (9.65)

the constant " depends on the nature of the crystal: for NaF, "D 2:3 J m�3 K�4 and
for Bi, "D 55 J m�3 K�4. Our objective is to determine the values of the parameters
a.T / and � for NaF and Bi from the experimental data of A, B , n and ". After
identifying the two expressions (9.56) and (9.64) of veq, one obtains

�1

�T 2
D AC BTn

"T 5
C �.AC BTn/ (9.66)
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and from the definition (9.44) of a,

a D 5 � n

2"
BT n�4 C 5A

2"
T 4 � 1

2
n�BTnC1: (9.67)

A further differentiation with respect to the temperature yields

da

dT
D �20AC .n� 5/.n� 4/BTn

2"T 5
� 1
2
n.nC 1/�T n: (9.68)

Since A; B and � are positive with n < 4, (9.68) indicates that da=dT < 0, i.e. that
a is a decreasing function of the temperature. But as it was argued in the preceding
section that a is non-negative, there exists a maximum temperature T � (see Fig. 9.5)
beyond which thermal waves will not be observed. This property has received exper-
imental confirmations: for NaF, T �D 18:5K, for Bi, T �D 4K. Substituting these
maximum values of T in (9.67) leads to:

� D .5 � n/B.T �/n C 5A
n"b.T �/nC5

; (9.69)

it is found that � D 2:7928 � 10�8 (for NaF), � D 2:6157 � 10�6 (for Bi). Once
the value of � is known, one may use (9.66) to determine the value of the relaxation
time � since � is generally a well-known quantity. Relation (9.68) of da=dt is also of
interest because it allows to find the critical value of the heat flux beyond which the
model is not applicable. From (9.55) and the results (9.68) and (9.65), it is checked
that

qcr D
p
2"T 4p

20AC .n � 5/.n � 4/BTn C n.nC 1/"�BTnC5
: (9.70)

The critical values qcr for NaF and Bi are plotted in Fig. 9.6. It is observed that the
non-local effects (� ¤ 0) reduce the values of the critical bound with respect to a
local theory (� D 0).

9.3.3 Other Examples of Flux Limiters

We have seen that hyperbolicity imposes an upper bound on the heat flux. This
property is not exclusive of hyperbolic systems and has also been displayed in other
situations. Physically, it is expected that this limit value will be of the order of
magnitude of the energy density times the maximum wave propagation speed. A
typical example arises, for instance, in radiative heat transfer, where the maximum
speed of the photons is the speed of light c, the energy density is aT4 (with a the
black body constant so that the maximum flux is aT4c (Levermore 1984). Another
illustration can be found in plasma physics (Shvart et al. 1981) where the speed
of electrons is of the order of .kBT=m/

1=2 and the energy density is proportional to
kBT so that the maximum heat flux is of the order of .k3

BT
3=m/1=2. Other examples
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of bounded heat fluxes are observed in laser-plasma interactions and in the collapse
of stars, where temperature gradients are very important.

Such a saturation effects cannot be explained from the classical Fourier’s law,
which predicts a unlimited increase of the heat flux with temperature gradient, but
may be obtained by introducing an effective thermal conductivity �.T;rT / that
depends not only on the temperature but also on the temperature gradient:

q D ��.T;rT /rT: (9.71)
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For instance, a typical dependence giving rise to a bounded heat flux is

q D � �0.T /p
1C b.r ln T /2

rT; (9.72)

with b a numerical factor. This law reduces to Fourier’s law for small temperature
gradients and predicts a limiting value at very high temperature gradients.

The form of �.T;rT / has been the subject of many works in radiation hydrody-
namics, and several expressions have been proposed. One of the best known is

�.T; x�/ D 3�0.T /.x
�/�1Œcoth x� � .x�/�1� (9.73)

derived by Levermore (1984) from a modified diffusion model for photons, in which
x�D l 0rT=T , l 0 being a length of the order of the mean free path, while �0.T /

is the thermal conductivity near equilibrium. For small values of the temperature
gradient rT .x� ! 0/, one has � ! �0, whereas for high values of rT , � !
3�0T l

0.rT /�1, and the corresponding saturation value of the heat flux is given by
qmaxD 3�0T=l

0. Since �0D 4
3

aT3c2� (see (5.56a)) and taking l 0D 4c� one finds
finally that the maximum allowable value of q is qmaxD aT4c.

The use of flux limiters is necessary for practical purposes in astrophysical prob-
lems, but expression (9.73) turns out to be too cumbersome. Therefore several
simpler approximations have been proposed such as

� D �0

6C 3x�

6C 3x� C x�2
: (9.74)

Extended irreversible thermodynamics has been applied to the analysis of flux lim-
iters in two particular circumstances. On the one side, Anile et al. (1991) have shown
that a flux limiter especially interesting in radiation theory is obtained by assuming
that there is a reference frame where the observer may see the radiation in equi-
librium, because in this case the entropy of the gas in motion coincides with that
derived in extended irreversible thermodynamics. A Lorentz transform yields then
expressions for both the Eddington factor and the flux limiter. In this case, the flux-
limiter �.x�/ has no closed analytic form, but it is given by eliminating ˇ from the
relations

� D �0

3.1� ˇ2/2

.3C ˇ2/2
; x� D 4ˇ.3C ˇ2/

.1 � ˇ2/2
; (9.75)

where ˇc is the speed of the Lorentz frame in which the radiation is in equilibrium.
Another analysis carried out by Jou and Zakari (1995) is based on the fluctuation–

dissipation expression for the thermal conductivity in non-equilibrium steady states
derived in Problem 6.10 and on the maximum entropy description for ultrarelativis-
tic gases presented in Sect. 6.5; the result cannot be expressed in closed form but the
numerical values are in good agreement with those given by (9.75).
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9.4 Phonon Hydrodynamics

The wording “phonon hydrodynamics” has been introduced because of the sim-
ilarities with the equations of hydrodynamics. Phonon hydrodynamics is useful
to gain information about the physics of phonons motion. As an illustration, we
will discuss the problem of the Poiseuille flow of phonons, first detected in solid
He4, as observed in a cylindrical heat conductor of radius R when the mean free
paths `N D c0�N and `RD c0�R satisfy `N `R � R2 and `N � R. In this case,
�R is very large and Guyer–Krumhansl’s equation (9.29) reduces in a steady state
(@q=@t D 0, r � qD 0/ to

rT � 9
5

�N

�cv
r2q D 0: (9.76)

This form is similar to the equation describing Poiseuille flow of Newtonian fluids
provided that q,rT , and 9

5
�N =.�cv/ are regarded as the velocity v, the pressure gra-

dient rp, and the viscosity 
 respectively. In cylindrical coordinates, (9.76) reads,
for an imposed temperature gradient, and defining q.r/ as the axial component of q,

1

r

d

dr

�
r

dq

dr

�
D 5

3

�cv

�N

rT; (9.77)

so that

q.r/ D � 5
12

�cv

�N

.R2 � r2/rT; (9.78)

and the total heat flux across the cylinder is

Q D 2�
Z R

0

rq.r/dr D �5�
24

�cv

�N

R4rT: (9.79)

In contrast to the Fourier regime, where the total rate of heat transfer across the
cylinder for a given temperature gradient is proportional to R2, in the Poiseuille
phonon flow it is proportional to R4. This difference allows one to distinguish
which of the two regimes is actually satisfied. By defining an apparent thermal
conductivity as

�ap D � Q

�R2rT ; (9.80)

it turns out from (9.79 and (9.30) that

�ap D 5

24

�cv

�N

R2: (9.81)

This result is important as it provides a way to evaluate the normal collision times
�N , by measuring �ap, while according to the second of expressions (9.30), the
resistive collision time �R will be determined by the measurement of the thermal
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conductivity �. Furthermore, it predict that the apparent thermal conductivity will
tend to zero for small radii, as it is observed in nanowires (see Chap. 10).

9.5 Two-Temperature Models

Up to now, we have considered relaxational effects described by one single temper-
ature. However, many systems consist of several subsystems, each of which being
assigned its own temperature. These subsystems are, for instance, the electrons and
the lattice in a metal submitted to a short-pulse laser heating, where the electron
temperature is much higher than the lattice temperature for a short time. This sit-
uation may be described by the following evolution equations for the electron and
lattice temperatures Te and Tl respectively (Tzou 1997):

ce

@Te

@t
D r � .�rTe/� C.Te � Tl/; (9.82)

cl

@Tl

@t
D C.Te � Tl/: (9.83)

The constant C describes the electron–phonon coupling, which accounts for the
energy transfer from the electrons to the lattice, and ce and cl are the specific
heats of the electrons and lattice per unit volume respectively. When the solution
of Eq. (9.83), namely, TeDTl C .cl=C /.@Tl=@t/, is introduced into (9.82), one is
led to

r2Tl C cl

C

@r2Tl

@t
D cl C ce

�

@Tl

@t
C cecl

�C

@2Tl

@t2
: (9.84)

Such an equation can also be obtained by eliminating q between the energy bal-
ance equation and Guyer–Krumhansl equation under the following identifications:
3�N =5D cl=C , 3=�Rc

2D .cl C ce/=�, 3=c2D cecl=.�C /.
It is still interesting to note that an equation of the form of (9.84) may be derived

from the following constitutive equation, known as the dual-phase-lag equation
(Tzou 1997)

�1 Pq C q D ��
�
rT C � 0 @rT

@t

�
; (9.85)

which takes into account relaxation effects in both the heat flux and the temperature
gradient. However, such a procedure yields a parabolic equation, while by starting
with the heat flux and the flux of the heat flux as independent variables one is led to
a hyperbolic equation which contains the parabolic equation (9.84) in the limit of a
vanishing relaxation time of the flux of the heat flux.

Other systems where a two-temperature description is convenient are, for
instance, heterogeneous systems where the liquid and solid phases are at differ-
ent temperatures; polyatomic gases, wherein one can ascribe different temperatures
for translational and internal degrees of freedom; and liquid helium II, where differ-
ent temperatures may be assigned to the normal and superconductor fluids. These
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situations, and the derivation of the suitable generalised equations for heat trans-
fer, have been thoroughly reviewed by Tzou (1997) within the framework of the
dual-phase-lag formalism.

9.6 Other Applications

We end this chapter by mentioning several situations where the hyperbolic equations
of heat transfer have found successful practical applications:

1. High local heating rate: An example is the short-pulse laser heating of metals,
which is used in the fabrication of microstructures, synthesis of advanced mate-
rials, measurement of thin-film properties, and the analysis of structure trans-
formations. The duration of these short laser pulses ranges from nanoseconds to
femtoseconds. These heating rates are comparable with the thermalization time
required by electrons to exchange energy with the lattice and to the relaxation
time needed by electrons to change their state. This problem has been studied
extensively by Qiu and Tien 1992. Other examples of high heating rates are
high-speed grinding, high-speed friction or fast explosions.

2. Fast motion of the heating source: The rate of heating increases with the speed of
the moving heat source. The various consequences of this fast motion have been
examined extensively by Tzou (1997). The swinging phenomenon of temperature
during the transition of the thermal Mach number (speed of the source divided by
the speed of thermal waves) from the subsonic to the supersonic ranges, the phys-
ical mechanisms of thermal shock formation, and the local heating induced by
dynamic crack propagation in the transonic regime are three examples of prob-
lems whose effects cannot be depicted by parabolic diffusion equations but which
have been satisfactorily accounted for by hyperbolic equations.

3. Fast moving interfaces: Fast motions of interfaces, at a speed higher than the
diffusion speed, are found in rapid solidification. Such rapid motions produce sig-
nificant deviations from local equilibrium at the solid–liquid interfaces, leading,
for example, to solute trapping and interfacial undercooling below the equilib-
rium temperature. These phenomena have been investigated by Sobolev (1995)
(see Problem 9.12) and by Herlach et al. (2007) (see Chap. 13).

Many other subjects have been explored, both from a theoretical and a practical
point of view. For instance, observations of thermal waves are reported in pro-
cessed meat, applications of the telegrapher equation to IC chips and thermal laser
stereo-lithography have been investigated, and general mathematical properties of
the telegrapher equations have been studied in the linear and non-linear range,

4. Superfluids: The classical theory of superfluid helium II is the two-fluid model
proposed by Landau, which regards the system as composed of a normal compo-
nent with normal viscosity and nonzero entropy and a superfluid component with
zero entropy and zero viscosity. The latter component, which is absent above the
lambda transition temperature, was originally considered to be composed by the
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particles in the condensed Bose–Einstein state, and the normal fluid by the parti-
cles in excited states. The expression for the heat flux in this theory has the form
qD��rTC T s�s.v.n/�v.s//, with v.n/ and v.s/ the barycentric velocities of the
normal and the superfluid components, s the entropy of the normal fluid and �s

the density of the superfluid component. The thermal conductivity is extremely
high; the heat flux is not entirely determined byrT but its dominant contribution
comes from the relative motion of the two components.

The two-fluid model is able to describe many features of liquid helium. However, it
is not completely satisfactory because the two components cannot have independent
existence and because the superfluid component cannot be strictly interpreted as the
Bose–Einstein condensed phase, due to the intense interactions in the liquid. For
these reasons, several authors have tried to describe superfluids by adding to the
conventional fluid theory a vectorial degree of freedom, to take into account the
relative motion of the excitations with respect to the bulk of the fluid. EIT offers
a rather natural framework for this kind of description, as it takes the heat flux as
an independent variable and, therefore, the dynamics of the relative motion of the
excitations may be described by the dynamics of the heat flux. Analyses of the
dispersion relation and of the contribution of the heat flux to the pressure tensor,
and detailed comparisons of this model with the two-fluid model have been carried
out in the literature (Lebon and Jou 1979; Greco and Müller 1983). For a wide
bibliography on these topics see Mongiovı̀ (1993) and Mongiovı̀ and Jou (2007)
where quantum turbulence in superfluids is also paid much attention.

9.7 Problems

9.1. The thermal conductivity of a dielectric solid is given by �D 1
3
�cvc

2
0�1, with

c0 being the phonon speed, �1 the relaxation time due to resistive phonon col-
lisions, cv the specific heat per unit mass at constant volume, and � the mass
density. In the Debye model for d -dimensional systems, cv is proportional to
T d at low temperatures.
(a) Calculate the speed of the second sound in terms of c0. (b) Assume that
the solid sample is in a non-equilibrium steady state characterized by a heat
flux q; when the sample is perturbed, heat waves may move either in the sense
of q or in the opposite sense. Determine the difference�v between the speed
of thermal waves along and against q. (Hint: Use (9.61–9.62).)

9.2. Show that for ideal gases the expression (9.10) for the speed of thermal waves
may be written as

U 2 D 5

2

�
cp

cv
� 1

�
kBT

m
:

Compare U with the speed of sound for monatomic and diatomic gases.
(Hint: Use the results for � obtained in Chap. 4).
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9.3. (a) Show that the entropy production corresponding to the Guyer–Krumhansl
equation (9.29) is

T�s D 3

�R�cvc
2
0

q � q C 3�N

5�cv
Œ.rq/ W .rq/T C 2.r � q/.r � q/�:

(b) Show that the stationary heat flux that satisfies the Guyer–Krumhansl
equation is that corresponding to the minimum entropy production with the
constraint .r � q/D 0, i.e. show that the Euler–Lagrange equations that come
from

ı

Z
.T�s � �r � q/dV D 0

with respect to variations of q and � are the steady-state equations corre-
sponding to @u=@t D 0 and @q=@t D 0 provided one identifies the Lagrange
multiplier � as twice the absolute equilibrium temperature (Lebon Dauby
(1990)).

9.4. In the relaxation-time approximation, the solution of the Boltzmann equation
for a heat-conducting disk subject to a radial temperature gradient dT=dr is

f D feq � feq
�

kBT

�
1

2
mc2 � 2kBT

�
cr

d lnT

dr
;

with � being the relaxation time and cr the radial component of the molecular
velocity. (a) Show that in a frame rotating counterclockwise with angular
velocity !, the solution of the Boltzmann equation is, up to the first order
in !

f D feq � feq
�

kBT

�
1

2
mc2 � 2kBT

�
.cr � 2!�c� /

d lnT

dr

;

c� being the axial component of the molecular velocity. (b) Find the ratio
q�=qr between the axial and radial components of q. (See Hoover et al.
(1981)).

9.5. Sieniutycz and Berry (1991) have proposed for heat-conducting fluids in
convective motion the following Lagrangian:

L.�; �s; v; vs/ D 1
2
�v2 C 1

2
�gs2v2

s � �u.�; s/;

with v being the barycentric velocity, vs a velocity of entropy diffusion
defined as vs DJ s.�s/�1; and g a coefficient. (a) Obtain the generalised
mechanical momentum J D @L=@v and thermal momentum ID @L=@vs . (b)
Show that the corresponding Hamiltonian per unit volume defined by

H.�; �s; I ;J / D v � @L
@v
C vs � @L

@vs

� L
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can be written as

H.�; �s; I ;J / D �u.�; �s/C 1
2
��1J 2 C 1

2
�g�1.�s/�2I2:

(c) Compare this expression with the expression of the generalised �u.�; s; q/
(for vD 0/ obtained from the generalized Gibbs equation used in this book
and identify g. Show that for a Boltzmann monatomic gas gD 2

5
m2=k2

B.
9.6. An energy " per unit length is suddenly released at the axis of a conducting

cylinder. The time evolution of the system is described by the energy balance
equation expressed by

�cv
@T

@t
D �1

r

@.rq/

@r
;

and the Maxwell–Cattaneo equation

@q

@t
D �q

�
� �
�

@T

@r
;

with q the radial component of the heat flux. In metals at low temper-
ature � is a constant whereas � D aT �1. Write T .r; t/D at�1f .�/ and
q.r; t/D .��cv/

1=2 at�3=2g.�/, with � the dimensionless quantity �D rŒ�t=
.�cv/�

�1=2. (a) Show that gD 1
2
�f and that f .�/ is implicitly given by

�2 D 8C
�
f � 2
f

�1=2

fC � 8 lnŒf 1=2 C .f � 2/1=2�g;

with C being an integration constant related to ". (b) Show that at �D 2p2
there is a discontinuity in the solution, where f drops from f .�D 2p2/D 2
to f D 0 for � > 2

p
2. Find the speed of the front (Wilhelm Choi (1975)).

9.7. (a) Show that when the thermal conductivity � depends on T according to
�D�0T

n, the evolution equation for T in cylindrical coordinates is

@T

@t
D a1

r

@

@r

�
T nr

@T

@r

�
;

where aD�0=.�cv/. (b) When t D 0, an energy " per unit length is suddenly
released along the axis of the cylinder. Assume

T .r; t/ D ŒQ=.at/�1=.nC1/f .�/;

with � being the non-dimensional combination �D r.aQnt/�1=Œ2.mC1/�,
where QD "=.�cv/, and show that for n > 0 and �cv taken as a constant
the solution of the equation for T is
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f .�/ D
�
n.�2

0 � �2/

4.nC 1/
�1=n

H.�0 � �/;

in which H.x/ the Heaviside function. (See Wilhelm Choi (1975)) (c) Find
�0 from the initial condition

2�

Z 
0

0

f .�/�d� D 1

and calculate the position of the front R.t/ such that T D 0 for r > R.t/.
9.8. Assume an unidimensional system with an initial temperature profile given

by T .x; 0/ D T0C ıT0 coskx, with T0 being a uniform value. (a) Obtain the
expression for the temperature profile T .x; t/ by using the telegrapher equa-
tion for T . Note that T .x; t/may reach negative values even though the initial
T .x; 0/ is everywhere positive. (b) Show that, in the high-frequency limit, a
sufficient condition for T .x; t/ being always positive is that the initial heat
flux q.x; 0/ is smaller everywhere than the critical value qcritD �u.�=�/1=2

(Criado-Sancho Llebot (1993)).
9.9. (a) Compare the values of the heat flux obtained from the Fourier law with

that obtained from the non-linear expression (9.73) for xD 0:1, xD 1 and
xD 5. (b) Show that the maximum difference between (9.73) and (9.75) is of
the order of 7% for x 
 2:5.

9.10. (a) Use expression (4.100) to obtain the non-linear thermal conductivity �.q/.
(b) Show that for high values of rT , q behaves as jqj 
 a�1 ln.2�0arT /,
with aD Œ�E=.nkB�0T

2/�1=2 (see Sect. 4.6). Thus, note that (4.100) does not
describe a saturation of the heat flux, in spite of the fact that it describes a
substantial reduction of the non-linear heat flux as compared with the linear
theory.

9.11. In Sect. 9.3 we have studied the consequences of the non-equilibrium temper-
ature on the speed of thermal pulses under a heat flux q0. Assume, instead,
that � D T is the local-equilibrium temperature and that Guyer–Krumhansl
equation (9.29) is used. Show that the speed v of thermal pulses along and
against the direction of q0 are

v˙ D vc

h
�� ˙

p
1C �2 C �T 2.@u=@T /

i

with �D vcaq0, vcD
p
�=Œ�1.@u=@T /�; aD � 1

2
@Œ�1.�T

2/�1�=@T and � D
.�T 2/�1� Œ4

3
ˇ00��1

2 C ˇ0��1
0 �. Compare this result with (9.61–9.62). (See

Valenti et al. (1997))
9.12. A two-temperature model used to describe ultrafast melting and solification in

pulse-laser irradiated materials (see e.g. Sobolev (1995)) assumes a fast relax-
ing mode (related to heat-conducting vibrational modes) and a slow relaxing
one (related to structural rearrangements). Their respective temperatures and
heat capacities are T1, C1 and T2, C2. Consider a system composed of a liq-
uid and a solid parts separated by an interface at xD z. The equations for T1
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and T2 for the liquid phase are assumed to be

C1L

@T1

@t
D r � .�LrT1/� ˛L.T1 � T2/CWL

C2L

@T2

@t
D ˛L.T1 � T2/

with W a heat source term and ˛ a heat transfer coefficient between the fast
and the slow modes, and analogously for the solid phase (with S subscript
instead of L).
(a) Show that after expressing T2 in terms of T1 one obtains

@T1

@t
C � @

2T1

@t2
D a@

2T1

@x2
C l2 @

3T1

@t@x2
C W

C1 C C2

C �

C1

@W

@t
;

with � DC1C2Œ˛.C1 C C2/�
�1, l2D�C2Œ˛.C1 C C2/�

�1 and aD�.C1 C
C2/

�1.
(b) Show that in the steady-state regime in the frame moving with the
interface, this equation writes as

l2v
d3T

dx3
C .a � �v2/

d2T

dx2
� v

dT

dx
C W

C1 C C2

C �v

C1

dW

dx
D 0

with v being the velocity of the interface, and find the form of the profile,
assuming that T .x/D P3

i D 1Ai exp.
ix/ and W D 0. (c) From the match-
ing conditions at the interface and after some cumbersome analyses it may be
shown that the interface overheating, defined as ıT D T1.0/� T2.0/ is given
by (Sobolev (1995))

ıT D T2.0/Œv=.a
1/� 1�

where 
1 is the highest value of the 
i Show that this tends to 0 for slow
interfaces and reaches a maximum for v 
 .a=�/1=2. This maximum may be
rather high if C2 � C1.

9.13. (a) Show that the set (9.32–9.34) reduces to Guyer–Krumhansl’s model after

setting �2D �0D 0, substituting � and
0

Q in (9.32) and making the follow-
ing identifications �1D �R, 1

2
�ˇ
�2D � 1

5
�R�N c

2
0 , �ˇ0�2D � 1

3
�R�N c

2
0 .

(b) Determine the expressions (9.35), (9.36) and (9.37) of the entropy flux,
entropy production and coefficients b and d . Check expression (9.39) of
the Gibbs’ equation. (c) Repeat the developments by using Liu’s multiplier
technique (Liu 1972).

9.14. Reconsider the model discussed in Sect. 9.3.2 when Q represents the flux
of the heat flux, i.e. bDd D 1 with ˇ and ˇ0 constants. Show that the
internal energy is then only temperature dependent and that hyperbolicity is
guaranteed unconditionally if and only if cv > 0.
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9.15. Determine the expressions (9.41a and b) of entropy and internal energy from
the integrability conditions of (9.39).

9.16. In Problem 9.14, assume that Q is traceless (QD 0/; eliminate Q between
the evolution equations.
(a) Show that the resulting evolution equation for the temperature is given by

�1�2

@3�

@t3
C .�1 C �2/

@2�

@t2
C @�

@t
C .l2 C �2�/r2

�
@�

@t

�
D �r2�;

wherein l2D 2cv
, �D�=cv.
(b) Establish the dispersion relation between the frequency ! and the wave
number k.
(c) Determine the phase velocity in the two particular cases: l D 0; �1 ¤

0; �2D 0I l ¤ 0; �1 ¤ 0; �2D 0:
9.17. Heat conduction in a rotating rigid conductor. A rigid cylinder is rotating

with at constant angular velocity ! around its vertical axis of symmetry 0z:
The cylinder is hold at the uniform temperature �0. Using the transformation
law (2.46), Cattaneo’s equation takes the form

�
@q

@t
D �.q � �r�/C �aW � q

where W is the skew-symmetric part of the velocity gradient tensor satisfying
W � qD! � q: Show that in the steady state, the radial qr and azimuthal q'

components of q in a reference system rotating with the angular velocity !
are given by

qr D � �
�

@�

@r
; q� D �

�
�!.1 � a/@�

@r
;

with�D 1C �2!2.1�a/2. It is seen that unless aD 1, the components of q

depend on the angular velocity of the reference frame. The principle of frame
indifference (see Chap. 1) imposes therefore aD 1 to avoid the dependence
of q on the reference frame. This result is however in contradiction with the
kinetic theory, which predicts that aD � 1:

9.18. Second sound under an imposed heat flux. Consider a non-equilibrium steady
state described by Eqs. (9.1) and (9.2) and expression (3.14) of the non-
equilibrium temperature. Show that the time-evolution of q is governed by

�
@q

@t
D �q � �r� C 1

2
r
�
@˛

@u
q2

�
;

with ˛D �=.��2/. Linearizing around the steady value q0, determine the cor-
responding temperature equation and find the velocities of propagation of the
thermal wave respectively in the direction of q0 and in the opposite direction
�q0. Compare with (9.61–9.62) and with problem 9.11.



9.7 Problems 231

9.19. At initial time t0, a one-dimensional semi-infinite rigid slab is subject at its
face x0D 0 to a heat pulse g.x0; t0/Dg0ı.x0/ı.t0/. Find the temperature
distribution as a function of x and t by using Green function technique (Morse
and Feshbach 1953).
Hint: the Green functionG.x; t; x0; t0/ satisfies the relation

�
@2G

@t2
C @G

@t
� �r2G D ı.x � x0; t � t0/

with � designating the heat diffusivity; its Fourier transformation OG.k; t/
verifies the relation

�
@2 OG
@t2
C @ OG
@t
C �k2 OGD 1

2�
ı.t/;

Show that the original solution is

G.x; t/ D U

2�
expŒ�t=.2�/�I0.�/H.Ut � jxj/

wherein �D 1
2

�
.t=�/2 � .x=.U�//2�1=2

, U is the second sound velocity,
H.t/ the Heaviside step function and In.nD 0; 1; : : :/ the modified Bessel
function of order n. Check that the corresponding temperature distribution is
given by

�.x; t/ D g0

4�
exp.�t=2�/ f2I0.�/U�ı.Ut � jxj/

C


I0.�/C 1

��
I1.�/

�
H.Ut � jxj/

�
:

Note that for jxj > Ut , � D 0, i.e. the front of the heat perturbation travels
with the finite speed U D .� = �/1=2.





Chapter 10
Heat Transport in Micro- and Nano-systems

The surge of interest in nanosystems and thin films technology has opened new per-
spectives and developments in the analysis of heat transport. In such small size sys-
tems, thermal processes are significantly different from these in macro-systems. As
a matter of fact, as long that the ratio between the mean free path of the heat carriers
` and the characteristic lengthL of the system, i.e. the Knudsen numberKnD `=L,
is such that Kn � 1, the heat carriers collide which each other or with the defects
and the corresponding regime is called the diffusive or the acoustically thick limit.
When Kn � 1, which is characteristic of small scale systems, heat carriers orig-
inated from one boundary will most likely reach the opposite boundary without
undergoing collisions, this is the so-called ballistic regime or acoustically thin limit.
This regime cannot be characterized by an equilibrium state if the walls are at differ-
ent temperatures and there will be a non-negligible exchange between non-adjacent
regions. As a first consequence, heat transport is no longer diffusive, i.e. dominated
by multiple scattering of the heat carriers inside the sample, but becomes ballistic,
i.e. dominated by collisions with the boundaries; the second consequence is that the
interactions are no longer local but governed by strong non-local effects.

The usual laws of macroscopic continuum physics must therefore be revisited
to take into account the wall and interface effects as well as retardation mecha-
nisms due to the finite relaxation time of the heat carriers. Note that systems whose
dimensions are comparable or smaller than the mean free path of the carriers are
not necessarily small. For instance, multilayers materials or superlattices consti-
tuted by the superposition of thin layers, may exhibit non-classical heat transport
when the width of each layer is smaller than the mean free path of the phonons.
In ultrafast solidification of undercooled liquids, a transition from a diffusive to
a ballistic regime is also observed (Herlach et al. 2007). The behaviour of small
systems is also strongly influenced by non-linear effects, as a small difference of
temperature over a short distance will generate a very high gradient. As a conse-
quence, the transport equations will generally be highly nonlinear. It is was soon
recognised that the classical Fourier law breaks down at these small scales, as it
is only applicable at large wavelength and large time scale. Cattaneo’s law is not
more appropriate as it does not capture ballistic transport effects and, more gener-
ally, non-local effects. This means that Fourier’s and Cattaneo’s relations are not
valuable candidates for describing heat conduction at the small length scale, as in

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 10, c� Springer Science+Business Media LLC 2010

233



234 10 Heat Transport in Micro- and Nano-systems

micro- and nano-devices. Heat conduction processes in small structures has been
investigated from several points of view: a first approach is that proposed by Guyer
and Krumhansl (see Chap. 9), revisited by Tzou (1996) who introduces a phase lag
for the temperature gradient besides the time lag of the heat flux. However, in both
formalisms, the temperature equation is of the Jeffrey’s parabolic time and does not
allow for finite propagation of heat. Direct computer simulations have also been pro-
posed (e.g. Giardina et al. 2000; Garrido et al. 2001) but they will not be discussed
further in this chapter focused on thermodynamic developments. Zhang (2007) has
written a wide comprehensive monograph on several approaches and applications of
heat transport in nano-systems to which the reader is referred for a wide information.
Rather, our purpose is here to privilege descriptions deeply rooted in physics, and
more particularly in thermodynamics and (or) the kinetic theory. In a first section, we
present a macroscopic model based on EIT (Jou et al. 2001; Alvarez and Jou 2007),
expressions for the heat conductivity matching satisfactorily experimental data in
micro and macro devices have been derived and in parallel, the more general prob-
lem of transient heat conduction in thin films is investigated. A microscopic method
referring to Boltzman’s equation in conjunction with the relaxation time approxi-
mation has been preferred by Majumdar (1993) and Joshi and Majumdar (1993),
their model is known as the equation of phonon radiative transfer (EPRT) and is dis-
cussed in Sect. 10.2. However, solving the Boltzmann equation is not an easy task
and, so far, the solution of Boltzmann’s equation has been limited to rather simple
and academic geometrical configurations. This has motivated Chen (2001, 2002)
to propose an interesting mixed ballistic–diffusion equation (BDE), consisting in a
coupling between Boltzmann’s kinetic and Cattaneo’s macroscopic equations. The
essence of Chen’s description is to split the distribution function into two parts, a
diffusive and a ballistic one, the consequences of which are examined in Sect. 10.3.

10.1 EIT Description of Heat Conduction
at Micro- and Nano-scales

It was soon recognized that Fourier’s and Cattaneo’s equations are not applicable
at micro-and nano-scales when the Knudsen number Kn becomes comparable or
larger than unity. To formulate the problem in simple terms, let us consider a one-
dimensional system of thickness L whose opposite boundaries are at temperatures
T and T � �T . Depending on the values of Kn, experimental investigations have
evidenced that the heat flux q takes the following limiting forms:

q D �0

�T

L
.for Kn� 1; diffusive transport/; (10.1)

or
q D ƒ�T .for Kn� 1; ballistic transport/ (10.2)

The factor �0 designates the heat conductivity and ƒ a heat transfer coefficient;
both quantities are generally temperature dependent. In the diffusive limit, the heat
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flux is proportional to the temperature gradient as reflected by the law of Fourier;
in the ballistic regime, it depends on the temperature difference only but not on
the length L of the device. Explicit expressions of �0 and ƒ have been derived in
the kinetic theory. For a monatomic ideal gas in the diffusive regime, it is found
that the heat conductivity is �0D 5

2
nkB.kBT=m/

1=2` with n the particle number
density, m the mass of the particles and ` the mean free path; in the rarefied gas
regime, the coefficientƒ is given by ƒD 1

2
nkB.kBT=m/

1=2D 1
5
�=` which, unlike

the heat conductivity, does not depend on `. Expression (10.1) is a little bit too
restrictive, as computer simulations on heat transport in harmonic and anharmonic
lattices suggest that Fourier’s law should be generalised in the form

q D �0

�T

L˛
; (10.3)

with ˛ an exponent depending on the characteristics of the system, for instance
˛D 0:63 for some systems, ˛D 0:5 for disordered chains with free boundaries and
˛D 3=2 for anharmonic chains with fixed boundaries (Lepri et al. 2003). However,
we shall not further discuss these particularities.

A simplified description of the transition from diffusive to ballistic regime may
be achieved by introducing an effective heat conductivity �.T; `=L/ in such a way
that in whole generality

q D �.T; `=L/�T
L
: (10.4)

The limiting values of this generalised conductivity should be

�.T; `=L/! �0.T / for `=L! 0; (10.5)

�.T; `=L/! �0.T /

a

L

`
	 ƒ.T /L for `=L!1; (10.6)

where a is a constant depending on the system.

10.1.1 Effective Heat Conductivity

At nanoscales, heat transport is mostly influenced by non-local effects. It was shown
in Sect. 4.4 that EIT incorporates non-local effects by appealing to a hierarchy of
fluxes J .1/;J .2/; : : : ;J .n/ with the vector J .1/ denoting the heat flux q, the second-
order tensor J .2/ the flux of the flux q, etc. From the kinetic point of view, this
corresponds to selecting higher-order moments of the distribution function as vari-
ables. In the linear approximation consisting to neglect second and higher-order
terms in the fluxes, the hierarchy of evolution equations can be written as

rT �1 � ˛1
PJ .1/ C ˇ1r � J .2/ D 
1J .1/; (10.7)

ˇn�1rJ .n�1/ � ˛n
PJ .n/ C ˇnr � J .nC1/ D 
nJ .n/; (10.8)
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wherein ˛i , ˇi and 
i are phenomenological coefficients related to the relaxation
times, correlation lengths and transport coefficients, respectively. By considering an
infinite number of flux variables and after applying the Fourier transform to the set
(10.7)–(10.8), one obtains the following expression of the heat flux:

Oq.!;k/ D �ik�.!;k/ OT .!;k/; (10.9)

where upper hats designate Fourier’s transforms and �.!;k/ the continued-fraction
for the !;k -dependent effective thermal conductivity:

�.T; !;k/ D �0.T /

1C i!�1 C k2l21

1C i!�2 C k2l22

1C i!�3 C k2l23
1C i!�4 C :::

; (10.10)

�0.T / is the classical bulk thermal conductivity, �nD˛n=
n the relaxation time,
and ln the correlation length defined through l2n Dˇ2

n=
n
nC1. Limiting expansion
(10.10) to the second-order approximation, one has simply

�.T; !;k D �0.T /

1C i!�1 C l21k
2

1C i!�2

: (10.11)

To examine the transition to a ballistic regime in the steady case, put !D 0 and
assume that k is of the order of l=L so that (10.11) becomes

�.T; l=L/ D �0.T /

1C a.l=L/2 : (10.12)

This relation reduces to �0.T / for small values of l=L but behaves as L2 for large
values of l=L, in contradiction with experimental data showing that � is proportional
to L in the ballistic regime. Therefore, limiting the expansion (10.11) to second-
order non-local terms is not sufficient to describe the transition, third and higher
order contributions have been shown to be no more satisfactory, suggesting that an
infinite number of terms are necessary. By assuming that all the relaxation times
and correlation lengths are equal .�1D � � � D �nD �; l1D � � � D lnD l=2/ indepen-
dently of the order of approximation, the continued fraction (10.10) reduces to the
asymptotic limit

�.T; !;k/ D �0.T /
�.1C i!�/Cp.1C i!�/2 C k2l2

.1=2/k2l2
: (10.13)

The equality of all the relaxation times and mean free paths is rather natural in
the relaxation-time approximation. Deeper analyses of the full Boltzmann equation
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(Hess 1977) suggest different values of the relaxation times and consequently more
sophisticated expressions of the heat conductivity. Here, we restrict the analysis
to the simplest possibility. In the steady state approximation, one has !D 0 and
expression (10.13) reads simply

�.T; k/ D 2�0.T /

l2k2

�p
1C l2k2 � 1

	
: (10.14)

In the present one dimensional problem, there is only one characteristic length L
and it is natural to identify k with 2�=L so that from (10.14) one gets

�.T; l=L/ D 2�0.T /L
2

4�2l3

"�
1C 4�2l2

L2

�1=2

� 1
#
; (10.15)

which exhibits the required asymptotic behaviours expressed by (10.5) and (10.6).
The result (10.15) is in agreement with experimental data for nanotubes and some
theoretical models of heat transport in micro and nanodevices (Alvarez and Jou
2007). The above considerations confirm that EIT provides a consistent modelling
of heat transfer processes not only at short times but also at small length scales.
Expression (10.15) may be used both in nanowires and in thin layers by defining an
effective size L as L�2DL�2

x C L�2
y C L�2

z . For thin layers, Lx DLy D1 and
LDLz is simply the width of the layer; for nanowires, Lx DLy D r , LzD1, and
LD r=p2, with r the radius of the nanowire.

When the mean free path is shorter than the dimensions of the sample, one has
lim
l!0

�.L/D�0 and in the opposite limit of nanodistances,

lim
l!1

�.L/ D L

l

�0

�
: (10.16)

The behaviour of the heat conductivity as a function of the size of the device is
plotted in Fig. 10.1. It is seen that expression (10.16) fits satisfactorily to the experi-
mental data obtained by Liu and Asheghi (2004) in thin silicon films, the agreement
is also good by comparing with the experimental values on nanotubes reported by
Li (2003). When the dimensions of the material are much larger than the mean
free path, the conductivity is no longer dependent on the size and is equal to the
classical bulk viscosity �0.T /. In contrast, when the dimensions are comparable or
smaller than the mean free path, the effective conductivity starts to decrease and
tends to zero when the size goes to zero. Such a reduction of the conductivity was
still observed by Larson et al. (1986). For very high values of Kn, the conductivity
behaves linearly with the dimension as indicated by expression (10.16), this result
confirms that the heat flux depends only on the temperature difference between the
wall and not on the temperature gradient. A more sophisticated model of the effec-
tive heat conductivity wherein the bulk and size effects are explicitly separated is
presented in the Box 10.1.
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Fig. 10.1 The effective thermal conductivity � given by (10.15) as a function of the dimension L
of the system, � is expressed in W/mK and L in nm. The values used in the graph are 120 W/mK
for �0 and 40 nm for l for Si . The different symbols refer to experimental data in layers of different
thicknesses (reprinted with permission from Álvarez FX, Jou D (2007) Appl Phys Lett 90:083109)

Box 10.1 Bulk and boundary effects We have seen that expression (10.15)
describes in a satisfactory way the transition between diffusive and ballistic
regimes but it does not reflect explicitly the role played by the boundaries. We
know in particular, that specific boundary effects, like temperature jumps at
the surfaces, penetrate into the material at a depth of the order of the mean free
path and therefore, become especially pervasive in systems whose dimensions
are comparable to the mean free path. In that respect, we mention an interest-
ing result established by Lepri et al. (2003) who propose the following simple
model for the effective heat conductivity:

�s.l; L/ D �0

1C 2".l=L/; (10.1.1)

where " is a dimensionless phenomenological coefficient. In analogy with
relation (10.15), the above expression tends to �0 in the diffusive regime
.L=l � 1/ and to �0.L=l/ in the ballistic regime. The result (10.1) is easily
derived by considering temperature jumps˙ıT at the hot and cold boundaries
of the material in contact with thermostats. It is assumed that ıT D "lrT with
" a dimensionless phenomenological coefficient, l the mean free path, and
rT the value of the temperature gradient extrapolated at the boundaries. Near
equilibrium, the temperature difference between the two thermostats may be
written as

�T D LrT C 2"lrT D .LC 2"l/rT; (10.1.2)
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wherein the first term accounts for the temperature difference between the
boundaries of the device and the second one for the temperature jumps
system-thermostats. Defining the effective thermal conductivity by

�s.l; L/ 	 qL

�T
D .�0rT /L
.LC 2"l/rT D

�0

1C 2".l=L/; (10.1.3)

one recovers back the formula (10.1.1). In this model, the contribution to the
heat conductivity is essentially of ballistic origin and is due to the presence of
the boundaries. In absence of temperature jumps ."D 0/, the process is domi-
nated by diffusive scattering and �s is equal to its bulk value �0. The value of
" is obtained by fitting experimental observations data; "D 1=2 and "D 4=3
are the most frequently found values. Although expression (10.15) as well as
Lepri’s formula (10.1.1) cannot pretend to provide a definite final answer, they
grasp in a relatively simple way the physical essence of heat transfer processes
in nano systems. To combine both bulk and boundary effects, we suggest sub-
stituting in (10.1.3) the quantity �0 by the “bulk” conductivity as given by
(10.15) so that the final formula is

�bb.l; L/ D �bulk.l; L/

1C 2".l=L/; (10.1.4)

with index bb recalling that both bulk and boundary effects are taken into
account. The boundary effects, also known as thermal boundary resistance,
are especially relevant in multilayer systems.

10.1.2 Transient Temperature Distribution in a Micro Film

Our aim is twofold, firstly, to use the effective heat conductivity discussed in the
previous section to determine the transient temperature profile in a one-dimensional
micro film as a function of the Knudsen number; secondly, to compare the results
with these obtained not only from Fourier’s and Cattaneo’s laws but also from
two more recent models described in the foregoing sections. Initially, the film is
at ambient temperature T0 and the two faces are kept at temperatures T1.0; t/ and
T0.L; t/ respectively. The relevant differential equation is the telegrapher’s equa-
tion (9.5) established in Chap. 9 with �eff.l; L/ given by the general relation (10.15)
and �effD �.1 � l2!=4��/D �=4; as shown in Chap. 4, the bulk conductivity �0 is
expressed by �0D .1=3/cvlv, with v the average velocity of the phonons. Intro-
ducing the dimensionless time t�D t=�eff, distance x�Dx=L, and temperature
T �D .T �T0/=.T1�T0/, the hyperbolic equation (9.5) will take the dimensionless
form

1

4

@2T �

@t�2
C @T �

@t�
D 1

6�2

�p
1C 4�2Kn2 � 1

	 @2T �

@x�2
: (10.17)



240 10 Heat Transport in Micro- and Nano-systems

For low values of Kn, this expression reduces to

1

4

@2T �

@t�2
C @T �

@t�
D Kn2

3

@2T �

@x�2
: (10.18)

Usually, instead of the normalized time �eff, it is customary to work with the
relaxation time � and the factor 1

4
does not appear in the first term of the left-hand-

side. This factor was first introduced by Anile and Pluchino (1984) to fit experi-
mental ultrasound propagation in gases. One takes as initial condition T .x; 0/D 0.
At t D 0C, one suddenly imposes T .0; 0/D1 at one end of the sample and one
keeps T .1; 0/D 0 fixed at the other extremity. The evolution of the heat flux in
the course of time at the face xD 0 is shown in Fig. 10.2. One observes that in
the long-time limit, the value of the heat flux is the same in the Cattaneo and the
Fourier description but that it is significantly lower in EIT. The flux reduction is
similar to that predicted by Chen’s ballistic–diffusion model (see Sect. 10.3) and
agrees with Larson et al. (1986) experimental data. The advantage of the present
one-constituent model with a generalised heat conductivity is that the equations are
simpler to solve because there is no need to use different temperatures according
the heat carriers are of ballistic or diffusive nature. The results of EIT are also rather
close to these of Joshi and Majumdar (see Sect. 10.2) based on the direct resolution
of Boltzmann’s equation. When the Knudsen number becomes smaller and smaller,
the results become similar to these of the Cattaneo description and are therefore
not represented. We finally mention an alternative proposed by Naqvi and Walden-
strom (2005) who introduced a time-dependent heat conductivity and solved the

Fig. 10.2 Time evolution of the heat flux through the xD 0 wall in a device with KnD10 for
five different models: Fourier, Maxwell-Cattaneo, Joshi and Majumdar, Chen, EIT (this model)
(reprinted with permission from Álvarez FX, Jou D (2007) Appl Phys Lett 90:083109)
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following temperature equation

@T �

@t�
D .1 � e�t=� /

Kn2

3

@2T �

@x�2
; (10.19)

with uniform initial temperature and fixed temperatures at both ends of the material.
The difference with the EIT description is that the heat conductivity is explicitly
time-dependent instead of being expressed as a function of the length of the system.
Naqvi and Solderhom’s model predicts a lowering of the temperature compared
to the results provided by Fourier’s and Cattaneo’s laws. The shortcoming of this
description is its inability to cope with the reduction of conductivity in steady-state
situations.

The EIT approach is not a first-principles theory but it is practically useful as it
presents the advantages

1. To use one single partial differential equation
2. Not to make explicitly appeal to a distinction between ballistic and diffusive

phonons
3. To fit the experimentally observed behaviour of heat conductivity in nano-

devices as a function of their dimensions
4. To predict the reduction of the temperature and heat flux distributions as a

consequence of a reduction of thermal conductivity
5. To be applicable to transient and steady problems.

10.2 The Equation of Phonon Radiative Transfer

The previous section was dedicated to a macroscopic description of heat transfer in
micro and nanodevices. Here we present the problem under a completely different
angle, namely a microscopic approach based on the linearized Boltzmann equation
in conjunction with the relaxation time approximation. This model was originally
proposed by Majumdar (1993) and Joshi and Majumdar (1993) and is known as the
Equation of Phonon Radiative Transfer (EPRT). In the case of the one-dimensional
heat transport, Boltzmann’s equation takes the form

@f!

@t
C vx

@f!

@x
D f! � f 0

!

�
; (10.20)

in the relaxation-time approximation with f! , the distribution function with fre-
quency ! and f 0

! its equilibrium value, vx is the velocity of heat carriers in the
direction x and � the relaxation time, here identified as the mean free time during
phonon scattering and generally frequency-dependent; heat sources are assumed to
be absent.

Rather than working with the distribution function, it is more convenient to use
the phonon intensity whose modulus I! is defined as the energy of the phonon flow
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Fig. 10.3 Spherical coordinates showing the vectorial intensity I!

per unit time, unit solid angle � and unit frequency:

I!.�; '; x; t/ D �!f!.x; t/ jv.�; '/jD.!/; (10.21)

where v.�; '/ is the group velocity related to vx by vx Djvj cos � , � and ' are the
polar and azimuthal angles as shown in Fig. 10.3, �! the quantum of phonon energy
of frequency !, d�D sin � d� d' the corresponding differential of the solid angle,
andD.!/ the density of states per unit volume. The direction of the intensity is that
of the phonon velocity v.

Multiplying (10.20) by jvj�!D.!/=.4�/ and in virtue of the definition (10.21),
one obtains for the intensity in the x-direction

1

jvj
@I!

@t
C cos �

@I!

@x
D I 0

! � I!

jvj� ; (10.22)

wherein the equilibrium value I 0
! is independent of the direction. In terms of I! , the

corresponding heat flux q and internal energy density u are given by

q D
Z

!

Z
�

I! cos �d�d!; (10.23a)

u D
Z

!

Z
�

jvj�1I!d�d!: (10.23b)

When the phonon intensity is independent of the azimuthal angle ', the above
relations take the form

q D 2�
Z 	

0

Z
!

I! cos � sin �d�d!; (10.24a)

u D 2�
Z 	

0

Z
!

jvj�1I! sin �d�d!: (10.24b)
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Integrating the differential equation (10.22) over � and ! over the range 0 < ! <

!D , where !D is the Debye cutoff frequency, and making use of (10.24a and b) one
is led to

@u

@t
C @q

@x
D 2�

Z 	

0

Z !D

0

.I 0
! � I!/.� jvj/�1 sin �d�d!; (10.25)

where � jvj D l represents the phonon mean free path. Simplifications of Eq. (10.22)
are obtained by observing, first, that I 0

! is independent of the direction and thus
only temperature-dependent; second, that the left-hand-side of (10.25) vanishes, as
it represents the classical law of conservation of energy. As a consequence, the right-
hand-side of (10.25) is zero and one is led to

Z !D

0

I 0
!d! D 1

2

Z !D

0

Z 	

0

I! sin �d�d!; (10.26)

which, substituted in (10.22), gives the final form of the basic equation of the EPRT
model,

1

jvj
@I!

@t
C cos �

@I!

@x
D I 0

! � I!

� jvj D
1
2

R 	

0
I! sin �d� � I!

� jvj : (10.27)

This integro-differential equation is similar to the one describing photon radiation
transfer (Ozisik and Tzou 1994) and has been solved numerically by Joshi and
Majumdar (1993). Once that the phonon intensity is known, the temperature field is
obtained from (10.26) by using for the equilibrium distribution I 0

! the Bose–Einstein
statistics so that finally, the temperature can be calculated from

Z !D

0

�!3 D.!/

8�3v2 exp Œ�!=.kBT /� 1�d! D
1
2

Z !D

0

Z 	

0

I! sin �d�d!: (10.28)

Note that I! may be very different from the equilibrium distribution, in such a way
that (10.28) defines in fact an effective non-equilibrium temperature, rather than a
strict equilibrium temperature.

The transient EPRT model was applied by Joshi and Majumdar (1993) to calcu-
late the temperature distribution in a thin diamond film with the following boundary
conditions:

T D T1 at x D 0; T D T0 at x D L; (10.29)

with �T DT1 � T0D 0:1K; the associated boundary conditions for the phonon
intensity are

I! D I 0
!.T1/ at x D 0; I! D I 0

!.T0/ at x D L: (10.30)

The material is assumed to be disturbed from the uniform initial temperature field
T .x; 0/D 300K with a zero rate temperature change @T .x; 0/=@t D 0. The film
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thickness of 0:10 �m is smaller than the mean free path, which is 0:45 �m, and
therefore ballistic heat transfer is expected to be dominant. The results are repro-
duced in Fig. 10.4a–c and compared with the profiles predicted by the Fourier
(diffusive limit), and Cattaneo (hyperbolic) laws, all the results are given in terms
of the dimensionless temperature T �D .T � T0/=.T1 � T0/ shown as � in Figure
10.4, length and time are scaled by L and `=v respectively.

Fig. 10.4 Transient temperature profiles predicted by the Fourier, Cattaneo (hyperbolic) and EPRT
models at three different dimensionless times (reprinted with permission from Joshi AA, Majumdar
A (1993) J Appl Phys 74: 31). Here � is the dimensionless length � D x=L, with L the length of
the system
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Fourier’s description predicts a well established temperature profile throughout
the film while a sharp wave front is the salient feature of Cattaneo’s model. Both
Fourier’s and Cattaneo’s laws overestimate the values obtained from EPRT. The
EPRT distribution is smoother that Cattaneo’s because the phonons relaxation times
�.!/ are very short at some frequencies so that diffusive effects may become more
important than in Cattaneo’s description. If the regime is purely ballistic, t�D 1 is
the time required to travel from one boundary to the other. Note that with Catta-
neo’s equation (see Fig. 10.4b) the temperature is only felt up to the value x�D 0:6
because the speed of the wave is v=

p
3 as shown in Chap. 2. Another difference

between the EPRT and the two other models is that the former predicts a tempera-
ture jump at the boundaries; it is observed that at x�D 0, the jump decreases with
time as a consequence of appearance of diffusion. The jump becomes less important
for a larger thickness, due to increasing diffusive motions. In the steady state, the
sharp wave front of Cattaneo’s model vanishes and both Fourier’s and Cattaneo’s
descriptions exhibit the same linear temperature profile. Note that EPRT does not
reduce to Fourier’s and Cattaneo’s results in the steady state: as shown in Fig. 10.4c,
EPRT leads to a lower temperature at the hot side x�D 0 and a higher temperature
at the cold side x�D 1. By increasing the thickness of the sample, the three profiles
tend to coalesce in the steady state. When the film thickness becomes comparable
to the mean free path, it was shown by Majumdar (1993) that in the steady state, the
heat flux is given by

q D ¢.T 4
1 � T 4

0 /

.3=4/.L=l/C 1; (10.31)

where ¢ is the Stefan–Boltzmann constant (see Problem 10.1). In the so-called
Casimir limit L=l ! 0, corresponding to purely ballistic transport, expression
(10.31) is the same as the Stefan–Boltzmann’s law in radiative heat transfer. The
main drawback of EPRT is its excessive time consumption when it is solved
numerically.

10.3 The Ballistic Diffusion Equation

This model can be considered as half the way between the EPRT microscopic and
the EIT macroscopic descriptions. A first version was proposed by Chen (2001) in
the line of thought of the kinetic theory and EPRT; here we develop a model more
axed on thermodynamics and EIT. The originality of BDE is to split the distribution
function f into two parts: a diffusive fd and a ballistic fb one; the latter is the
transport originating from the boundaries of the material while the former originates
from the phonons multiple collisions occurring inside the system (see Fig. 10.5). As
a consequence, the internal energy density u will be split into a diffusive ud and a
ballistic contribution ub, so that uD ud C ub, and similarly, the heat flux vector will
be decomposed in such a way that qD qd C qb.
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Fig. 10.5 Distinction between the ballistic phonons originating from the boundary with distribu-
tion fb and the diffusive phonons scattered from the inside of the body with distribution fd (denoted
by fm in the figure) (reprinted with permission from Chen G (2001) Phys Rev Lett 86:2297)

10.3.1 The Model Equations

The essence of Chen’s ballistic–diffusion model is to split the phonon intensity into
a diffusive and a ballistic part

I!.r; t/ D Id.r; t/C Ib.r ; t/: (10.32)

By following the same procedure which led to the establishment of Eq. (10.22) in
the EPRT model, it is shown that the governing equation of the diffusive part Id

which describes the scattered phonons from the inner region is

1

jvj
@Id

@t
C jvjjvj � rId D I 0

d � Id

jvj� : (10.33)

Since there is no equilibrium state associated with the ballistic phonons, the corre-
sponding equation satisfied by Ib will be of the form

1

jvj
@Ib

@t
C v
jvj :rIb D � Ib

jvj� : (10.34)

An equation similar to (10.34) was solved in the theory of radiation hydrodynamics
(Pomraning 1977) and its solution is given by

Ib D Ibw



t � s � s0jvj ; r � .s � s0/e

�
exp

�
�
Z s

s0

ds

jvj�
�
; (10.35)
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wherein Ibw is the value of Ib at the boundary point r � .s � s0/e; e denoting the
unit vector eD v=jvj and .s � s0/ the distance along the propagation distance e.

Based on the decomposition (10.32) of the intensity, one can define ballistic and
diffusive heat fluxes and internal energies according to

q D
ZZ

I!vjvj�1d�d! D qb C qd; (10.36a)

u D
ZZ

I! jvj�1d�d! D ub C ud (10.36b)

with respectively

qb D
ZZ

Ibvjvj�1d�d!; (10.37a)

ub D
ZZ

Ibjvj�1d�d!; (10.37b)

and similar expressions for qd and ud. The total internal energy u and the corre-
sponding total temperature T are defined through

du D dub C dud D cvdT; (10.38)

with cv the heat capacity per unit volume. Since in the ballistic regime the dis-
tribution of phonons deviates significantly from that of equilibrium, the definition
of temperature becomes ambiguous, and this is the reason why in the following,
T represents essentially a measure of energy.

The evolution equation (10.34) for Ib is now used to obtain the balance law of
internal energy ub. It is directly checked from the definitions (10.37) and Eq. (10.34)
after integration over frequency and solid angle that

@ub

@t
Cr � qb D �

ub

�b
; (10.39)

wherein the minus sign indicates that ballistic carriers can be converted into dif-
fusive ones but that the converse is not possible. Moreover, for a body at rest and
absence of internal heating, the total energy conservation law writes as

@ud

@t
C @ub

@t
D �r � qd � r � qb; (10.40)

from which follows, after making use of (10.38), that the evolution equation for ud is

@ud

@t
Cr � qd D

ub

�b
: (10.41)
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Referring to the general statements of EIT, the ballistic and diffusive energy fluxes
may, in a first approximation, be cast in the form of Cattaneo equations, namely

�b
@qb

@t
C qb D ��brTb; (10.42a)

�d
@qd

@t
C qd D ��drTd: (10.42b)

Note that in (10.42a, b) the relaxation times of the ballistic and diffusive phonons
are supposed to take different values; moreover all the coefficients �b, �d, �b and �d

are positive definite as a consequence of the laws of thermodynamics. Expressions
(10.39), (10.41) and (10.42) provide the basic set of eight scalar evolution equations
for the eight unknowns ub, ud, qb and qd. The validity of Cattaneo’s law (10.42b)
for the diffusive carriers was confirmed by Chen (2002) as a consequence of the
differential equation (10.33) satisfied by Id. Elimination of qd and qb yields two
second-order uncoupled differential equations:

�b
@2ub

@t2
C 2@ub

@t
C .1=�b/ub D r � Œ.�b=cvb/rub�; (10.43)

�d
@2ud

@t2
C @ud

@t
� .�d=�b/

@ub

@t
� .1=�b/ub D r � Œ.�d=cvd/rud�: (10.44)

Expressions (10.42) and (10.43) are the key relations of our model. Assuming that
�bD �d 	 � , �bD�d 	 �, cvbD cvd 	 cv, and eliminating ub with the help of
(10.39), one recovers from (10.44) Chen’s main result (2001, 2002)

�
@2ud

@t2
C @ud

@t
Cr � qb D �r � Œ.�=cv/rud�: (10.45)

This expression differs from the telegraph equation by the term in r � qb which
accounts here for the presence of non-local effects. This contribution is the essence
of BDE and will deeply influence the final results, as shown in the next section. The
approach leading to expressions (10.43) and (10.44) is more general than Chen’s
original model (Chen 2001), as the heat capacities, the heat conductivities and the
relaxation time of the diffusive and ballistic phonons are left unequal. The price to be
paid is that it implies the determination of these various coefficients, a task which at
the present state of our knowledge is not completed yet due to lack of experimental
data. This is the reason why we prefer in the foregoing to concentrate our attention
on Eq. (10.45). Its resolution demands the preliminary derivation of qb, which is
obtained by substitution of solution (10.31) for Ib into the definition of qb (10.37a),
the result is

qb D
ZZ �

Ibw
�
t � jvj�1.s � s0/; r � .s � s0/e

�
exp



�
Z s

s0

ejvj�1��1ds

��
d�d!;

(10.46)
with Ibw the intensity of phonons at the specified time at the wall.
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Equation (10.45) represents a good approximation of Boltzmann equation but it
is simpler to solve numerically because it contains only the time and spatial vari-
ables, but not the momentum variables which appear in Boltzmann’s equation. In
the next section, Eq. (10.45) will be applied to solve the problem of transient heat
transport across micro films.

10.3.2 Illustration: Transient Heat Transport in Thin Films

BDE will be applied to the study of heat conduction in a one-dimensional thin film
of thicknessL smaller than the mean free path `, heat capacity and heat conductivity
are assumed to be constant and internal energy sources are absent. The system is
initially at uniform temperature T0. The lower surface xD 0 is suddenly brought
to temperature T0 C �T with �T D T1 � T0, while the surface xDL is kept at
temperature T0. Since the ballistic phonons originate from the walls, their energy is
the prescribed energy at the boundaries, i.e. cvT0 and cvT1 respectively. Assuming
that the boundaries are only undergoing incident diffusive phonons, and making
use of a result derived by Marshak (1967) in the limit of black walls for thermal
radiation, the heat flux at the walls corresponding to diffusive phonons can be cast
in the form

qd � n D �1
2

vud; (10.47)

where n is the unit normal to the boundary pointing positively outwards. After sub-
stitution of (10.47) in Cattaneo’s law (10.42b), one obtains the following boundary
condition for the diffusive component:

�
@ud

@t
C ud D 2

3
`rud � n; (10.48)

where ` denotes the mean free path defined through �D 1
3
cvv`. The basic relation

(10.45) of the ballistic–diffusion model takes the simplified form
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@2ud

@t2
C @ud

@t
D �
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@2ud

@x2
� @qb

@x
; (10.49)

with the initial and boundary conditions given by

t D 0 W u.x; 0/ D ud.x; 0/C ub.x; 0/ D cvT0;

�
@u.x; t/

@t

�
tD0

D 0; (10.50)

x D 0 W ub.0; t/ D cvT1; (10.51)

�

�
@ud

@t
C ud

�
xD0

D 2`

3

�
@ud

@x

�
xD0

; (10.52)

x D L W ub.L; t/ D cvT0; (10.53)
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�

�
@ud

@t
C ud

�
xDL

D �2`
3

�
@ud

@x

�
xDL

: (10.54)

To solve (10.49), one needs to determine the ballistic heat flux qb which, in the
present geometry, is given by (Chen 2002)

qb.x; t/ D 1
2
cvv�T

Z 1

�t

� expŒ�x=.�l/� d� C qb0.x; 0/ for 0 � 
t � 1; (10.55a)

qb D q0.x; 0/ for � 1 � 
t � 0; (10.55b)

wherein 
t Dx=vt . This result is a confirmation of the property that the heat
flux depends on the difference of temperatures �T between the two extremities
and not on the temperature gradient. The problem has been solved numerically by
Chen (2002) in terms of the non-dimensional quantities temperature T �D .u �
u0/=.cv�T /, heat flux q�D .q � q0/=.cvv�T /, time t�D t=� , and space coor-
dinate x�Dx=L. Chen has determined the temperature and heat flux distribution
and compared his results with these obtained from Fourier’s, Cattaneo’s and Boltz-
mann’s equations. The results for the temperature are plotted in Fig. 10.6a and b
and indicate clearly that Fourier’s and Cattaneo’s laws break down to describe heat
conduction at small space scales (large Kn numbers) and short time scales. On the
other hand, comparison of the results of the BDE with these derived by direct inte-
gration of the Boltzmann equation shows a close agreement. At small Kn’s and
large t� -values, the four models tend to deliver similar results as seen in Fig. 10.6b.
Whatever the values of Kn, the Boltzmann and BDE formalisms exhibit a tem-
perature jump at the boundaries, a feature still observed in EPRT. Chen has also
calculated the behaviours of the heat flux at x�D 0 as a function of time, as shown
in Fig. 10.2. Fourier’s description predicts a unrealistic infinite value as time goes
to zero. Cattaneo’s law leads to artificial heat flux oscillations; the results of BDE
are similar to these obtained from Boltzmann’s equation while a good agreement

Fig. 10.6 Comparison of temperature profiles obtained from Fourier’s, Cattaneo’s, Boltzmann’s,
BDE models at two different Knudsen numbers and two different times (reprinted with permission
from Chen G (2002) J Heat Transf 124:320)
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is reached between the EIT and BDE approaches especially in the long time limit
.t� > 1/. Chen and collaborators (Yang et al. 2005) have extended the BDE to
the study of transient heat conduction in two-dimensional structures in presence
of internal heat generation. In spite of its interest and success, the BDE contains
an inconsistency when applied to the equilibrium limit. Assuming that the system
is in equilibrium with the environment at temperature T0, one is able to calcu-
late the equilibrium values of ud0 and ub0 but the sum u0D ud0 C ub0 does not
make restitution of the equilibrium value cvT0, thus temperature T0. The reasons
may be found in the relaxation time hypothesis and the use of Cattaneo’s equation
(10.42b) which represent only rough approximations of the true behaviour of the
diffusive phonons:Moreover, Chen introduces the simplifying assumptions that the
heat capacities cdD cb 	 cv, the heat conductivities �dD�b 	 �, and the relaxation
times �dD �b 	 � are equal for both the diffusive and ballistic phonons. Although
for reasons of simplifications, such an hypothesis may be relevant concerning the
heat capacity and the heat conductivity which describe mean macroscopic proper-
ties, it is not acceptable for the relaxation times; indeed, at large Kn and short times,
the frequency of collisions 1=�b of phonons with the boundaries is largely dominant
and this means that the corresponding relaxation time should be smaller than the
diffusive one: �b � �d. Finally, the BDE constitutes a rather complex approach as
it mixes macroscopic considerations, via the use of Cattaneo’s law for the diffusive
part, and microscopic aspects, through the resolution of Boltzmann’s equation for
the ballistic motion. The model requires also the resolution of twice the number of
equations compared to the EPRT and EIT models.

In summary, the use of a phenomenological effective thermal conductivity
depending on the size of the system, as described in Sect. 10.1 may be especially
useful for an initial exploration of the general trends of the behaviour of the system,
as it requires a reduced computational effort. After the most promising configu-
rations of a device have been identified, one could proceed to a more detailed
microscopic exploration by using, for instance, the EPRT or BDE approaches or
some more detailed Monte Carlo simulations. One of the merits of EIT is to provide
a practical first description of heat transport in small length and short time scales
which would not have been possible in the frame of the local-equilibrium approach.

10.4 Problems

10.1. Consider a 1-D thin film of thickness L subject to a temperature difference
T1 � T0. Using the EPRT model, show that in the steady state, the heat flux
is given by

q D ¢.T 4
1 � T 4

0 /

1C 3
4
.L=`/

;

wherein ¢ is Stefan–Boltzmann’s constant and ` the mean free path of
phonons (Majumdar 1993). Show that in the limiting cases of purely diffusive
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and purely ballistic transport, one recovers respectively the Fourier’s law and
the so-called Casimir limit qD ¢.T 4

1 � T 4
0 /.

10.2. Show that by considering only the first truncation approximation in the
continued-fraction expansion (10.10), i.e. by assuming that `1D 1, `i D 0
for i > 1 together with !D 0, one finds, in the limit of largeKn values, that

�1.L/ D �0

4�2`2
L2;

which is not satisfactory, as experiments indicate that � is proportional to L
instead of to L2.

10.3. Determine the temperature distribution in a 1-D thin slab of length L from
Naqvi and Waldenstrom’s equation (10.19) for KnD 10; 1; 0:01 and the
following initial and boundary conditions:

t D 0 W T .x; 0/ D T0;

x D 0 W T D T1 x D L W T D T0:

Compare with the results obtained from the classical Fourier’s law.
10.4. Starting from the equation for steady-state phonon hydrodynamics

r2q D k0

`2
rT;

and assuming that the heat flux along the walls is not zero, but given by the
slip condition

qwall D C`
�
@q

@r

�
wall

obtain the profile q.r/ of the heat flux in a thin layer of width R, and show
that the effective thermal conductivity has the form

�eff D �0



1 �

�
2`

R
� C

�
tanh

�
R

2`

��
:

(See Álvarez, Jou, Sellito (2009).)
10.5. To apply (10.15) to a nanowire the effective size Lmust beL�2D r�2Cr�2,

i.e.LD r=p2. (a) Compare the effective conductivity of a thin layer of width
r with that of a nanowire of radius r . (b) Obtain the effective size of a tubular
nanowire of external and internal radii given by r1 and r2.



Chapter 11
Waves in Fluids: Sound, Ultrasound,
and Shock Waves

The presence of relaxation terms and higher-order gradients in the dynamical equa-
tions makes it very difficult to solve them because they require the introduction
of supplementary boundary and initial conditions compared to classical thermo-
hydrodynamics. Instead of trying to solve the whole mathematical problem, it is
more fruitful to concentrate on the analysis of waves in infinite media, as their
speed and attenuation are directly measurable and of great practical interesting in
the determination of the constitutive properties of the materials.

As the relaxation times of the fluxes are usually very small, it is rather difficult
to observe their effects in transient processes. However, such effects may be made
perceptible in high-frequency phenomena, like sound and ultrasound propagation
when the frequency becomes comparable to the inverse of the relaxation times of the
fluxes. At high frequencies, the influence of the relaxational terms becomes decisive,
as they imply a finite propagation speed instead of a divergent speed, as it was
already mentioned in the context of thermal waves. Another situation of interest is
provided by shock waves, where the gradients and the speeds are very high, this
implying a relevant role of non-local contributions.

Classical hydrodynamics is described by five independent variables (mass,
energy, and the three components of velocity), to which correspond five hydrody-
namic modes. In EIT, additional independent variables are incorporated and thus
the number of independent modes will increase accordingly. In this chapter we shall
focus on the influence of these extra variables on propagation of waves and shocks
in ordinary fluids. This topic finds also several applications in complex fluids, as for
instance laminar or turbulent superfluids (Mongiovı̀ 1993, Mongiovı̀ and Jou 2007),
where a higher number of independent waves may arise.

11.1 Sound Propagation in Fluids: Linear Waves

Wave propagation in fluids, and more particularly ultrasound propagation in
monatomic gases, was one of the main tools used to study the properties of flu-
ids before the development of new techniques based on light and neutron scattering.
Wave propagation in gases has been examined from the point of view of the kinetic

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 11, c� Springer Science+Business Media LLC 2010
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theory of gases to explain experimental results by Greenspan (1956) and Meyer and
Sessler (1957). A macroscopic interpretation in terms of EIT was proposed by Car-
rassi and Morro (1973), Anile and Pluchino (1984), and others, who based their
analyses on the relaxational equations (2.70–2.72). These works were generalised
by Lebon and Cloot (1989), who introduced non-local higher-order terms, and by
Chu (1999), by using discrete kinetic models..

Consider a perturbation around a reference equilibrium state with pressure p0,
density �0, temperature T0, and velocity zero, so that �D �0 C ı�, pDp0 C ıp,
T DT0 C ıT , and vD 0 C ıv. The linear form of the balance equations of mass,
momentum and energy is

@ı�

@t
C �0r � ıv D 0; (11.1a)

�0

@ıv
@t
D �rıp � r � ıPv; (11.1b)

�0

@ıu

@t
D �p0r � ıv � r � ıq: (11.1c)

The perturbation of the internal energy in terms of the perturbation in density and
temperature can be written as

ıu D cvıT C 1

�0

�
p0

�0

� cp � cv

˛

�
ı�; (11.2)

when non-linear terms in the fluxes have been omitted.
Consider one-dimensional perturbations of the form ı�D ı�0 expŒi.!t � kx/�,

with amplitude ı�0, real frequency ! and complex wavevector k. Inserting these
into (11.1a–c), one obtains

i!ı�0 � ik�0ıv
0
x D 0; (11.3a)

�ikıp0 � ikıP v0
xx C i!�0ıv

0
x D 0; (11.3b)

i!�0cvıT
0 � ikıq0

x �
�0

˛

�
cp � cv

�
ikıv0

x D 0; (11.3c)

where ıT can be expressed in terms of ı� and ıp by means of ˛�0ıT D .�=c2
s /ıp�

ı�, with ˛ the coefficient of thermal expansion, � D cp=cv, and c2
s D .@p=@�/s the

Laplace sound velocity.

11.1.1 The Classical Theory

In this section we reproduce the classical theory, and for pedagogical reasons we
have given the details of the calculations.
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For fluids described by the Newton and Fourier equations with zero bulk viscosity
one has

ıP 0
xxv D 4

3
ik
ıv0

x; ıq
0
x D ik�ıT 0: (11.4)

Combination of (11.3) and (11.4) yields

Ac � bc D 0; (11.5)

where

Ac D

0
B@

i! �ik�0 0

0 i!�0 C 4
3

k2 �ik

� 1
˛�0
.i!�0cv C �k2/ ��0

˛
.cp � cv/ik

�

�0c2
s ˛
.i!�0cv C �k2/

1
CA ; (11.6a)

bc D
0
@ ı�

0
ıv0

x

ıp0

1
A (11.6b)

0 D
0
@ 00
0

1
A (11.6c)

The corresponding dispersion relation given by the vanishing of the determinant of
Ac is

�

cs�0cp

k4

�
� ics

!
C 4

3


�

c�0

�
C k2



1C i!

c2
s �0

�
4

3

C ��

cp

��
� !

2

c2
s

D 0: (11.7)

This is the well-known Kirchhoff equation for acoustic waves. For small values of
k and ! one finds for the phase velocity vp and the absorption coefficient 	 0

vp D !

Re k
; (11.8a)

	 0 D �Im k D !2

2c3
s



4

3




�0

C �.� � 1/
�
; (11.8b)

with �D�=�0cp the heat diffusivity. These are the classical results for sound prop-
agation and absorption at low frequencies. At high frequencies, the asymptotic
solution of (11.7) behaves as

k2 
 aC i Œb.!=cs/CO.1=!/� ; (11.9)

wherein a and b are functions of l1D�=cs and l2D 4
3

=.c�0/ (Problem 11.1). In

the high-frequency limit, the imaginary part of k2 dominates, so that k2D ib.!=c/;
it is easily checked (see Problem 11.1) that

Re k 
 Im k 
 !1=2: (11.10)
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Consequently, the phase velocity behaves as

vp D !

Re k

 !1=2; (11.11)

which is unbounded as ! tends to infinity. This remains true for the absorption
coefficient. The above results indicate clearly that the classical approach is not valid
at high frequencies.

11.1.2 Extended Thermodynamic Theory

For a vanishing bulk viscous pressure, the one-dimensional linearized equations
(2.70) and (2.72) can be expressed as

�1

@qx

@t
C qx D ��@T

@x
C ˇ�T 2 @P

v
xx

@x

;

(11.12a)

�2

@P v
xx

@t
C P v

xx D �
4

3


@vx

@x
C 4

3

Tˇ

@qx

@x
: (11.12b)

These equations, together with (11.3), can be cast in the form A � bD 0, where

A D

0
BBBBB@

i! �ik�0 0 0 0

0 i!�0 �ik �ik 0

�i!cv=˛ �ik�0.cp � cv/=˛ i!cp=.˛c
2/ 0 �ik

0 �4
3

ik
 0 1C i!�2
4
3

ik
ˇT
ik�=.�0˛/ 0 ik�=.c2�0˛/ ik�ˇT 2 1C i!�1

1
CCCCCA
;

b D

0
BBBBB@

ı�0
ıv0

x

ıp0
ıP v0

xx

ıq0
x

1
CCCCCA
: (11.13)

We now neglect for simplicity the cross terms on the right-hand side of (11.12) and
(11.13), i.e. we assume that ˇD 0. The dispersion relation corresponding to this
simplified version turns out to be

l1

h
�l2 � i

cs

!
.1C i!�2/

i
k4C

�
f .!/C i

!

cs

Œ.1C i!�1/l2 C .1C i!�2/�l1�

�
k2

�
�
!

cs

�2

f .!/ D 0; (11.14)

with f .!/D .1C i!�1/.1C i!�2/. When �1D �2D 0, one recovers the Kirchhoff
equation (11.7). The corresponding phase velocities are calculated in Box 11.1.2
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Box 11.1 Phase Velocities at High Frequencies If (11.14) is multiplied by
.1 � i!�1/.1 � i!�2/ to make the last term a real one, we may write it as

Ak4 C Bk2 � C D 0; (11.1.1)

with

A D .a1 C a0
1!

2/� i.1=!/.a2 C a0
2!

2/; (11.1.2)

B D .1C b0
1!

2 C b00
1!

4/C .b2 C b0
2!

2/; (11.1.3)

C D c1!
2 C c0

1!
4 C c00

1!
6: (11.1.4)

The coefficients in (11.1.2)–(11.1.4) are

a1 D csl1Œ�.l2=cs/ � �1�; a0
1 D �csl1�

2
1 Œ�.l2=cs/C �2�; a2 D csl1;

a0
2 D csl1

�
�2

2 C �.l2=cs/.�1 C �2/
�
; b0

1 D �2
1 C �2

2 C .l2=cs/�2 C �.l1=cs/�1;

b00
1 D �1�2 Œ�1�2 C .l2=cs/�1 C �.l1=cs/�2� ; b2 D .l2 C �l1/c�1

s ;

b0
2 D .l2�2

1 C �l1�2
2 /c

�1
s ; c1 D c�2

s ; c0
1 D .�2

1 C �2
1 /c

�2
s ; c00

1 D �2
1 �

2
2 c

�2
s :

At high frequencies, (11.1.1) leads after rather lengthy calculations to

k2 D !2

2a02
1

n
a0 h�b00

1 ˙ .b002
1 C 4a0

1c
00
1/

1=2
i

C 1
!

h
.a0

1b
0
2 C a0

2b
00
1/Œ.b

002
1 C 4a0

1c
00
1/

1=2 � b00
1 �� 2a0

1a
00
2c

00
1

i

.b002
1 C 4a0

1c
00
1/

�1=2
o

(11.1.5)

This relation shows that at high frequencies the imaginary part of k2 is
negligible with respect to the real part.

Within the same high-frequency limit, one obtains two waves with constant
phase velocities given by

vp D !

Re k
D .2a0

1/
1=2

��b00
1 ˙ .b002

1 C 4a0
1c

00
1/

1=2
�1=2

; (11.1.6)

The result (11.1.6) shows that within the limit of high frequencies, the phase
velocities tend to coincide with the characteristic values of matrix A given in
(11.13).
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11.1.3 Particular Results for Monatomic Gases

Expression (11.1.6) may be calculated explicitly by using kinetic theory results;
accordingly, �D 5

2
.k2

BT n=m/�1, 
Dp�2, � D 5
3

, cvD 3
2
kB=m, �1D 3

2
�2, pD

nkBT , and the Laplace sound velocity c2
s D 5

3
kBT=m. With these values it is found

that
lim !!1v.1/

p D 1:65 cs; lim !!1v.2/
p D 0:63 cs; (11.15)

where superscripts 1 and 2 denote the two wave velocities. In the low-frequency
limit, the corresponding values for the phase velocity are respectively lim!!0 v.1/

p D
cs , and lim!!0 v.2/

p D 0. The results are shown in Fig. 11.1 (Müller 1984). The first
wave is the usual acoustic wave, with velocity equal to cs at small frequencies and
1:65 cs at high frequencies, in contrast with the classical prediction of an infinite
speed in this limit. The second wave corresponds to a diffusive wave which is
strongly damped at low frequencies and is therefore not observed. This is no longer
true however at high frequencies, at which the absorption coefficients	.2/ and 	.1/

remain finite and almost constant when ! is varied
A numerical comparison between the respective phase velocities in the classical

Kirchhoff and the relaxational theory may be found in Table 11.1, where values of
vp=cs are reported as functions of l=�0 where l D 
.�0cs/

�1 is the mean free path
of the molecules and �0 the wavelength, given by �0D 2� The numerical values
in the relaxational case have been calculated by assuming that �1D �2D l=.cs�/

(Carrassi and Morro 1973). It is evident that the classical theory deviates appreciably

1

0
wt1

G *(1)

G *(2)

ν*(1)

ν*(1)

ν*(2)

p,clas

p

p

Fig. 11.1 Non-dimensional phase speeds v�

p .D vp=cs/ and absorption coefficients 	�.D �1cs	
0/

of the acoustic wave 1 and the extra wave 2 as a function of the non-dimensional frequency !�1
for EIT. The dashed curve represents the phase speed for the classical theory increasing without
bound
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Table 11.1 Numerical values of vp=cs as a function of l=�0 (Carassi and Morro 1973)

l=�0 0.25 0.50 1.00 2.00 4.00 7.00

.vp=cs/.Kirchhoff/ 2.50 3.84 5.26 7.69 40 100

.vp=cs/.relaxational/ 1.92 2.32 2.27 2.52 2.08 2.09

.vp=cs/.experimental/ 1.96 2.17 2.00 2.17 2.17 2.17

from the experimental results as l=�0 increases, whereas the introduction of the
relaxation times makes the comparison much more accurate in the domain of short
wavelengths.

The degree of agreement with the experimental data is very sensitive to the
choice of the values of �1 and �2 (Carrassi and Morro 1973). It is true that from
a macroscopic point of view one is free to choose �1 and �2 as phenomenologi-
cal parameters maximizing the agreement with experiments, but the kinetic theory
of gases (Chap. 4) and the fluctuation theory (Chap. 5) predict definite relations
between �1 and � and between �2 and 
, so that the macroscopic freedom is only
apparent. When the kinetic results are taken into account, as in (11.15), the predicted
values of the high-frequency speed do not agree with the experimental ones. This
is not surprising, because the relaxation times of heat flux and of viscous pressure
are of the order of the collision time. This means that, at frequencies comparable
to the inverse of the relaxation times, it is necessary to include in the macroscopic
description not only the dissipative fluxes but also higher-order fluxes, as explained
in Sect. 4.7. This improves considerably the agreement with experimental data.

Lebon and Cloot (1989) suggested to replace the Maxwell–Cattaneo’s laws
(2.70) and (2.72) by

�1

@q

@t
D �.q C �rT /Cr �Q; (11.16)

�2

@Pv

@t
D �.Pv C 2
V/Cr �Q; (11.17)

wherein Q and Q are second and third-order fluxes respectively, which satisfy
evolution equations of the form:

�3

@Q
@t
D �r � R�Q; (11.18)

�4

@Q

@t
D �r �<�Q: (11.19)

It is assumed that the third-order R and fourth-order < flux tensors are given by the
following constitutive relations:

R D �1qU; < D 
1UPv; (11.20)
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wherein �1 and 
1 are constant phenomenological coefficients. Letting the relax-
ation times �3 and �4 tend to zero and substituting (11.18-11.20) in (11.16) and
(11.17) respectively, leads to

�1 Pq D �.q C �rT /C ˇ�T 2r � Pv C �1r � .rq/; (11.21)

�2
PPv D �.Pv C 2
V/C 2
ˇT .rq/C 
1r � .rPv/: (11.22)

This weakly non-local model involves seven unknown parameters �1, �2, �; 
,
ˇ, �1, and 
1. Instead of selecting �1 and �2 as free parameters,as done ear-
lier by Carrassi and Morro (1973) and Anile and Pluchino (1984), Lebon and
Cloot (1989) prefer to choose �1 and 
1, because of the uncertainty about the theo-
retical value of these two quantities. In view of the kinetic theory, the other parame-
ters are related to �1 and 
1 by �D 15

4
ŒkB=.Tm/�1=2p
1, ˇD � 2.
1/

�1=2=.5pT /,

Dp
1.kBT=m/

�1=2, �1D 3
2

1.kBT=m/

�1=2, and �2D 
1.kBT=m/
�1=2, in the

case of monatomic Maxwell molecules. Instead of (11.14) one obtains now the more
complicated dispersion relation

�0A2A3 C
�
k

!

�2 

i�0!

�
�

cv
A2 C 1

3

A3

�
C �2

0A2A3

�
c2

s

�

��
1C kB

mcv

��

�
�
k

!

�4 

!�c2

s

cv

�

!

3c2
C 1

�
�0A1

�
� 2�0c

2
s

cp

�2
ˇT!2

C2�0

3

2ˇT!2

�
kB

mcv
� 2
ˇT!

A2

��
D 0; (11.23)

withA1D 1�i!�1C�1k
2,A2D 1�i!�2C
1k

2, andA3DA1C4
3
.
�ˇ2T 3=A2/k

2.
This equation has been solved numerically (Lebon and Cloot 1989) and compared
with the experimental data by Greenspan (1956) and Meyer and Sessler (1957). In
Figs. 11.2 and 11.3, cs=vp and the dimensionless absorption coefficient 	�D �cs	

0
are shown as a function of the dimensionless frequency !�D ��! with ��D
2
.p�/�1. It is noticed that the dimensionless wave speed vp=cs attains a finite
value (approximately 2) at high frequency (!� > 10/.

As for the damping, it is seen that the absorption coefficient increases at small
frequencies up to a maximum value at !�D 1 and then decreases slowly for high
frequencies. As pointed out by Woods and Troughton (1980), at high values of !�
there may be a contribution to the absorption arising from diffusion in the piezo-
electric receiver, so that the experimental result for the absorption factor should be
considered as an upper limit to the actual value.

In brief, it is observed that, whereas the Navier–Stokes approach provides a good
modelling at low frequencies, it is definitively not adequate at high frequencies,
say !�>2. By using extended irreversible thermodynamics in its simplest version,
i.e. with the heat flux and the viscous pressure tensor as the only extra variables,
Anile and Pluchino (1984) obtained a more satisfactory result for the phase speed.
Unfortunately, the results for the absorption coefficients are even worse than those
based on the Navier–Stokes theory as soon as !� becomes larger than unity.
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Fig. 11.2 The quantity cs=vp versus dimensionless frequency !�. Experimental data: black cir-
cles, Meyer and Sessler; white circles, Greenspan. Theoretical results: — — — Navier–Stokes;
— — — Anile and Pluchino; Lebon and Cloot (reprinted with permission from Lebon G,
Cloot A (1989) Wave Motion 11: 23)
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Fig. 11.3 Dimensionless absorption coefficient 	� D ��cs	
0 versus dimensionless frequency

!�.D ��!/. Experimental data: black circles, Meyer and Sessler; white circles, Greenspan. The-
oretical results: — — — Navier–Stokes; — — — Anile–Pluchino; Lebon–Cloot (reprinted
with permission from Lebon G, Cloot A (1989) Wave Motion 11: 23)]

Better results are obtained with the strongly non-local model with �1 ¤ 0 and

1 ¤ 0. As shown in Fig. 11.2, the theoretical curve for the phase velocity matches
reasonably well the experimental observations by Greenspan and by Meyer and
Sessler, even in the high-frequency range (!� > 2). Moreover, an excellent agree-
ment between theory and experiment is achieved for the absorption coefficient over
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the whole range of frequencies (Fig. 11.3). It follows from the previous analysis that,
in order to match the high-frequency experimental data, it is necessary to include, in
addition to the usual heat flux and viscous pressure tensor, supplementary variables
of the form of fluxes of the fluxes.

Here we are concerned with simple monoatomic gases. Other causes of relax-
ational effects are found when the molecules have internal degrees of freedom,
or when a chemical reaction takes place in the gas. Such relaxation effects have
been observed, and analysed by Bauer (1965) and Knesser (1965). Sound propaga-
tion in the framework of EIT in elastic dielectrics and metals has been studied by
Kranys (1977) and Jou et al. (1982).

11.2 Non-linear Acceleration Waves in Monatomic Ideal Gases

We here follow the same procedure as in Chapter 9 about non-linear heat wave
propagation in rigid solids. Let us recall that acceleration waves (or weak disconti-
nuities) propagate in such a way that the field variables remain continuous through
the discontinuity surface, but their first derivatives undergo a jump. For simplic-
ity, consider a monoatomic ideal gas without bulk viscosity and assume that the
motion is one-dimensional in the direction x. The field variables � (mass density), v
(x-component of the velocity), T (temperature), q (x-component of the heat flux),
and Pxx (xx-component of the viscous pressure tensor) obey the following evolution
equations:

d�

dt
C � @v

@x
D 0; (11.24)

�
dv

dt
C @p

@x
C @Pxx

@x
D 0; (11.25)

�
du

dt
C @q

@x
C p @v

@x
C Pxx

@v

@x
D 0; (11.26)

�1

dq

dt
C q C �@T

@x
� ˇ�T 2 @Pxx

@x
D 0; (11.27)

�2

dPxx

dt
C Pxx C 4

3


@v

@x
� 4
3
ˇ
T

@q

@x
D 0: (11.28)

These equations are completed by the constitutive relations pD �RT, uD cvT D
2
3

RT, ˇD � 2
5
.pT /�1. To determine the characteristic velocities, we apply the

classical correspondence rule

@

@x
! ı;

d

dt

�
D @

@t
C v

@

@x

�
! �Qw D �.w � v/; (11.29)

with ı denoting the jump of the derivatives of the variables across the wave front
'.x; t/, QwDw� v is the relative velocity of the wave with respect to the fluid. After
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application of the transformations (11.29) to equations (11.24)–(11.28), one obtains
the algebraic system

Qwı�C �ıv D 0; (11.30)

�� QwıvC �RıT C RTı�C ıPxx D 0; (11.31)

�3
2
�R QwıT C ıq C �RTıvC Pxxıv D 0; (11.32)

��1 Qwıq C �ıT � ˇ�T 2ıPxx D 0; (11.33)

��2 QwıPxx C 4

3

ıv � 4

3

T ıq D 0: (11.34)

Taking into account that �=�1D 5
2
�R2T , 
=�2Dp, the set (11.30)–(11.34) may be

written under the form
.A� QwU/ � b D 0; (11.35)

with

A D
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0 3
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�R2T 0 RT

0 4
3
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CCCCCA

(11.36a)

b D

0
BBBBB@

ı�

ıv
ıT

ıq

ıPxx

1
CCCCCA
: (11.36b)

The condition that det .A� QwU/D 0 provides the following fifth-order characteristic
polynomial

w



w4 � w2

�
2

3
P xx C 78

25

�
� 8

25
P xx C 27

25

�
D 0; (11.37)

wherein the following non-dimensional quantities have been introduced

w D Qw
cs

; q D q

�c3
s

; P xx D Pxx

�c2
s

: (11.38)

Besides the trivial solution wD 0, i.e. wD v, we have four thermo-viscous sound
wave solutions. Note that the characteristic equation is independent on q because in
monatomic ideal gases, the internal energy u is only function of the temperature. In
more complex systems, u may depend on q, for instance, in dielectric crystals or
in more general gases described for instance by Grad’s model, wherein the evolution
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equation of q contains a term in q � rv (see Chapter 4). A similar term occurs also if
the material time derivative is substituted by more general objective time derivatives,
as in polymers.

In equilibrium, for which qDPxxD 0, the characteristic equation (11.37) simpli-
fies as

w4 � 78
25

w2 C 27

25
D 0; (11.39)

whose four solutions are given by

w1;2 D ˙1:65 cs ; w3;4 D 0:63 cs (11.40)

and coincide with the phase velocities at high frequencies as derived in
Section 11.3.2. Hyperbolicity requires that the roots of the characteristic equation
(11.37) are real, which implies that the discriminant

� D 1

9
P 2

xx C
102

25
Pxx C 846

625
> 0 (11.41)

be positive. For Pxx>0, this is unconditionally satisfied while for Pxx<0, hyper-
bolicity is fulfilled everywhere except in the region where �11:16<Pxx<

� 1:08.

11.3 Shock Waves

This section is concerned with propagation of shock waves in a fluid at equilibrium.
In shock waves, the density, temperature or pressure, and velocity are experienc-
ing discontinuities across thin layers. Physically, such a discontinuity layer is not a
geometrical surface but a material surface with a small but non-vanishing thickness,
of the order of a few mean free paths. In the foregoing, it is shown that the pres-
ence of relaxation terms in the field equations has a non-negligible influence of the
propagation and structure of shocks. In a first subsection, it will be assumed that the
discontinuity is modelled by a geometric surface of zero thickness before discussing
the problem of shock’s structure. To better apprehend the importance of EIT in the
study of shock waves, we briefly recall the main results obtained from a classical
approach.

11.3.1 The Classical Navier–Fourier–Stokes Approach

In a one-dimensional description, the relevant balance equations written in conser-
vative form are

@�

@t
C @

@x
.�v/ D 0; (11.42)
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@

@t
.�v/C @

@x
.�v2 C p C Pxx/ D 0; (11.43)

@

@t

�
uC �

2
v2
	
C @

@x

�
1

2
�v3 C uvC pvC PxxvC q

�
D 0; (11.44)

wherein u is measured per unit volume. For a shock moving at velocity †, the
relative velocity of the fluid is wD v � †. In the moving reference frame where
the discontinuity is at rest, the Rankine–Hugoniot equations (e.g. Landau and
Lifshitz 1985) expressing the compatibility conditions for the existence of shocks
take the form

Œ�w� D 0; (11.45)�
�w2 C Pxx C p

� D 0; (11.46)

1

2
�w3 C uwC PxxwC pwC q

�
D 0; (11.47)

wherein Œˆ� denotes the jump Œˆ�Dˆ1 � ˆ0, ˆ0 and ˆ1 are the limiting values
of ˆ across the surface of discontinuity respectively in the unperturbed equilibrium
state (ahead of the front) and the perturbed state (behind the front) (see Fig. 11.4).

Our next task is to relate the values of �, w, T (and accessory p) behind and
ahead of the shock. In the classical Navier–Fourier–Stokes theory, equilibrium is
reached at long distances, so that the dissipative fluxes Pxx and q in (11.46) and
(11.47) are negligible. Denoting by J the mass flux at the surface of discontinuity,
one obtains from (11.45)

w0 D J

�0

; w1 D J

�1

; (11.48)

and, after introducing these results in (11.46),

p1 C J 2

�1

D p0 C J 2

�0

; (11.49)

or
J 2 D p1 � p0

1=�0 � 1=�1

: (11.50)

Perturbed state Equilibrium state 

S

F1 F0

Fig. 11.4 In the reference frame where the shock wave is at rest, the gas flows from the region
in equilibrium (ˆ0) to the region perturbed by the shock motion (ˆ1). In the frame at rest with
respect to the gas, the shock wave moves from the left to the right



266 11 Waves in Fluids: Sound, Ultrasound, and Shock Waves

In terms of J and making use of qDPxxD 0, the energy balance (11.47) can be
written as

u1 C p1

�1

C J 2

2�2
1

D u0 C p0

�0

C J 2

2�2
0

; (11.51)

and, in virtue of (11.50),

u1 � u0 C 1

2

�
1

�1

� 1

�0

�
.p1 C p0/ D 0: (11.52)

For given values of �0 and p0, this equation links �1 and p1. Such an expression is
known as the shock adiabatic line or the Hugoniot adiabatic line: it relates the ther-
modynamic quantities on both sides of the shock surface. For an ideal gas described
by the state equations

u D 3

2� p
D c2

s

�.� � 1/ ; p D �RT D c2
s

�
; (11.53)

where cs D
�

5
3

RT
�1=2

is the Laplace sound velocity, with � D cp=cv, the ratios of
the densities, velocities, pressures and temperatures, when expressed in terms of the
unperturbed Mach number,

M0 D w� v0

cs

D
P
cs

; (11.54)

are given by

�1

�0

D v0
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D .� C 1/M 2
0

.� � 1/M 2
0 C 2

; (11.55a)
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D 2�M 2
0 � .� C 1/

�2 C 2.� C 1/ ; (11.55b)
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2�M 2
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0 C 2
�

.� C 1/2M 2
0

: (11.55c)

These results are well known (e.g. Landau and Lifshitz 1985) and they are indepen-
dent of the dissipative fluxes.

11.3.2 The Extended Irreversible Thermodynamics Approach

Up to now, we have deliberately omitted the influence of the dissipative fluxes.
In EIT, these quantities are associated to relaxation effects and are governed by
evolution equations which complement the classical balance laws (11.42)–(11.44).
In the present section, we assume that the evolution equations of the momentum
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and energy fluxes are the non-linear expressions (4.39) and (4.40) obtained from
Grad’s formalism for ideal monatomic gases with zero bulk viscosity. They present
the advantage to be easily expressed in conservative form. It is easily checked
(Ruggeri 1993, Problem 11.8) that the one-dimensional expressions of (4.39) and
(4.40) may be written as
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With a shock front propagating at the velocity† and a fluid moving with the relative
velocity wD v � †, the compatibility Rankine–Hugoniot equations corresponding
to the set of equations (11.42–11.44), (11.56) and (11.57) are given by

Œ�w� D 0; (11.58)�
�w2 C p C Pxx

� D 0; (11.59)�
5pwC 2PxxwC �w3 C 2q� D 0; (11.60)
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�
�w4 C 5p2��1 C 7p��1Pxx C 32wqC w2.8p C 5Pxx/

� D 0; (11.62)

with the brackets defined after expression (11.47). Let us introduce the non-
dimensional quantities expressed in terms of the equilibrium values �0, p0 and w0

(recall that v0D q0D .Pxx/0D 0):

M0 D †

cs

; W D w1

w0

; Q D q1

p0cs

; P D .Pxx/1

p0

: (11.63)

It is easily checked that the solutions of the Rankine–Hugoniot equations can be
cast in the form

�1

�0

D 1

W
; (11.64)
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p0

D 1 � 5

27
M 2

0

W 2 � 1
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; (11.65)
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27
M 2
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; (11.66)

Q D �15
18
M0.W � 1/ .10M 2

0W � 5M 2
0 � 9/; (11.67)
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whereinW is solution of

5M 4
0 .693W

3 � 710W 2 C 143W C 8/� 2106M 2
0W.2W � 1/C 729W D 0:

(11.68)
Expressions (11.64–11.68) constitute a set of five equations with the five unknowns
�1, p, P , Q, W . Given a unperturbed Mach numberM0, one obtains directly from
(11.68) the value of the correspondingW , which substituted in (11.64–11.67) leads
to the values of �1=�0, p1=p0, P andQ in the perturbed region. The results for the
temperature and velocity fields are straightforward and given by

T1

T0

D W p1

p0

;
v1

cs

D .1 � w/M0; (11.69)

after use is made of the state equation (11.53b) and the definition of w. Within
the limit of a null shock defined by v1D v0D 0, whence W D 1, relation (11.68)
simplifies as

M 4
0 �

78

25
M 2

0 C
27

25
D 0; (11.70)

whose solutions areM0D˙0:63,M0D˙1:65. It is worth to note that these values
are the same as the characteristic values (11.15) obtained in the problem of high-
frequency wave propagation. When M0 approaches 1.65 (respectively 0.63), one
speaks about fast shock (respectively slow shock). Solving (11.68) yields the four
solutions M0.W / as a function of W . After substitution in the set (11.64)–(11.67),
one obtains the expressions of the mass density, pressure, temperature, pressure ten-
sor and heat flux jumps across the front in terms of Mach’s number M0 or the
velocity † of the shock. Numerical calculations have been performed by Muller
and Ruggeri (1998).

In addition, it is well known that among the mathematical solutions of the
Rankine–Hugoniot equations, only the stable ones are physically admissible. Sev-
eral criteria of selection have been put forward. Among them, Lax’s criterion (1957)
is unanimously accepted. It states that the admissible shocks are these for which the
shock velocity is greater than the unperturbed characteristic velocity and smaller
than the perturbed one

v0 < † < v1: (11.71)

When applied to the fastest wave, one notices that the Lax condition is satisfied
under the conditionM0>1:65 and that, after the passage of the front, the ensemble
of variables, and in particular temperature and heat flux, jump up. Such a shock
is called a hot shock. In contrast, for slow shocks, Lax’s criterion implies that
0:63<M0<0:908 and that in this case, numerical analyses indicate that the shock
wave produces a cooling of the gas, with temperature and heat flux jumping down
after the passage of the wave. Such a shock is referred to as a cold shock. Existence
of cold shocks has also been predicted in dielectric crystals as NaF, Bi (Valenti
et al. 2002, Lebon et al. 2008). The occurrence of cold shocks is clearly linked to
the introduction of the fluxes in the space of state variables, with the consequence
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that temperature looses its privilege to be the only relevant thermal parameter. It
may seem paradoxical that temperature jumps down after the passage of the shock,
but this is not unusual. Although it is true that for compressive waves in ordinary
gases at room temperature, the latter is increased when the gas particles flow across
the shock, this is no longer verified for rarefaction flows characterized by a nega-
tive jump of the temperature. This is interesting as it allows comparing a cold shock
with a kind of thermal rarefaction. Moreover, it is noted that in the case of cold
shocks, entropy is decreased when passing from the front to the back side of the
shock (Valenti et al. 2002). If it is admitted that entropy is a measure of disorder, we
may understand that the occurrence of cold shocks is accompanied by less disorder,
whence a lowering of temperature.

11.3.3 Shock Structure

In the previous analyses, it was admitted that the shock wave is mimicked by a
geometrical surface with zero thickness. Actual shocks are of course characterized
by a finite thickness of the order of magnitude of a few mean free paths in the
fluid. The thickness decreases with the magnitude of the discontinuity; for huge dis-
continuities, the change occurs so sharply that the concept of thickness becomes
meaningless. The problem of shock structure has been a subject of active research
and debate during the two last decades; however, because the problem involves
heavy numerical developments, we shall not enter into the details and propose only
a qualitative analysis. The shock thickness is conveniently defined as

L D �1 � �0

.@�=@x/max
; (11.72)

and depends generally on the value of the Mach numberM0. The classical descrip-
tion based on Navier–Fourier–Stokes (NFS) equations predicts a regular structure,
which means a smooth profile without singularity whatever the value ofM0. Never-
theless, the NFS model does not predict results which are in satisfactory agreement
with experience (e.g. Alsemeyer 1976) and this has prompted the emergence of
other approaches. In Grad’s thirteen-moment method of resolution of Boltzman’s
equation, no regular solution is found for Mach’s numbers exceeding M0D 1:65.
This was confirmed by a first analysis by Ruggeri (1993) and later refined by
Weiss (1996), who showed that the upper bound beyond which no shock‘s struc-
ture solution exists is given by v0D�max

0 , where v0 is the velocity ahead of the front
and �max

0 the highest characteristic velocity in the equilibrium state. Referring to
Grad’s model, it was shown in the preceding subsection that �max

0 D 1:65 cs so that
a singularity will occur forM0>1:65.

In Table 11.2 are reported the values of the ratio L=l where L is the shock’s
width and l the mean free path for three different models, namely NFS, Grad’s
thirteen moment and a EIT model proposed by Anile and Majorana (1981). These
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Table 11.2 Ratio L=l between the shock’s width L and the mean free path l in monatomic ideal
gases, calculated by means of three different models

Mach number NFS model Grad’s 13-moments EIT model (Anile–Majorana)

1.1 28.90 28.90 28.81
1.2 14.79 14.81 14.79
1.3 10.17 10.19 10.15
1.6 6.55 6.54 5.64
1.8 4.63 4.58
1.9 4.28 4.24

authors used a model based on equations (11.24–11.28) with the relaxation times
for q and Pxx given by �1D 4

25
��T=p2 and �2D 3

5

=.�p/ respectively; these

values were obtained by fitting the linear dispersion relation (11.14) with exper-
imental data in the high frequency limit. This particular model accepts regular
structures up to M0D 2:96. As indicated by Table 11.2, the three models agree
fairly well for all the Mach’s numbers for which a regular solution exists. The val-
ues reported in Table 11.2 indicate also that for weak shocks (i.e. M0 values close
to 1), relaxation effects have little influence on the shock’s thickness. Because of
the differences between the Grad’s-models and experience for M0>1:65, it was
suggested to increase the number of moments appearing in the expansion of the
distribution function in terms of Hermite polynomials. By increasing the number
of moments, Weiss (1990) was able to show that the loss of structure is pushed to
higher Mach’s numbers: for 14 moments, the critical Mach number is M0D 1:76
and for 35 moments, M0D 2:21. Although the shock’s structure improves with the
number of moments, this amelioration is very slow and not monotonous. Weiss con-
jectured also that the limit value should be higher and higher by including more and
more moments. This argument is however in contradiction with an earlier work by
Holway (1964) wherein it is shown that, no matter how many moments are used,
there exists a bound of the Mach number beyond which no structure is possible.
According to Holway, this value is M0D 1:851. Weiss pointed out that the correct
value should instead be 1:938, and that, in his opinion, Holway’s argument is erro-
neous because of a confusion between the front and the back sides of the shock.
Nevertheless, the general opinion is that these results constitute a drawback of EIT.
To circumvent the problem, two routes have been opened. First, it was suggested
to depart from Grad’s moment method and to base the analysis on other field equa-
tions. This was precisely the attitude of Anile and Majorana (1981), who modified
the linear part of Grad’s equations (11.56) and (11.57). Another option is to for-
mulate non-linear evolution equations for the fluxes more general than Grad’s. This
was achieved by Jou and Pavón (1991) who found that the critical Mach number
was pushed to M0D 4:67. This result was however contested by Ruggeri (1993)
who argued that the limiting value of M0 should depend on the highest characteris-
tic velocity of the linear problem and could therefore not be modified by non-linear
contributions. The debate is not closed yet; the problem of the shock wave structure
raises a number of questions which are still waiting for a definite answer. As most
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of the aforementioned difficulties find their roots in Grad’s formalism, it would be
interesting to explore descriptions not based on the moments’ approach.

11.4 Problems

11.1. In the classical study of wave motion in fluids (see Section 11.1.1), it was
shown that in the case ! !1, the dispersion relation is given by k2D aC
ib.!=cs/ (see Eq. (11.9)). Check that a and b are respectively given by

a D 1

2�l1l2



.1 � �/l2 C �l1

�l2
˙ .2 � �/l1 � l2

l2 � �1

�
;

b D 1

2�l1l2
Œ.l2 C �l1/˙ .l2 � �l1/� :

Since
p

i D .1=p2/.1C i/ show that

Re k 
 Im k 



.l2 C �l1/˙ .l2 � �l1/

8�l1l2

�1=2

!1=2

and that the phase velocity is given by

vp D !

Re k





�l1l2

.l2 � �l1/˙ .l2 � �l1/
�1=2

!1=2:

11.2. In order to fit the experimental data for the ultrasonic speed presented in
Table 11.1., Carrassi and Morro took �1D �2D l=.cs�/ with l the mean
free path, and cs the Laplace sound velocity. (a) Compare these values for
�1 and �2 with those obtained from the kinetic theory of gases, for which
�D 5

2
.k2

BT n=m/�1 and 
Dp�2. (b) Obtain the value of the high-frequency
limit of the phase speed vp and compare with the values M0D ˙ 0:63 and
˙1:65.

11.3. (a) Show that if one imposes the requirement that plane waves must propagate
with speed lower than the speed of light c, the inequality ˇ2 � c2˛1˛2 must
be obeyed. (b) Check that this inequality is true for the coefficients listed in
Table 17.1 for relativistic gases. (Hint: Obtain the high-frequency limit of the
perturbations of ıqx , ı P v

xz for a wave vector k in the z direction according to
(2.70–2.72))

11.4. The criterion that wave speeds should be lower than the speed of light c is
used to develop constraints on possible models for the equations of state of
nuclear matter. As a simple illustration, we consider the equations of state in
the low-temperature limit:
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� D n Œm0 C E0.n/� ; p D n2 ŒdE0.n/=dn� ;

with E0.n/ being the ground-state energy per nucleon, m0 the nucleon rest
mass, n the number density of particles, and � the mass-energy density. (a)
Calculate the adiabatic sound speed cs D Œ.@p=@�/s �1=2 for this system. (b)
One usual equation for E0.n/ is

E0.n/ D E0.n0/C K

18 nn0

.n � n0/
2;

with E0.n0/D � 16MeV, KD 210MeV and n0D 0:160 fm�3. Find the
range of values of n=n0 for which this equation satisfies cs � c. (Olson,
Hiscock (1989))

11.5. The experimental results for ultrasonic absorption in metals have been
described phenomenologically by taking for the viscosity 
 of the electron
gas the expression 
D 1

5
nmv2

F� , with vF being the Fermi velocity, n the elec-
tron number density, and m the electron mass. Assume for Pv the evolution
equation

� PPv C Pv D �2
V CAr2Pv;

where A is a coefficient which has the dimensions of (length)2. In contrast
with classical gases, where the relaxational effects are more important than
the non-local ones, in Fermi gases the latter are more important and the for-
mer may be neglected. (a) Using the balance laws of mass, momentum and
energy and the corresponding simplified equation for Pv, show that the inverse
attenuation time ˛t D � Im! of longitudinal waves is

˛t D 2

3

!2.�0c

3
s /

�1.1 �Ak2/:

(b) Compare with the second-order form of the general microscopic expres-
sion

2˛�cs�

nm
D 1

3

.kl/2 tan�1.kl/

kl � tan�1.kl/
� 1

with l the mean free path and obtain the value of coefficient A (Jou, Bampi,
Morro (1982)).

11.6. The profile of the pressure p across the layer of a weak shock may be written
as

p � p0 C p1

2
D p0 � p1

2
tanh

�
2x

L

�
;

with

L D 16av2

.p0 � p1/.@2v=@p2/s
;

where v the specific volume and aD .2�c3/�1Œ.4=3/
C .�=cp/.� � 1/�, cp

being the heat capacity at constant pressure per unit mass. Obtain the relation
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between the thickness of the shock layer L and the mean free path ` for a
monatomic perfect gas for the Mach numberM0D 1:2. (Hint: Use the follow-
ing results: (1) 
D 1

3
nmhvi`, with hviD Œ8kBT=.�m/�

1=2; (2) �D 5
2

cv, with

cv being the heat capacity at constant volume per unit mass; (3) for a perfect
gas .@2v=@p2/sD .� C 1/v.�p/�2; and (4) the relation p1=p0 in (11.55b).)

11.7. The viscous pressure in a one-dimensional flow is given by P v
xxD 4

3

.@vx=

@x/. One may estimate the viscous pressure in the shock as P v
xxD 4

3

Œ.v1 �

v0/=L�, with L the thickness of the shock layer. (a) By using the value of
L derived in the previous problem, determine the ratio P v

xx=p for a shock
wave with M0D 1:2. (b) Using an analogous procedure, evaluate the heat
flux across a shock wave with M0D 1:2.

11.8. Show that for monatomic ideal gases, Grad’s equations (4.39) and (4.40) can
be cast in the conservative form as expressed by (11.56) and (11.57).

11.9. Transverse viscoelastic waves correspond to the propagation of oscillatory
perturbations of the transversal components of the viscous pressure tensor.
Their description is obtained by starting from the linear momentum balance
equation

�
@v
@t
D �r � Pv � rp;

and the coupled evolution equations for q and Pv (2.70) and (2.72), namely

�1

@q

@t
C q D �T 2ˇr � Pv � �rT;

�2

@Pv

@t
C Pv D �2
.rv/s C ˇ
T .rq/s :

Show that the high-frequency speed for transverse viscoelastic waves involv-
ing perturbations of P v

xy and qy at constant T is

vp D
�




�0�2

�1=2 

1C �ˇ2T 3

�1

�1=2

:

Note the influence of the coupling term in ˇ, and the fact that when the
relaxation times �1 or �2 tend to zero, this speed diverges.





Chapter 12
Generalised Hydrodynamics

In ordinary fluids, the relaxation times of the fluxes are usually very small. One
could therefore ask whether the relaxational effects considered in extended irre-
versible thermodynamics are observable. The answer is affirmative: it is possible
to obtain information on such effects either from experiments or numerical simula-
tions. Computer simulations were analysed in Chap. 8; in this chapter, we discuss
several experimental aspects.

Experimental information has been obtained from light- and neutron-scattering,
which allows not only to measure the relaxation times of the fluxes, but also to
determine their frequency and wavelength dependences through a discipline known
as generalised hydrodynamics. In this approach, the relaxation times, which play
a central role in EIT, enjoy the status of relevant experimental quantities. On the
other hand, computer simulations have opened the road to situations not directly
accessible to experiments.

One of the most unexpected results of the light and neutron experiments and
related computer simulations is that the behaviour of a fluid at microscopic scales
may still be described by means of hydrodynamical equations, provided that the
transport coefficients are assumed to be functions of the frequency and the wavevec-
tor. This has a special relevance in the context of EIT, as it shows that the extension
of hydrodynamic concepts to a regime of high frequencies and short wavelengths is
relevant. An analogous situation has been seen in nanosystems (see Chap. 10), where
the transport coefficients become a function of the size of the system. Extended
thermodynamics appears as the thermodynamic framework consistent with gener-
alised hydrodynamics, in the same way that classical irreversible thermodynamics
subtends classical hydrodynamics.

12.1 Density and Current Correlation Functions

Spontaneous microscopic fluctuations are present in any macroscopic system. It is
generally assumed that their decay parallels the decay of external perturbations.
This means that the analysis of fluctuations may provide as much information on
the dynamics of the system as the study of external perturbations.

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 12, c� Springer Science+Business Media LLC 2010

275



276 12 Generalised Hydrodynamics

Velocity fluctuations are intimately related to the time correlation function of
the density and the momentum of the system. In general terms, a time correlation
function is defined as the thermodynamic average of the product of two dynami-
cal variables, each of them expressing at any time and any position in space the
spontaneous deviation of a fluid property from its equilibrium average. The time
correlation function of the density is important to investigate the non-equilibrium
properties of fluids, because it contains most of the relevant information about
the dynamics of the system. In that respect, the importance of the density time-
correlation function for transport properties is comparable to that of the partition
function for equilibrium properties in statistical mechanics.

The time correlation function of the density may be directly derived from light
and neutron inelastic spectroscopy or from computer simulations. The ability to per-
form experiments or simulations at high-frequency and short-wavelength regimes
has motivated a very strong interest for that field (Berne and Pecora 1976; Boon
and Yip 1980). In the above-mentioned experiments, it is possible to work at fre-
quencies so high that they become comparable to the inverse of the relaxation times
of fluxes in liquids. Therefore, generalised hydrodynamics constitutes a stimulating
basement for checking and discussing the hypotheses and results of EIT.

As mentioned earlier, one of the basic ideas behind generalised hydrodynamics is
to keep as far as possible the structure of the classical hydrodynamics transport equa-
tions by allowing the usual transport coefficients to depend on the frequency and the
wavelength; in physical space, these coefficients take the form of memory functions
reflecting the spatial and temporal non-locality of the transport equations. To eval-
uate these transport coefficients and the corresponding memory functions is among
the most challenging problems in modern non-equilibrium statistical mechanics.

The central quantities for a fluid are, from the point of view of generalised hydro-
dynamics, the density correlation function and the momentum or current correlation
function. They are respectively defined as

Cnn.r
0; t 0; r 00; t 00/ D V hın.r 0; t 0/ın.r 00; t 00/i ; (12.1a)

Cvi vj
.r 0; t 0; r 00; t 00/ D V ˝ıŒ�vi .r

0; t 0/�ıŒ�vj .r
00; t 00/�

˛
; (12.1b)

with ıA.r; t/ D A.r; t/ � hA.r ; t/i, A being a dynamical variable such as n, � or
v, and hAi standing for the equilibrium average; V is the total volume and n the
number of particles per unit volume. At equilibrium, which means a homogeneous
and stationary state, expressions in (12.1a) may only depend on the relative distance
r D jr 0 � r 00j and the time interval t D t 0 � t 00.

We introduce the Fourier transforms of (12.1a):

S.k; t/ D
Z
drexp.ik � rCnn.r ; t/; (12.2a)

Jij.k; t/ D
Z
drexp.ik � r/Cvi vj

.r; t/: (12.2b)
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From symmetry requirements, the current time correlation function (12.2b) may be
written as

Jij D kikj

k2
Jl .k; t/C

�
ıij � kikj

k2

�
Jt .k; t/; (12.3)

where Jl.k; t/ and Jt .k; t/ are the longitudinal and transverse current correlation
functions, respectively, and k2 D k � k, with k being the wavevector.

Furthermore, one denotes the Laplace transform of (12.2) as

QS.k; !/ D
Z 1

�1
dt exp.�i!t/S.k; t/; (12.4a)

QJij.k; !/ D
Z 1

�1
dt exp.�i!t/Jij.k; t/; (12.4b)

where QS.k; !/ and QJij.k; !/ are known respectively as the spectral density of the
density and velocity fluctuations.

From the continuity equation (1.12) it follows that

@nk.t/

@t
D ik � j k.t/; (12.5)

where nk.t/ and j k.t/ denote the Fourier transform of the number density n and the
current density nv, respectively. From (12.5) one obtains the basic relation between
QS.k; !/ and QJij.k; !/, namely

QJl.k; !/ D !2

k2
QS.k; !/: (12.6)

Although the correlation functions QJl .k; !/ and QS.k; !/ contain the same infor-
mation, some spectral characteristics are displayed more clearly by considering
one quantity rather than the other, as will be outlined below. The limiting value
of QS.k; !/ for ! D 0 is the so-called static structure factor QS.k/, a frequently used
quantity in the study of equilibrium properties of fluids.

12.2 Spectral Density Correlation

12.2.1 The Classical Hydrodynamical Approximation

Let us start with the classical hydrodynamical description. The spectral density of
the density fluctuations at low! and k is easily derivable from the expressions of the
linearized hydrodynamical equations (1.12–1.14) coupled with the classical Fourier-
Stokes-Newton constitutive equations. After application of Laplace and Fourier
transforms to the balance equations of mass, momentum and energy (1.12–1.14),
one obtains
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sı Q�k.s/C ik � j k.s/ D ı Q�k.0/; (12.7a)

.s C vlk
2/Qjk.s/C c2

�
ik Œı Q�k.s/C ˛ Qgk.s/� D j k.0/; (12.7b)

.s C ��k2/ Qgk.s/C � � 1
˛

ik � Qj k.s/ D Qgk.0/; (12.7c)

where s stands for i! a usual notation in generalised hydrodynamics and which can-
not in this chapter be confused with the entropy, g.s/ is the Laplace–Fourier trans-
form of �0ıT .r; t/, and �l is the longitudinal viscosity, given by �l D

�
4
3

C �� ��1.

Eliminating Qj k.s/ and Qgk.s/ from (12.7a), one is led to

ı Q�k.s/ D N.k; s/

M.k; s/
; (12.8)

where

M.k; s/ D det

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

s ikx iky ikz 0

��1c2ikx s C �lk2 0 0 ��1˛c2ikx
��1c2iky 0 s C �lk2 0 ��1˛c2iky
��1c2ikz 0 0 s C �lk2 ��1˛c2ikz

0 ˛�1.� � 1/ikx ˛�1.� � 1/iky ˛�1.� � 1/ikz s C ��k2

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

N.k; s/ D det

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

ı Q�k.0/ ikx iky ikz 0
Qjkx.0/ s C �lk

2 0 0 ��1˛c2ikx

Qjky.0/ 0 s C �lk
2 0 ��1˛c2iky

Qjkz.0/ 0 0 s C �lk
2 ��1˛c2ikz

Qgk.0/ ˛
�1.� � 1/ikx ˛

�1.� � 1/iky ˛
�1.� � 1/ikz s C ��k2

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

(12.9)
From this result, it is easy to construct the correlation function

˝
ı Q��

k
.0/ı Q�k.s/

˛
by

taking into account that cross correlations involving j k.0/ and gk.0/ do not appear,
as �, T , and v are here statistically independent variables. A superscript asterisk
denotes the complex conjugate. In this way one finds that

˝
ı Q��

k.0/ı Q�k.s/
˛ D .s C �lk

2/.s C ��k2/C .1 � ��1/.ck/2

.s � s0/.s � s�/.s � sC/
˝
ı Q��

k.0/ı Q�k.0/
˛
;

(12.10)
where s0, s˙ are the roots of the determinantM.k; s/, i.e. solutions of

z3 C z2.�aC b/C z.1C �ab/C a D 0; (12.11)

with a D �k=c, b D �lk=c, and z D s=ck, where c is the Laplace sound velocity
and k is the magnitude of wavevector k. The quantities a and b are small for typical
light-scattering experiments in an ordinary liquid, where k 
 105 cm�1 and c 

105 cm s�1. Up to the first order in a and b, which means the first order in k2, the



12.2 Spectral Density Correlation 279

solutions of (12.11) are given by

z0 D �a; z˙ D ˙i � .1=2/ŒbC .� � 1/a�; (12.12)

or, in terms of s,
s0 D ��k2; s˙ D ick � 	k2; (12.13)

where 	 D 1
2
Œ�l C .� � 1/�� is related to the sound absorption coefficient 	 0 D

�Im k by 	 D 	 0c=k2.
It is then easy to calculate the spectral density of the density fluctuations, defined

as QS.k; !/
QS.k/ D 2Re

˝
ı Q��

k
.0/ı Q�k.s D i!/

˛
˝
ı Q��

k
.0/ı Q�k.0/

˛ I (12.14)

with QS.k/, the static structure factor, given by QS.k/ D ˝
ı Q��

k
.0/ı Q�k.0/

˛
. Using

(12.10) and (12.13), one obtains for (12.14)

QS.k; !/
QS.k/ D

� � 1
�

2�k2

!2 C .�k2/2

C 1

�



	k2

.! C ck/2 C .	k2/2
C 	k2

.! � ck/2 C .	k2/2

�
(12.15)

C k

�c
Œ	 C .� � 1/��



! C ck

.! C ck/2 C .	k2/2
� ! � ck

.! � ck/2 C .	k2/2

�
:

This result is important because it shows the structure of the spectrum which can
be measured by light-scattering spectroscopy of simple monatomic liquids. In most
cases, the spectrum is well approximated by the first three terms in (12.15), which
are a sum of three Lorentzians (Fig. 12.1).

The central (Rayleigh) peak arises from fluctuations at constant pressure and
corresponds to the thermal diffusivity mode. The other two peaks, shifted in fre-
quency by�ck andCck, are the Stokes and anti-Stokes components of the Brillouin

+ck–ck Frequency shift

0

S (k,ω)˜

S (k)˜

Fig. 12.1 Spectrum of the density fluctuations in a simple fluid. The central (Rayleigh) peak cor-
responds to the thermal diffusivity mode and the two lateral (Brillouin) peaks, shifted in frequency
˙ck, correspond to the acoustic modes. The height and width of the respective peaks are given by
equation (12.15)
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doublet, and they correspond to acoustic modes. The amplitude of the last two
terms in (12.15) is several orders of magnitude smaller than the amplitude of the
Lorentzians. A measurement of the position and widths of the Rayleigh and the Bril-
louin peaks allows one to determine the sound velocity c, thermal diffusivity �, and
sound absorption factor 	 . Note, finally, that because of (12.6) the longitudinal cur-
rent correlation will lack the central Rayleigh peak owing to the !2 factor. The ratio
of the integrated intensity of the Rayleigh peak, IR, and the integrated intensities of
the Brillouin peaks, IB , is known as the Landau–Placzek ratio. Direct integration of
(12.15) yields IR.2IB/

�1 D � � 1, so that this ratio provides a measurement of � .
The frequency range of light-scattering experiments in liquids exceeds consid-

erably that of ultrasonic experiments. Nevertheless, at still higher frequencies, like
those found in neutron-scattering experiments in liquids or light-scattering experi-
ments in gases, the above analysis based on classical hydrodynamics is no longer
valid. New features appear, like, for instance, new propagation modes or dispersion
effects in sound propagation and sound absorption. In the next sections we shall
show that these features are well accounted for by EIT.

12.2.2 The EIT Description

In EIT, the linearized hydrodynamical equations (1.12–1.14) must be complemented
by the Maxwell–Cattaneo equations (2.66–2.68) for the fluxes, which are uncoupled
from the set (1.12–1.14). By substituting solutions of the form exp.�st/ in (2.66–
2.68), it is readily checked that the viscosity and the heat diffusivity coefficients take
the form

�l.s/ D 4

3



1

1C s�2

C � 1

1C s�0

; �.s/ D � 1

1C s�1

; (12.16)

where �0, �1, and �2 are the respective relaxation times of the bulk viscous pressure,
the heat flux and the viscous pressure tensor. After inserting these expressions into
the dispersion relation (12.10), the resulting equation exhibits six roots, three more
than the usual three longitudinal modes, and no simple analytic solution exists.

To explore the consequences of (12.16), consider a simple model in which
�1 D �2 D 0. Such a model is useful for the description of thermal relaxation
in molecular fluids, where there is a coupling between internal and translational
degrees of freedom. This coupling becomes important when the energy fluctua-
tions in the internal degrees of freedom relax on a time scale comparable to the
hydrodynamic characteristic times .	k2/�1 and .�k2/�1. In such a case the first of
expressions (12.16) can be written as (Boon and Yip 1980)

�l.s/ D �l C c21 � c2
0

1C s�0

�0; (12.17)
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where c1 and c0 stand for the infinite and zero-frequency sound speed, respec-
tively, and �l is the frequency-independent part of �l .s/ associated with translational
motion whereas the second term in (12.17) describes the contribution of the internal
degrees of freedom to �l.s/. The frequency domain for which �l.s D i!/ is the
most sensitive to the frequency dependence is for ! 
 10�10 s. When (12.17) is
introduced into (12.11), the dispersion relation, under the restrictions �lk=c0 � 1

and �k=c0 � 1, reads as

.s C �k2/.s C i!s C 	sk
2/.s C c2

0c
�2
s ��1

0 / D 0 (12.18a)

with

!s 	 csk D c0k

�
B C

h
B2 C .c0k�0/

�2
i1=2

�1=2

; (12.18b)

B D 1

2

"�
c1
c0

�2

�
�

1

c0�0k

�2
#
; (12.18c)

	s D 	 C 1

2
�

"
1 �

�
c0

cs

�2
#
C 1

2

�
1 � ���0k

2
� c21 � c2

0

1C !2
s �

2
0

�0: (12.18d)

Making use of (12.9) and (12.17), we see that the spectral distribution may be
expressed as a sum of four Lorentzians, namely

QS.k; !/
QS.k/ D .1 � �

�1/
2�k2

!2 C .�k2/2
CRC

2.c0=cs/
2��1

0

!2 C .c2
0c

�2
s ��1

0 /2

CRB



	sk

2

.! C csk/2 C .	sk2/2
C 	sk

2

.! � csk/2 C .	sk2/2

�
; (12.19a)

with

RC D
("
1 �

�
cs

c0

�2
#"�

1 � ��1
�
c2

0k
2 C

�
c0

cs

�4

��2
0

#
C �c21 � c2

0

�
k2

)

�
"
!s C

�
c0

cs

�4

��2
0

#�1

; (12.19b)

RB D
("
1 �

�
cs

c0

�2 �
1 � ��1

�#"
!2

s C
�
c0

cs

�4

��2
0

#
C �c21 � c2

0

�
k2

)

�
"
!s C

�
c0

cs

�4

��2
0

#�1

(12.19c)

A first difference between (12.15) and (12.19a–c), except for neglecting the last two
terms of (12.15), is a change in position and width of the Brillouin peaks, given now
respectively by cs and 	s instead of c and 	 But more important is the presence of a
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new central peak of width ��1
0 . Such a peak is difficult to detect, since it appears as

a broad background between the Rayleigh and the Brillouin peaks. Note that cs > c

and 	s > 	 , so that the Brillouin peaks are pushed away from the Rayleigh line and
become wider than in the absence of relaxational effects. Observe finally that when
c1 D c0 D c, expression (12.19) reduces to the classical result (12.15), except for
the last two terms of (12.15), which have been neglected in (12.19) for simplicity.

12.3 The Transverse Velocity Correlation Function:
The EIT Description

Although not directly observable by means of light- or neutron-scattering
experiments, the transverse velocity correlation function is worth studying from
a fundamental point of view. On the one hand, its mathematical analysis is much
simpler than that of the longitudinal velocity correlation function and, on the other
hand, much effort has been devoted to its study through computer simulations and
molecular dynamics.

The transverse velocity correlation function is defined as

Ct .r ; t; r
0; t 0/ D hıvt .r; t/ıvt .r

0; t 0/i; (12.20)

where ıvt D vt � hvti is the fluctuation of the component of the velocity transverse
to the wavevector of the perturbation. From now on, to fix the ideas, we consider
the wavevector in the x direction and the transverse velocity in the y direction. The
Fourier transform ofCt .r�r 0; t�t 0/will be denoted Jt .k; t/. The equation satisfied
by Jt .k; t/ is derived from the linearized equation of motion (11.1b), which for the
transverse velocity component is given by

�0

@vy

@t
D �@P

v
iy

@xi

; (12.21)

wherein the evolution of Pv (in absence of bulk effects) is governed by (2.72),
namely

�2

@P v
ij

@t
C P v

ij C 2
Vij � 2ˇ2
�T 3
@2P v

ij

@xk@xk

D 0: (12.22)

Combination of (12.21) and (12.22) and application of a Fourier transform leads to

�2

@2Jt

@t2
C �1C l2k2

� @Jt

@t
C �k2Jt D 0; (12.23)

with l2 D 2
�T 3ˇ2. A Laplace transform with respect to time allows to write
(12.23) as
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QJt .k; 0/

QJt .k; s/
D s C .1C l2k2/��1

2

s2 C .1C l2k2/��1
2 C ���1

2 k2
: (12.24)

When �2 D 0 and l D 0, one recovers the transverse correlation function of clas-
sical hy-drodynamics. When l D 0 and �2 ¤ 0, one obtains the results of the
Maxwell viscoelastic model. Expression (12.24) may be formulated in terms of the
frequency by taking into account that QJt .k; !/ D 2Re

� QJt .k; s D i!/
�

and noting
that Jt .k; t D 0/ D v2

0 D kBT=m. The result is

QJt .k; !/ D 2v2
0�

�2
2 �k2.1C l2k2/�

!2 �



�k2

�2
� .1Cl2k2/2

2�2
2

�� 2

C



�k2

�2
� .1Cl2k2/2

4�2
2

� 

.1Cl2k2/2

�2
2

� :

(12.25)
When l D 0, this expression reduces to

QJt .k; !/ D 2v2
0�k

2

�2
2!

4 C .1 � 2��2k2/!2 C .�k2/2
; (12.26)

which is represented in Fig. 12.2. When �2 D 0 and l D 0, (12.25) simplifies to

QJt .k; !/ D 2v2
0�k

2

!2 C .�k2/2
: (12.27)

The most relevant property of (12.25) in comparison with (12.27), obtained from
the classical Navier–Stokes theory, is the occurrence of a maximum of QJt .k; !/ at a
non-zero frequency, given by

!max D


�k2

�2

� .1C l
2k2/2

2�2
2

�1=2

: (12.28)

The condition for observing such a maximum is that k exceeds the critical value kc

defined by 2��2k
2
c D .1Cl2k2

c /
2 and corresponding to !max D 0. In the low-k limit,

the maximum of QJt .k; !/ is attained at zero frequency (Fig. 12.2), which means a
purely diffusive mode. A maximum at ! ¤ 0 reflects the property of propagation of
shear waves with speed k=!max and is a typical feature of elastic solids rather than
viscous fluids. Molecular dynamics computations on argon confirms the presence of

such a resonant value for k > kc D 0:63
ı
A �1.

Another comment concerns the ratio �=�2 that appears in the previous formula.
Recall that for an ideal gas, we have found in (4.45b) that

�

�2

D ��1p: (12.29)
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J t
 (
k,

 ω
)

w

Fig. 12.2 Transverse velocity correlation function Jt .k; !/ in terms of the frequency for a given
k: - - - - classical Navier–Stokes theory (12.27); extended theory (12.26)

For a liquid, this result must be replaced by (Boon and Yip 1980)

�

�2

D ��1G1.k/; (12.30)

where G1.k/ is the wavenumber-dependent high-frequency shear modulus. Since
(12.30) is exactly the same expression as that obtained in the theory of viscoelastic-
ity, we may identify �2 with the relaxation time of viscoelastic materials.

The present macroscopic analysis may also be compared with the microscopic
Mori–Zwanzig theory presented in Chap. 7. This formalism gives an exact equation
for the time evolution of the correlation function in terms of a memory function,
namely

@Jt .k; t/

@t
D �

Z t

0

dt 0K.k; t � t 0/Jt .k; t
0/I (12.31)

K.k; t/ may be written as K.k; t/ D k2K 0.k; t/, with K 0.k; t/ a generalised shear-
viscosity function which depends on k and t . Usually the memory function is
modelled mathematically because it is impossible to derive its explicit expression
from the projection operator techniques. In the extended thermodynamic descrip-
tion (Jou et al. 1985; Pérez-Garcı́a et al. 1986), the generalised shear viscosity
K 0.k; t/ may be obtained explicitly by taking the Laplace transform of (12.21) and
by comparing with

P v
iy.k; s/ D �ikK 0.k; s/vy.s/: (12.32)

This procedure yields

K 0.k; s/ D 


�2

1

s C .1C l2k2/��1
2

; (12.33a)

from which it follows that

K.k; t/ D 
k2

�2

exp
��.1C l2k2/��1

2 t
�
: (12.33b)
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This expression may be written in terms of a k -dependent relaxation time �2.k/

defined by

�2.k/ D �2

1C l2k2
; (12.34)

in the form
K.k; t/ � expŒ�t=�2.k/�: (12.35)

An expression of the same form as (12.34) has been used by Chung and Yip (1969)
to fit the computer simulation data for argon-like fluids. It was found that for argon
at 85K, �2 D 0:26 � 10�12 s and l D 4 � 10�9 cm. It is worth emphasizing that
(12.33) is precisely the exponential model for the memory function used in gener-
alised hydrodynamics; however, in the present context it is not introduced ad hoc
but arises naturally from the postulates of EIT. A more detailed model for �2.k/ is
discussed in Sect. 12.5.

The wavelength dependence of the relaxation time was also the subject of
detailed investigations, because interesting experimental information is gained about
it from the position of the maximum of the spectral function QJt .k; !/. Alley and
Alder (1983) have used computer simulations to study the generalised shear viscos-
ity coefficient 
.k; s/ in a fluid of hard spheres. They have shown that for a zero
frequency and small wave number, molecular dynamical data may be fitted by an
expression of the form


.k; 0/ D 


1C a2k2
; (12.36)

where a, which incorporates the effect of spatial inhomogeneities, is a measure
of the deviation from the Stokes friction law. It is worth to notice that expression
(12.36) is equivalent to the EIT result (12.33a) for s D 0.

12.4 The Longitudinal Velocity Correlation Function:
The EIT Description

The longitudinal velocity correlation function is defined in a way similar to (12.20)
and is measurable because of its coupling with density fluctuations. In an isothermal
system, neglecting relaxational effects of the heat flux, and introducing (2.70) into
(2.71) and (2.66), one is led to the following evolution equations for the bulk and
shear viscous pressures:

�0 Ppv D �.pv C �r � v/C ��T 3ˇ02r2pv C ��T 3ˇ0ˇ00r.r �
0

Pv/; (12.37)

�2.
0

Pv/� D �.
0

PvC2
 0

V /C 2�
T 3ˇ002r.r �
0

Pv/C 2�
T 3ˇ0ˇ00.
0rr pv/s:

(12.38)

These expressions when introduced in the longitudinal part of the linearized momen-
tum balance equation give
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�0

@vl

@t
D �r.p C pv/� .r �

0

Pv/l (12.39)

In the absence of temperature fluctuations, one has rp D .��T /
�1r�, where

�T is the isothermal compressibility. If the cross terms ˇ0ˇ00 are neglected (Jou
et al. 1985; Pérez-Garcı́a et al. 1986), one obtains for QJl .k; s/ (the longitudinal
correlation function)

QJl .k; 0/

QJl .k; s/
D s C �c2

T

k

s
C k2

�0



�

�0.k/s C 1 C
4

3




�2.k/s C 1
�

(12.40)

where cT stands for the isothermal sound velocity and �i .k/ for �i .0/Œ1C l2k2��1,
with l20 D �� T 3ˇ02 and l22 D 2
�T 3ˇ002.

When �0 D �2 D 0, i.e. in the Navier–Stokes regime, (12.40) reduces to the
classical result QJl.k; 0/

QJl.k; s/
D s C �c2

T

k2

s
C �lk

2: (12.41)

The spectral distribution corresponding to (12.40) reads

Jl .k; !/ D 2v2
0!

2k2A˚
!2 � �c2

T k
2 � !2k2ŒA0�0.k/C A2�2.k/�

�2 C .!k2�l/2
; (12.42a)

with �l defined by (12.16) and A D A0 C A2 given by

A0 D �

�0�0

�0.k/

1C !2�2
0 .k/

; (12.42b)

A2 D 4

3




�0�2

�2.k/

1C !2�2
2 .k/

: (12.42c)

In the limiting case �0 D �2 D l D 0, expression (12.42a) simplifies to

Jl .k; !/ D 2v2
0!

2k2�l

.!2 � �c2
T k

2/2 C .!k2�l/2
: (12.43)

The most relevant feature of (12.42a) compared to (12.43) is the presence of
dispersion effects leading to a wavevector-dependent phase speed

v2
p D

!2

k2
D �c2

T CA0!
2�0.k/C A2!

2�2.k/: (12.44)

At low frequencies (i.e. !�0 � 1 and !�2 � 1) one finds back the classical result
v2

p D �c2
T , whereas in the high-frequency limit one gets

v2
p1 D

�

�0�0

C 4

3




�0�2

: (12.45)
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Furthermore, the damping function is now

	.k; !/ D 1

2

�
!

vp

�2

A; (12.46)

which reduces to the classical expression for 	.k; !/ at low frequencies but does
not vanish at high frequencies, at variance with the classical approach.

It is of interest to connect these results with the memory function formalism. By
analogy with (12.30), we introduce a memory function through

@Jl .k; t/

@t
D �

Z t

0

dt 0Kl.k; t � t 0/Jl .k; t
0/: (12.47)

The memory function corresponding to the EIT equations (12.37–12.38) is

Kl.k; t/ D k2



�c2

T C
�

�0�0

exp

�
� t

�0.k/

�
C 4

3




�0�2

exp

�
� t

�2.k/

��
; (12.48)

which shows explicitly that, in absence of heat flow, there are two exponentially
decaying modes associated with the bulk and shear viscosities. This equation is
far simpler than the corresponding one proposed in generalised hydrodynamics,
although the general idea thatKl.k; t/ is governed by a two-relaxation-times model
is well accepted (Boon and Yip 1980).

By including thermal conductivity, expression (12.40) will contain a supplemen-
tary term and will take the form (Pérez-Garcı́a et al. 1986)

QJl .k; 0/

QJl .k; s/
D s C �c2

T

k2

s
C k2

�0



�

�0.k/s C 1 C
4

3




�2.k/s C 1
�
C c2

T k
2.� � 1/

s C �k2
;

(12.49)
which corresponds to a memory function

Kl.k; t/ D k2

�
�c2

T C
�

�0�0

exp



� t

�0.k/

�

C4
3




�0�2

exp



� t

�2.k/

�
C c2

T .� � 1/ exp.��k2t/

�
: (12.50)

Some authors (Chung and Yip 1969; Akcasu and Daniels 1970) have proposed
microscopic models where the dissipative fluxes (heat flux, viscous pressure) enter
as independent variables (see Sect. 7.3). It is found that in the linear approximation
these fluxes satisfy the phenomenological equations (2.70–2.72), with microscopic
expressions for the coefficients. Although such models reproduce the predictions of
EIT, it should be borne in mind that they are not backed by a thermodynamic theory,
which is the main concern of the present book.
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12.5 Influence of Higher-Order Fluxes

In Sect. 4.6 we discussed the role of higher-order fluxes in EIT and showed to what
extent their inclusion modifies the values of the speed of wave propagation. When
introduced into the context of generalised hydrodynamics, these higher-order fluxes
will influence the position of the peaks and, furthermore, may give additional peaks
in the spectra.

Velasco and Garcı́a-Colin (1972, 1995) have computed the generalised transport
coefficients as a function of the frequency and the wavelength, in the 13-, 20- and
26-moment approximations for hard spheres. Their results depend on the number of
moments, but they exhibit a qualitatively similar behaviour.

In a series of papers, Weiss and Müller (1995) have gone beyond these
lower-order approximations and have analysed very carefully the spectrum of light
scattering in gases in the framework of EIT, by including more and more higher-
order fluxes. Their approach is essentially based on the Boltzmann equation for
Maxwellian molecules and a closure is achieved by maximizing the entropy.

The number of peaks in the density spectrum depends on the number of higher-
order fluxes. It turns out that, to describe the experimental data, one needs a large
number of fluxes, for instance, to reproduce accurately the experimental data by
Clark in xenon some 300 moments are needed. Under these conditions, additional
higher-order moments no longer modify the results.

Another aspect of higher-order fluxes refers to the dependence of the relaxation
time on the wave vector. For instance, within the limit kl� 1, the gas behaves like a
system of independent free particles. In this case, the position distribution function
at time t of particles having left the origin at time t D 0 is given by

f .r ; t/ D
Z

drfeq.p/ı Œr � .p=m/t� ; (12.51)

with p being the momentum of the particles. When the Maxwellian distribution
function is introduced into this expression, one obtains after several calculations
(see Problem 12.4),

Jt .k; t/ D exp



�1
2
.kv0t/

2

�
; (12.52)

where v0 D .kBT=m/
1=2 is the root-mean-square thermal speed. Therefore, one

may identify 2�1=2kv0 as the inverse of a relaxation time corresponding to a
Gaussian decay of the form

Jt .k; t/ D exp
��.t=�/2� : (12.53)

Then, one has
� D 21=2.kv0/

�1; (12.54)

from which it follows that the relaxation time varies as k�1 in the high-wavevector
limit. However, the relaxation time given by (12.34) behaves in this high-wavevector
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limit as k�2. To solve this contradiction, let us include higher-order fluxes in the
description; in this case, the k dependence of the relaxation time will take the form

�2.k/ D �2.0/

1C l2k2

1C l2k2

1C���

; (12.55)

which is a generalisation of (12.34). In the asymptotic limit, this fraction may be
written as (see Problem 4.9)

�.k/ D �0

l2k2

p
1C 4l2k2 � 1

2
; (12.56)

which for high values of k exhibits the required k�1 dependence. This shows how
the introduction of a large number of higher-order fluxes may modify the scaling
laws describing the behaviour of �.k/ from k�2 at the lowest-order approximation
to k�1 in the asympotic limit of an infinite number of fluxes.

12.6 Problems

12.1. The wavelength of visible light ranges from 450 to 700 nm. (a) Determine
!� and kl for visible light in a typical monatomic gas (molecular radius D
2 � 10�10 m) at 273 K and 1 atm. (b) Evaluate !� and kl in a liquid where
� D 2�10�13 s and l D 4�10�11 m. (c) Find the energy of scattered neutrons
such that kl D 1 in this liquid.

12.2. One of the consequences of higher-order hydrodynamics is that the shift of
Brillouin peaks is related to the hypersound velocity rather than to the sound
velocity. Consider, for instance, the following situation. The frequency shift
corresponding to the Brillouin peaks in water for scattering at 90ı for light of
0:6328�m (this is the red light of a He–Ne laser) is 4:33 � 109 Hz. Obtain
the hypersonic velocity of sound and compare it with the sound velocity
1491m s�1. (Hint: The frequency shift for scattering at an angle � is given
by ! D 2!0n.v=c/ sin.�=2/, with v the hypersound velocity, c the speed of
light, and n the index of refraction of the medium.)

12.3. Starting from expression (12.25) for the transverse velocity correlation func-
tion, find the critical wave number kc at which propagating shear waves
could be observed in a monatomic perfect gas instead of the usual diffu-
sive behaviours predicted by the classical theory. Estimate kc for He at 273
K and 1 atm (shear viscosity of He4 is 1:87 � 10�5 kg m�1 s�1; recall that

 D 1

3
nmhvil and � D l=hvi).

12.4. Within the limit kl� 1, i.e. when the wavevector of the perturbation is much
smaller than the mean free path, a gas behaves like a system of independent
free particles because the spatial scale is so small that particles do not collide
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with each other. In this case the transverse velocity correlation function is
given by (12.51). Show that when the Maxwellian distribution function is
introduced into this expression one obtains

Jt .r ; t/ D .�v2
0t

2/�3=2 exp
��.r=v0/

2
�
:

By using Fourier transform derive (12.52) showing that the relaxation time in
this regime behaves as the reciprocal of the wavevector k.

12.5. Compare the behaviour of the k-dependent viscosity found from the following
second-order expansions of the constitutive equation for the viscous pressure
tensor:

(a) an expansion in the fluxes (as in the Grad method and extended thermo-
dynamics)

�2

@Pv

@t
C Pv D �2
VCr �

0

Jv;

0

Jv D �
00hrPvi;

with
0

Jv the flux of the viscous pressure tensor, 
00 a phenomenological
coefficient and h: : :i the completely symmetrized part of the correspond-
ing third-order tensor;

(b) a gradient expansion, as in the Burnett approach of kinetic theory

�2

@Pv

@t
C Pv D �2
VC `2r2VI

(c) compare them with (12.36). Note that (b) yields an unstable behaviour for
high values of k, since the generalized viscosity becomes negative. Since
this behaviour is not observed, the expansion in the fluxes seems more
suitable than the expansion in gradients. (For a wide discussion of the
instabilities arising in the Burnett approach to generalized hydrodynamics
see Karlin (2000)).

12.6 Compare the first and third order approximations of the continued fraction
expansion (12.55) with the second and fourth-order approximations, espe-
cially in the regime of high values of lk. Compare them with the asymptotic
expression (12.56). Note that odd approximations fall below (12.56) whereas
even approximations fall above (12.56), thus providing lower and upper
bounds to the values of the asymptotic expression, respectively, and that these
bounds approach monotonically to the asymptotic expression for increasing
orders of approximation.



Chapter 13
Non-classical Diffusion, Thermo-diffusion
and Suspensions

Although under normal circumstances the classical Fick’s law gives an excellent
description of matter diffusion, it is however not appropriate for describing some
particular features, like those concerned with inertial effects, strong non-
homogeneities, or couplings between mass transport and viscous or thermal effects.
A simple non-Fickian diffusion model including relaxation is presented in Sect. 13.1.
A modified diffusion equation taking into account density gradients and generaliz-
ing Cahn–Hilliard’s approach is also derived. Inertial effects are of importance some
stochastic processes, as correlated random walks, discussed in Sect. 13.2. Further-
more, the coupling between diffusion flux and viscous pressure (a coupling between
quantities of different tensorial order which is excluded by the classical theory of
non-equilibrium thermodynamics) leads to several non-Fickian processes which are
relevant in glasses and polymer solutions as shown in Sect. 13.3. Section 13.4 is
devoted to the analysis of reaction–diffusion processes, where hyperbolic diffusion
is combined with chemical reactions. All these aspects have considerable practical
outputs: to mention only a few examples, shear-induced diffusion is at the basis
of chromatographic techniques of separation of macromolecules and, on the other
hand, it is important in macromolecular processing, where homogeneity is required.
Reaction–diffusion coupling plays a central role in the study of spreading of epi-
demics, propagation of forest fires, human migration, among others. In the above
sections, the temperature was assumed to be uniform. This restriction is relaxed in
Sect. 13.5 wherein the coupling between matter and heat transport is investigated.
Section 13.6 is concerned with the motion of suspensions of solid particles in fluids.
A last Sect. 13.7 is devoted to inertial effects in fast solidification of binary alloys
and their influence on the morphology of the solidification fronts. Other problems of
interest, as shear-induced polymer diffusion or Taylor dispersion – diffusion com-
bined with a velocity gradient – are dealt with in detail in the companion book
Thermodynamics of Fluids under Flow (Jou et al. 2001).

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 13, c� Springer Science+Business Media LLC 2010
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13.1 Molecular Diffusion in Perfect Fluid Mixtures

In this section, we derive the basic equations of diffusion between perfect flu-
ids in the framework of EIT, with especial emphasis on relaxation effects. The
system is in mechanical equilibrium with zero barycentric velocity and zero accel-
eration, which is the case for mixtures confined in closed vessels; it follows that
the mass density and pressure can be considered as uniform. Moreover, we restrict
our attention to isothermal conditions with not onlyrT D 0 but also qD 0; external
forces and chemical reactions are supposed to be absent; a more general analysis
wherein all the above restrictions are relaxed can be found in Lebon et al. (2003).
The fluid particles are assumed of molecular dimensions so that their volume is
ignored. In multi-component systems, the concentration of the constituents must
be included among the set of independent variables. According to Chap. 1, the
evolution equations of the mass fractions ck D �k=� are

� Pck D �r � J k ; .k D 1; 2; : : : ; n/; (13.1)

with J k the diffusion flux of component k. Since
P

k ck D 1 and
P

k J k D 0, only
n � 1 of the mass fractions and diffusion fluxes are independent variables.

For an n-component mixture, the classical Gibbs equation expressed in terms of
Helmholtz’s free energy  .T; �; ck/ D u � Ts is

d D �sdT � pd��1 C
X

k


kdck: (13.2)

According to the postulates of EIT, the diffusion fluxes J k are considered as inde-
pendent variables. By assuming that @ =@J k is proportional to J k , the generalised
Gibbs equation is given by

d D �sdT � pd��1 C
X

k


kdck C ��1
X

k

˛kJ k � dJ k: (13.3)

Writing the entropy balance (2.19) in terms of  , one obtains, at uniform tempera-
ture,

� Pu � � P Cr � .TJ s/ D T�s � 0: (13.4)

Making use of Gibbs’ equation (13.3) and the balance laws (1.10) and (13.1) for u
and ck , respectively, relation (13.4) takes the form

�r �
�X

k

kJ k C TJ s

	
�
X

k
J k � Œr.
k/T;� C ˛k

PJ k� D T�s � 0: (13.5)

Positiveness of T�s demands that the divergence term vanishes from which follows
the usual result J sD � .1=T /Pk 
kJ k and, in addition, that
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˛i
PJ i C .r
i /T;� D �

X
k

LikJ k; (13.6)

with Lik a positive definite matrix; it is important to stress that the summation rule
over repeated indices is not of application in this section, as they concern compo-
nents and not Cartesian coordinates; by writing (13.6), non-linear contributions in
the fluxes have been omitted. The evolution equations for J i can still be written as

˛i
PJ i D �

X
k

LikJ k � .r
i /T;� .i; k D 1; 2; : : : ; n � 1/: (13.7)

The analysis of the cross terms in (13.7) will be carried out later on. In the particular
case of diffusion in a binary system, expression (13.7) reduces to

˛ PJ 1 D �arc1 � LJ 1; (13.8)

where a stands for .@
=@c1/T;� D @2 =@c2
1 , the quantity 
 being given by


 D 
1 � 
2, while J 1 is the diffusion flux of component 1 with respect to the
barycentric motion. After dropping index 1, and setting a=L D �D, ˛=L D � or
˛ D �a=.�D/, relation (13.8) can be rewritten as

� PJ C J D ��Drc; (13.9)

with D the diffusion coefficient and � the relaxation time of J . Letting � tend to
zero, one finds back Fick’s law. With the above notation, the Gibbs equation (13.3)
becomes

d D �sdT � pd��1 C 
dc C �a

�2D
J � dJ : (13.10)

The last term in the right-hand side of (13.10) is analogous to that found previously
for heat conduction, with the flux multiplied by the relaxation time and divided by
the transport coefficient. Integration of (13.10) leads to

 .T; �; c;J / D  eq.T; �; c/C 1

2

˛

�
J � J : (13.11)

In the steady state, or for slow variations of J , for which J D ��Drc, expression
(13.11) can be written as

 .T; �; c;rc/ D  eq.T; �; c/C 1
2
kBTl2.rc/ � .rc/; (13.12)

where l D .˛D2�2=kBT /
1=2 represents a correlation length. A free energy depend-

ing on the concentration gradient was proposed by Ginzburg and Landau; it is not
only the basis of the Landau–Lifshitz analysis of spatial correlations of density
fluctuations, and the Ginzburg–Landau–Wilson Hamiltonian description of critical
points but also of the Cahn–Hilliard theory of spinodal decomposition, as shown
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below. However, it must be kept in mind that (13.12) is less general than (13.11),
which remains true even for unsteady processes.

When the evolution equation for the flux (13.9) is introduced into the balance
law (13.1), and the quantities � and D are constant, one is led to the telegrapher’s
equation

�
@2c

@t2
C @c

@t
D Dr2c; (13.13)

which was already obtained in Chaps. 9 and 10. The extension of the analysis to
viscous and non-linear evolution equations in the fluxes is rather straightforward
(e.g. Lebon et al. 2003) (see Box 13.1).

Box 13.1 Cahn–Hilliard’s model and spinodal decomposition The main
feature of Cahn–Hilliard’s model is that it integrates non-local effects to
take account of strong non-homogeneities of the mass concentrations. Non-
localities are particularly important in rapid phase transformations taking
place in diffuse interfaces with thicknesses comparable to the characteristic
length of the considered phenomenon and more generally when a topology of
the interface becomes complicated or multiply connected. A straightforward
method to incorporate Cahn–Hilliard’s description into the frame of EIT is to
introduce the functional or variational derivative defined by

ıy

ıx
D @y

@x
� r �

�
@y

@.rx/
�
; (13.1.1)

wherein y designates an arbitrary function of x and rx. In the case that y
is only depending on x, the variational derivative coincides with the par-
tial derivative @y=@x. To illustrate the use of the variational derivative, let
us consider an isothermal and isobaric binary mixture with mass concentra-
tions c1 and c2; assuming that Helmholtz’s free energy  is depending on the
concentration gradient, Gibb’s equation (13.3) will take the form

d D @ 

@T
dT C @ 

@�
d�C ı 

ıc
dc C @ 

@J
� dJ ; (13.1.2)

with c standing for c1.D �c2/, J for J 1.D �J 2/ and ı =ıc for the
variational derivative

ı 

ıc
D @ 

@c
� r �

�
@ 

@.rc/
�
: (13.1.3)

In the case that  is quadratic in rc,

 .T; �; c;rc;J / D  .T; �; c;J /C 1

2
"2rc � rc; (13.1.4)
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with "2 a positive constant to guarantee stability of equilibrium, one obtains
from (13.1.3) that the chemical potential 
 D ı =ıc can be written as


 D 
0 � "2r2c; (13.1.5)

wherein 
0.T; �;J / is the part of the chemical potential independent of the
gradient of concentration. The result (13.1.5) was first derived by Cahn and
Hilliard (1958) on completely different grounds. From now on, the same
procedure as in Sect. 13.1 leads to the following evolution equation of J :

� PJ C J D � 1
L
r
0 C "2

L
r � .r2c/; (13.1.6)

which differs from (13.7) by the presence of the last term at the right-hand-
side. After combining this expression with the mass fraction balance law
(13.1), and omitting non-linear contributions in the flux J , one obtains

� Rc C Pc D Dr2c � "2Mr4c; (13.1.7)

with D the coefficient of diffusion and M >0 given by M D 1=.�L/, M is
generally referred to as the (positive) atomic mobility. In view of application
to spinodal decomposition, the coefficient D.D a��1L�1/ will be written
under the form

D D  00M; (13.1.8)

where  00.D a/ stands for  00 D .@2 =@c2/T;�. In comparison with the
classical diffusion equation, expression (13.1.7) contains two additional con-
tributions: the first one in Rc arises as a consequence of non-locality in time,
the second in r4c is related to non-locality in space. As � ! 0, (13.1.8)
transforms into the equation derived by Cahn and Hilliard (1958).

Application to spinodal decomposition in a binary system

Spinodal decomposition is the process whereby a system consisting of a
single uniform phase fluid, when suddenly quenched, develops into distinct
regions of coexisting equilibrium phases. Its main characteristic feature is that
it is an unstable mechanism, generally assumed to occur isothermally. Typical
examples which have been widely studied include alloys, glasses and fluid
mixtures. Although this transformation has been theoretically described by
means of Cahn–Hilliard’s linear model, experimental data on light and X-ray
scattering by phase-separated glasses (Andreev et al. 1970) have been shown
to be in contradiction with the results obtained from this approach. As shown
below, the Cahn–Hilliard’s modified version (13.1.7) that takes into account
the relaxation of the diffusion flux seems to be better suited. In this form, the
modified Cahn–Hilliard equation is a linear partial differential equation of a
hyperbolic type. To derive the corresponding dispersion relation between the
rate of amplification ! and the wavenumber k, consider a perturbation with
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respect to an initial uniform concentration c0 of the form

c0.x; t/ D c.x; t/ � c0 D a exp.ikx � !t/; (13.1.9)

where x and t are the spatial and time coordinates respectively and a the
amplitude. After substitution of (13.1.9) in (13.1.7) and taking into account
that c0 is in the unstable spinodal region, so that  00 < 0, one obtains the
following dispersion relation

!.k/ D 1˙
q
1C4k2�M j 00j .1�"2 j 00j�1 k2/

2�
D
1˙

q
1C 4l2Dk2.1�l2c k2/

2�
;

(13.1.10)
with lc D "= j 00j�1=2 the correlation length and lD D .M j 00j �/1=2 the dif-
fusion length, the upper and lower signs correspond to wave propagation in the
positive and negative x directions respectively. Within the local equilibrium
limit � ! 0, it is found that

! D Ml2c k
2.k2 � k2

c /; (13.1.11)

where kc D  00=". Disturbances with a wavenumber k in the region 0 < k <
kc are unstable, i.e. grow exponentially with time. The fastest mode obtained
by setting @!=@kD 0 is that for which kD kc=

p
2 and this was the mode that
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Fig. 13.1 Dependence !=k2 upon k2 given by the hyperbolic model (Eq. (13.110)) and scattering
data of visible light (Andreev et al. 1970). Experimental points were obtained on phase-separated
SiO2-12wt:% Na2O glass at temperature T D 803K (reprinted with permission from Galenko P,
Lebedev V (2008) Phys Lett A 372:985)
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Cahn and Hilliard identified as responsible for the initial spinodal insta-
bility and determining the scale of the unstable structure consisting generally
in disperse precipitates. The theoretical value of the most dangerous mode
has the right order of magnitude compared to experimental data. Neverthe-
less, Cahn–Hilliard’s theory suffers from several shortcomings. First, when
the composition of the system tends to the value corresponding to the spin-
odal curve,  00 D 0, the critical wavelength 1=kc tends to infinity. Moreover,
the relationships between the function !=k2 and the square k2 of the wave-
number, as predicted by (13.1.11), is linear while experiences (e.g. Binder
and Fratzl 2001) exhibit a marked curvature. In contrast as indicated on Fig.
13.1.1, by comparing the result (13.1.10) obtained from EIT with experimen-
tal observations (Galenko and Lebedev 2008), the agreement is much more
satisfactory, as shown in Sect. 13.7.

The conclusion is that the parabolic linear Cahn–Hilliard’s model is miss-
ing several ingredients of the physics underlying spinodal decomposition but
that the modified EIT version offers interesting improvements. These are in
particular related to the presence of the two scaling lengths, the correlation lc
and the diffusion lD ones, versus one single scaling length in Cahn–Hilliard’s
description. The relative importance of these two reference lengths determines
the nature of the transition from the initially unstable homogeneous state to
the final inhomogeneous state. At the earliest stages of the transition at which
lD � lc short range interactions play the dominant role in the selection of
the mode of transition. and are responsible for the departure of the curve of
Fig. 13.1 from a straight line. In the intermediate regime at which lD D lc ,
long range interactions become present while for lc � lD , they are dominant
and the function !=k2 tends to the linear law predicted by Cahn–Hilliard’s
scenario.

13.2 Telegrapher’s Equation and Stochastic Processes

Equation (13.13) can also be derived on microscopic grounds by assuming a corre-
lated random walk, i.e. by a random walk in which the jump directions in any two
consecutive intervals are correlated; it may also be obtained from a dichotomous
model in which particles switch between two different states, and also from a ran-
dom walk with a continuous distribution function of pausing times
(Masoliver 1992). The correlated random walk was introduced by Fürth in 1917,
to model diffusion in biological and physical problems. The same technique was
developed in 1921 by G. I. Taylor to analyse turbulent diffusion; in 1953 it was
popularized by the classical work of Goldstein (1951).
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13.2.1 Correlated Random Walk

Assume that at the initial time t D 0, a set of particles are present at x D 0. At time
t D t0, half of the particles jump a distance d to the right and half to the left. From
now on, at each interval t0, every particle jumps a distance d , with a probability
p of jumping in the same direction as the previous jump and a probability q D
1 � p of jumping in the opposite direction. Note that in a normal random walk, the
probability of jumping to the right or to the left is the same, i.e. p D 1=2, so that
there is no correlation between the speed direction at successive jumps. We now
show that this correlation leads to the telegrapher equation. Assume that �.n; �/ is
the fraction of particles that at time t D nt0 are at position x D �d . We denote by
˛.n; �/ and ˇ.n; �/ the fraction of particles which are reaching position �d from
the left and from the right, respectively. As a consequence, one has

�.n; �/ D ˛.n; �/C ˇ.n; �/: (13.14)

Since the particles which at time .nC1/t0 occupy the position �d were at a previous
time at .� � 1/d or .� C 1/d , it is easy to check that

˛.nC 1; �/ D p˛.n; � � 1/C qˇ.n; � � 1/
D p�.n; � � 1/� cˇ.n; � � 1/; (13.15a)

ˇ.nC 1; �/ D pˇ.n; � C 1/C q˛.n; � C 1/
D p�.n; � C 1/� c˛.n; � C 1/; (13.15b)

with c D p � q the correlation between two successive jumps. Conversely, the
particles which at .n�1/t0 were at �d , will arrive at t D nt0 either at �C1 or ��1,
so that

�.n; � � 1/ D ˛.n; � C 1/C ˇ.n; � � 1/: (13.16)

From (13.14–13.16) it follows that

�.nC 1; �/ D pŒ�.n; � � 1/C �.n; � C 1/� � c�.n � 1; �/: (13.17)

This result shows that the fraction of particles which at time .nC 1/t0 are at place
�d depends not only on the distribution of particles at the previous time nt0, as in
the usual Markovian random walk, but also on the distribution at .n � 1/t0.

To transform (13.17) into a differential equation, we write t0 ! �t , d ! �x,
�xD v�t (with v the flight speed of the particle during the jump), cD 1� .�t=�/,
for �t < � and c D 0 for �t > � , and p D 1

2
.1 C c/ D 1 � .2�/�1�t . This

expression for c follows from considering that within the short-time limit, the cor-
relation between the speeds at two successive jumps tends to 1, and that for�t > �
the correlation is lost; the quantity � is a constant giving information about the
loss of correlation with increasing time. If w.t; x/ is the probability density of the
distribution of particles, the previous identifications allow to rewrite (13.17) as
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w.t C�t; x/ D Œ1 � .2�/�1�t�Œw.t; x ��x/C w.t; x C�x/�
�.1 � ��1�t/w.t ��t; x/: (13.18)

Expanding this expression up to second order in�t and setting finally�t D � yields

�
@2w

@t2
C @w

@t
D �v2 @

2w

@x2
; (13.19)

which is a telegrapher’s equation with relaxation time � and diffusion coefficient
�v2. Here there is no drift term because we have assumed that there is no external
force causing a systematic motion of the particles in a given direction.

It is also interesting to expand (13.18) at higher order instead of limiting it to the
second order. Taking into account that w.t C �t/ D expŒ�t.@t /� with @t D @=@t ,
and analogously for w D .x C�x/, it results that

2Œcosh.�@r /�1�wC �

�t
Œcosh.d@x/�exp.��@r /�w D 2Œcosh.d@x/�1�w; (13.20)

where cosh.a/ and exp.�a/ stand for the corresponding Taylor expansions of these
functions in powers of a. One may also write (13.20) in the form

X
i

ai

@i w

@t i
D
X

j

bj

@2j w

@t2j
; (13.21)

where the explicit expressions for the coefficients ai and bj can be directly calcu-
lated from (13.20) (Problem 13.5). Expression (13.21) is different from the usual
Kramers–Moyal expansion, where only the first-order time derivative is kept on
the left-hand side, while an infinite expansion in spatial derivatives appears in the
right-hand side. Here, space and time are kept on equal footing, a necessary requi-
site to capture the effects of memory. As shown by Rosenau (1993), the spectrum
of the telegrapher equation reproduces satisfactorily the spectrum of the original
discrete process of the correlated random walk for all wavelengths. This is remark-
able because in general the short-wavelength limit of a continuum model differs
widely from the corresponding discrete microscopic model. Indeed, the well known
Fokker–Planck equation, which is a good description of a completely uncorrelated
random walk for long times, differs very much from it in the short-wavelength
regime. The reason for the much more satisfactory behaviour of the telegrapher
equation is that it preserves the characteristic speed of the walker, d=t0, in contrast
with the Fokker–Planck equation, where this information is lost.

13.2.2 H–Theorem for Telegrapher Type Equation

A natural question, from the thermodynamic point of view, is whether anH -theorem
is satisfied for kinetic equations of the telegrapher type (Camacho and Jou 1992).
Consider, for instance, an equation of the form



300 13 Non-classical Diffusion, Thermo-diffusion and Suspensions

�
@2f

@t2
C @f

@t
D r �D0 ŒkBTrf C .rUext/f � : (13.22)

This relation generalises the Smoluchowski equation describing the dispersion of
non-interacting Brownian particles under an external potential density Uext.x/.
Here, f .x; t/ is the probability distribution function of the particles,D0 the inverse
of the friction coefficient and � a relaxation time. By analogy with kinetic theory,
we define the entropy S by

S D �kB

Z
f .x; t/Œln f .x; t/ � 1�dx: (13.23)

Since (13.22) is valid in a system at constant temperature T , it is more convenient
to use the free energy ˆ D U � TS, with U D R

f .x; t/u.x/dx rather than the S
function itself. The evolution of ˆ is given by

dˆ

dt
D
Z
@f

@t
.kBT ln f C u.x// dx: (13.24)

Substituting @f=@t drawn from (13.22) in (13.24), one obtains

dˆ

dt
D ��

Z
@2f

@t2
ŒkBT ln f C u.x/� dx �D0

Z
1

f
ŒkBTrf C .ru.x//�2 dx;

(13.25)
as is easily seen by integration by parts and assuming that the flux vanishes at the
boundaries. The second term in the right-hand side of (13.25) is negative, because
the friction coefficient is positive, but the first one has no definite sign. When
the relaxation time � is zero, (13.22) reduces to the Smoluchowski equation and
dˆ=dt is definite negative, implying an irreversible behaviour. However, dˆ=dt is
not always negative when � is different from zero, so that it may be claimed that
generally the H -theorem is not satisfied.

By analogy with the macroscopic formulation of extended irreversible thermo-
dynamics, we introduce with Camacho and Jou (1992) a generalised entropy S
which depends not only on f but also on the probability flux j , defined by way
of the usual conservation equation

@f

@t
Cr � j D 0: (13.26)

The generalised entropy S will now take, instead of (13.23), the form

S D �kB

Z
dxŒf ln f C ˛.f /j 2�; (13.27)

where ˛.f / is an undefined coefficient depending on f which will be identified
below. The evolution equation for the generalised free energy ˆ obtained by using
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this generalised entropy S is now given by

dˆ

dt
D
Z �

@f

@t
ŒUext.x/C kBT ln f �C kBT˛

0 j 2.@f=@t/C 2kBT˛j � @j
@t

�
dx;

(13.28)
where ˛0 stands for d˛.f /=df . After integration by parts one obtains

dˆ

dt
D
Z ˚

j � �r.Uext.x/C kBT ln f C kBT˛
0 j 2/C 2kBT˛.@j =@t/

��
dx:

(13.29)
To preserve the negative character of dˆ=dt , it is observed that j cannot be
independent of the term inside the brackets; the simplest relation for j is then

j D �D �r.Uext.x/C kBT ln f C kBT˛
0j 2
�C 2kBT˛.@j =@t/; (13.30)

D being a scalar function of x and t . Introducing (13.30) into (13.29) and assum-
ing that the term in j 2 may be neglected in comparison to @j =@t , one recovers
(13.22) provided the coefficient ˛ is identified as ˛ D �.2kBTD0f /

�1. This result
is important as it shows that it is possible to formulate an H -theorem for the kinetic
telegrapher equation at the condition of generalising in a suitable way the Boltzmann
expression for the entropy. A formulation of theH -theorem for a generalised master
equation involving relaxation terms was also proposed by Vlad and Ross (1993).

Applications of the telegrapher equation in stochastic problems are numerous;
let us mention diffusion of light in turbid media, scattering and absorption of laser
radiation from biological tissues, heat transport, etc. For example, a telegrapher
equation was used by Schweizer (1985) to describe the behaviour of photons in stel-
lar atmospheres. The double-peak structure resulting from the response of (13.13) to
a delta-function source may explain that the temporal luminosity profiles observed
in many X-ray bursters are composed of a precursor peak and a main diffusion peak.

13.3 Non-Fickian Diffusion in Polymers

Departures from Fick’s law are observed in diffusion processes, particularly those
involving polymers (Hopfenberg and Stannett 1973; Frisch 1980). Diffusion plays
a rate-controlling role in many industrial and biological processes. In particular, it
is of interest in dry-spinning of fibres in coating of substrates via deposition and
subsequent drying of polymer solutions, and in the design of drug-delivery systems.
Long relaxation times have also a great influence on diffusive processes in glasses.

Let us turn our attention to some phenomenological observations. The most com-
mon experiments where non-Fickian effects are perceptible are sorption, desorption
and permeation of a small solvent in a film or membrane of glassy polymer. The
initial concentration of the permeant is suddenly increased (sorption) or decreased
(desorption) around the sample, or at one side of it (permeation). The experimental
quantities of interest are the mass uptakem.t/ per unit surface as a function of time,
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in sorption and desorption experiments, or the volume throughput V.t/ per unit area
of membrane, in permeation.

The mass uptake m.t/ is defined as the mass of solvent absorbed by the film per
unit area, i.e.

m.t/ DM
Z l

0

dx Œc.x; t/ � c0�; (13.31)

whereM is the molar mass of the solvent and c.x; t/ its concentration, in moles per
unit volume, across the film, of thickness l . In permeation, the volume throughput
per unit area is

Q.t/ D
Z t

0

dt 0J.t 0/; (13.32)

with J the volume flux of the solvent. Bothm.t/ and V.t/ have been widely studied
in the context of the classical diffusion theory (Crank 1975). Specially interest-
ing for our discussion are the short-time limit behaviour of m.t/ and the long-time
behaviour of V.t/, which in the classical Fickian theory are respectively given by
(Crank 1975)

m.t/

m.1/ D
�
16Dt

�l2

�1=2

; (13.33)

V.t/ 
 D.c1 � c0/

l

�
t � l2

6D

�
for t !1; (13.34)

with c1 and c0 the concentrations of the solvent on each side of the membrane. It
follows that m.t/=m.1/ behaves as t1=2 at short times and that the time lag in
permeation, i.e. the time at which V.t/ vanishes, behaves as l2 and is given by
t� D l2=.6D/. It must be kept in mind that these expressions refer to differential
sorption and permeation, i.e. they correspond to small changes in concentration, in
order to avoid non-linearities arising from the sensitive dependence of D on c.

Expressions (13.33–13.34) are usually satisfied far from the glass transition tem-
perature. Close to the transition, and below it, non-Fickian features appear and
manifest themselves through several phenomena: case-II and super-case-II dif-
fusion, which are discussed below, two-stage sorption, sigmoidal sorption, and
pseudo-Fickian behaviour.

The physical cause responsible for these peculiar behaviours is usually inter-
preted as the coupling of viscous stresses and diffusion. During diffusion of small
molecules in a polymer solution, this coupling, resulting from the swelling due to
the solvent, produces a relative motion between neighbouring chains of the polymer,
whose mutual friction will emerge in a viscous stress. Since this stress is coupled
to diffusion, it is natural to take it into account in the same way as in Chap. 2 vis-
cous pressure was coupled with heat conduction. Paralleling the developments of
Chap. 2, we simply rewrite (2.70–2.72) with the heat flux replaced by the diffusion
flux.

The resulting equations are
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�1
PJ D �.J C �Drc/C ˇ00 QDTr �

0

PvCˇ0 QDTrpv; (13.35)

�0 Ppv D �.pv C �r � v/C ˇ0T �r � J ; (13.36)

and

�2.
0

Pv/� D �.
0

PvC2
 0

V/C 2ˇ0T 
.
0rJ /s ; (13.37)

where ˇ0 and ˇ00 arise from the coupling of diffusion and viscous effects in the
expression of the entropy flux, which, in absence of thermal effects, is given by

J s D �
T �1J C ˇ00 0

Pv �J C ˇ0pvJ : (13.38)

The last two terms on the right-hand side of (13.38) are non-classical and anal-
ogous to those introduced in (2.48); the quantity QD in (13.35) stands for QD D
�D.@
=@c/�1 . For simplicity, and in accordance with the literature, we restrict our-
selves to the one-dimensional problem, with only c, Jx , and P v

xx as variables, and
ignore the bulk effects .pv D 0/; moreover, we assume that �0 D �2, ˇ0 D ˇ00 D ˇ,
and that the velocity gradients vanish. After these simplifications, (13.35–13.37)
reduce to

�1
PJx C Jx D ��D @c

@x
C ˇ QDT @P

v
xx

@x
; (13.39)

�2
PP v
xx C P v

xx D Tˇ
l

@Jx

@x
; (13.40)

with 
l D 4
3

C � the longitudinal viscosity.

It is observed that when the solvent molecules penetrate into the polymer, a
sharp advancing boundary is produced between the inner glassy region and the outer
swollen gel. The boundary moves with a constant velocity in case-II diffusion, or it
accelerates in super-case-II diffusion. The short-time expression for the mass uptake
may be expressed generally as m.t/=m.1/ � tn, with n D 1 for case-II, n > 1

for super-case-II, and n D 1
2

for the usual Fickian diffusion (Fig. 13.1). Although
a well-defined boundary could also appear in classical Fick diffusion with a suf-
ficiently steep variation of the diffusion coefficient with the concentration, such a
boundary would advance as t1=.2Cn/ (ifD depends on c as cn) instead of t . Case-II
diffusion has been observed in solutions of methanol in polymethyl methacrylate
(PMMA) in the range 0 � 15ıC, in solutions of alkanes in polystyrene in the range
25�50ıC, in solutions of benzene in epoxy resins. Super-case-II diffusion has been
observed for ethanol, propanol and butanol in thin films of PMMA (Thomas and
Windle 1982; Durning and Tabor 1986).

Case-II diffusion can be simply described by means of a Maxwell–Cattaneo
equation as obtained from (13.39) with ˇ D 0. This has been done by Neogi (1983)
in the context of non-equilibrium thermodynamics with internal variables. The
fractional mass uptake in this model for times longer than l2=D is given by
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Fig. 13.1 Fractional mass uptake m.t/=m.1/ as a function of time t for Fickian diffusion (a),
case-II diffusion (b), and super-case-II diffusion (c)

Table 13.1 Speeds of fronts in case-II diffusion (Hopfenger et al. 1969; Neogi 1969; Thomas and
Windle 1982; Durning and Tabor 1986)

System Speed .ms�1/ T .ıC/

n-pentane in biaxially oriented polystyrene 1:4� 10�6 30
1:3� 10�6 35

n-pentane in cast annealed polystyrene 0:8� 10�6 30
0:7� 10�6 35

Benzene in epoxy resins 5:9� 10�8 70
Methanol in PMMA 1:0� 10�9 24

1:0� 10�7 62

m.t/

m.1/ D
2

l

r
D

�
t; t <

l

2

r
�

D
;

m.t/

m.1/ D 1; t >
l

2

r
�

D
: (13.41)

This corresponds to two fronts of solvent advancing from the left and from the
right towards the centre of the membrane with speed .D=�/1=2, which is the speed
predicted by the Maxwell–Cattaneo equation. Each front must travel a distance l=2
before arriving at the centre. When the fronts collide, they may occasionally clash
and give rise to oscillations which die away rapidly. Some characteristic speeds of
the fronts in case-II diffusion are given in Table 13.1.

In super-case-II, the front accelerates. This is observed in very thin membranes
of the order of 1 mm thickness. The acceleration of the front has been explained by
the fact that the differential swelling stress increases when the residual thickness of
the core is reduced. Super-case-II diffusion cannot be interpreted from the simple



13.3 Non-Fickian Diffusion in Polymers 305

Maxwell–Cattaneo model, because Maxwell–Cattaneo’s equation does not include
the coupling between stress and diffusion described by the last term on the right of
(13.39).

The set of equations (13.39–13.40) is richer than Maxwell–Cattaneo’s law. To
show this by means of a simple example, we neglect �1 in the evolution equation
(13.39) of the diffusion flux and keep the relaxation effects only for the viscous
pressure. Under this assumption, (13.39) may be written as

Jx D � QD @

@x

�

 � TˇP v

xx

�
: (13.42)

It is worth comparing this equation with the basic idea underlying the Thomas–
Windle theory (1982), one of the most successful models of super-case-II diffusion.
These authors assume that the stress P v

xx affects the chemical potential in the same
way as an ‘osmotic’ pressure; in other words, the diffusion originates in the gradient
of a non-equilibrium chemical potential given by


i .T; pCP v
xx ; ci / D 
i;eq.T; p; ci /C

Z pCP v
xx

p

@
i

@p0 dp0 D 
i;eq.T; p; ci /CviP
v
xx ;

(13.43)
with vi the partial volume of species i per unit mass. Comparison of (13.42) and
(13.43) yields �Tˇ D v1, with v1 the partial volume per unit mass of the solvent.

To close the set of equations, a supplementary relation between P v
xx and Jx is

needed. This relation is provided by (13.40), written in the form

�2
PP v
xx C P v

xx D 
l v1

@Jx

@x
: (13.44)

In their theory, Thomas and Windle take �2 D 0, but this is not consistent because
it yields zero transport when 
l is very high, in contrast with experimental obser-
vations. To circumvent this difficulty, Durning and Tabor (1986) used (13.44) with
�2 different from zero. Combining (13.42) and (13.43), they obtain for the diffusion
flux

Jx D ��D @c

@x
�D00 @

@x

Z t

�1
dt 0 exp

��.t � t 0/=�2

� @c
@t 0
; (13.45)

after using the mass balance @c=@t D �@Jx=@x and identifying D00 as D00D v2
1QD�
l�2. Durning and Tabor analysed the consequences of (13.45) in classical

and oscillatory sorption. In the context of glassy diffusion, when suitable func-
tions for D.c/ and 
l .c/ are used, relation (13.45) predicts a good agreement with
experimental results. All these examples show clearly that EIT provides a useful
thermodynamic framework for non-Fickian diffusion.
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13.4 Hyperbolic Reaction–Diffusion Systems

Up to now, we have considered that the only process influencing concentration
changes is mass transport, eventually coupled with viscous shearing. In some sys-
tems, concentration changes may also be due to chemical reactions. Assume, for
instance, that a functionF.c/, generally non-linear, describes the change of particles
concentration c per unit time and volume due to chemical reactions. The balance
equation is

@c

@t
Cr � J D F.c/; (13.46)

where J is the flux of particles, usually given by Fick’s law J D ��Drc.
Here, instead, we assume that J satisfies a relaxation equation of the Maxwell–
Cattaneo type (13.9). By combining (13.46) and (13.9), one obtains in the one-
dimensional case the following non-linear hyperbolic reaction–diffusion equation
(HRD) commonly called reaction-telegrapher equation

�
@2c

@t2
C @c

@t
D D @2c

@x2
C F.c/C � @F

@t
: (13.47)

The presence of the relaxation time � does not only influence diffusion (first term on
the left-hand side) but also the chemical reaction (two last terms on the right-hand
side), in such a way that not only F.c/ but also its time derivative has an influence
on the evolution of concentration distribution.

Many practical applications of HRD equations can be found in natural systems
(Fort and Méndez 2001; Méndez and Fort 1999, 2009). For instance, in the spread-
ing of epidemics, � is related to the incubation time, which may be comparable or
even longer than the time corresponding to the diffusive propagation of the corre-
sponding micro-organisms between neighbouring people. A further example is the
propagation of forest fires: � is the mean ignition time, i.e. the average time needed
to set fire from a burning tree to a green tree (Fedotov 1998). Another illustration is
found in human migrations, where � is the time scale between two successive migra-
tions; experimental values obtained from archaeological data for the spread of the
Neolithic transition in Europe indicate that � D 25 years (Méndez and Fort 1999).
Hyperbolic Lotka–Volterra equations (e.g. Lebon et al. 2008) are used to describe
the interaction between farmers and hunter-gatherers in the expansion of agricultural
communities; in this case, � s the mean generation time and its value is 12.5 years
(Cavalli-Sforza 1988). A further example of relaxation effects is the self-inductance
of the axon membrane, which contributes with a finite relaxation time to the propa-
gation of action potential in nerves. HRD equations may also be derived from kinetic
theory arguments (Méndez and Fort 1999). Thermodynamic properties derived from
the kinetic model indicate that the entropy is a function of the concentration and the
flux of particles.

Mathematically, HRD equation (13.47) has two homogeneous solutions which
are obtained by setting F.c/ D 0. The resulting solutions are connected by a het-
eroclinic orbit in the phase space which represents the irreversible process joining
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two equilibrium states. When reactive processes are coupled to diffusion and both
occur on the same time scale, the dynamics of the system is described by a wave
front. The speed v of the wave front in the long-time limit is found to be constant,
unlike parabolic reaction–diffusion equations, where the speed of the wave front is
unbounded. In hyperbolic reaction–diffusion processes, the speed has always upper
and lower bounds (Fedotov 1998; Méndez and Fort 1999, 2009)

vL � v � .D=�/1=2: (13.48)

Here we show, by means of a simple argument, how to determine the upper bound
(Méndez and Compte 1998). Take a piecewise linear reaction term of the form

F.c/ D �Œ�c CH.c � c�/�; (13.49)

with� the inverse of a reaction time, c� a given value of the concentration, defining
the model and H the Heaviside step function. Shape-preserving wave fronts corre-
spond to similarity solutions of the form c.x; t/ D c.x� vt/, with v the front speed.
Assuming that c > c� for x � vt > 0 and c < c� for x � vt < 0, one may replace
H.c � c�/ by H.x � vt/, whose Fourier transform is

OH.k; t/ D expŒ�ikvt �

ik
: (13.50)

The Fourier transform of (13.47) is then given by

�
@2 Oc.k; t/
@t2

C .1C��/@ Oc.k; t/
@t

D �Dk2 Oc.k; t/ �� Oc.k; t/

C�
�
1

ik
� �v

�
expŒikvt �: (13.51)

In terms of the dimensionless quantities k� D k
p
D=�, x� D x

p
�=D, a D ��

and v� D v=
p
�D, the solution for the density profile may be finally expressed,

after some lengthy calculations, as (Méndez and Compte 1998; Méndez et al. 2009)

c.x�/ D 1

2
CH.x�/

"
1

2
C
 
�1
2
C v�.1 � a/
2
p

v�2.1 � a/2 C 4

!
exp.m�x�/

#

CH.�x�/
"
�1
2
C
 
1

2
C v�.1 � a/
2
p

v�2.1 � a/2 C 4

!
exp.mCx�/

#
; (13.52)

where

m˙ D �v�.1C a/˙pv�2.1 � a/2 C 4
2.1� av�2/

: (13.53)
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The conditions that c must tend to 1 for positive high values of x� and to zero
for large (but negative) values of x� require, respectively, that m�<0 and mC>0.
These restrictions are only fulfilled when jv�j � 1=pa, which in terms of the wave
speed yields v � p

D=� , as given by (13.48). This upper limit for the speed of
the front diverges in the parabolic case, when � vanishes. The upper bound coin-
cides with that obtained for the telegrapher equation in the high frequency limit.
Different techniques like linearization around the equilibrium solutions, variational
methods, asymptotic analysis and numerical simulations have been used to deter-
mine these bounds in more general situations (Méndez and Compte 1998; Méndez
and Fort 1999, 2009).

13.5 Thermo-diffusion in Binary Mixtures

In this section, we relax the hypothesis of uniform temperature and focus on the
problem of coupling of heat and mass transfer in a binary mixture of Eulerian fluids
with respective mass densities �1, �2 and velocities v1, v2. As in the previous sec-
tions, the analysis is restricted to a linear approach in the dissipative fluxes. Exten-
sions to more complex situations, as multi-component viscous mixtures, polymeric
solutions, and non-linearities will not raise major difficulties.

The space V of state variables could be selected as �1, �2, v1, v2, u, q, but a better
selection, for practical reasons is

V W �; c1; u; v; q; J ; (13.54)

with � D �1C�2 the total mass density, c1 D �1=� the mass fraction of component
1, u the specific internal energy, v D .�1v1C�2v2/=� the barycentric velocity, q the
heat flux vector, and J D J 1.D �J 2/ the mass flux of component 1. In absence of
chemical reactions and viscous effects, the variables �, c1, v, and u obey the classical
balance equations

P� D ��r � v; (13.55a)

� Pc1 D �r � J ; (13.55b)

�Pv D �rp; (13.55c)

� Pu D �r � q C pr � v: (13.55d)

To determine the evolution equations of the flux variables q and J , let us start from
the generalized Gibbs’ relation

Ps D T �1 Pu � T �1p .1=�/: � T �1
 Pc C @s

@J
� PJ C @s

@q
� Pq; (13.56)
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wherein c, J and 
 stand for c1, J 1 and 
1 � 
2 respectively. Let us in addi-
tion assume that @s=@J and @s=@q are given by the following linear constitutive
equations

@s

@J
D �1

�
.˛J C �q/; (13.57a)

@s

@q
D �1

�
.ˇq C ıJ /; (13.57b)

with � D ı as a consequence of the equality of the mixed derivatives of s with
respect to q and J . A more general description including non-linear contributions
may be found in Lebon et al. (2003). The phenomenological coefficients ˛, ˇ, �
and ı may depend on �, c and u (or T ) but not on the fluxes. Moreover, concavity
of entropy s implies that

˛ > 0; ˇ > 0; ˛ˇ � �2 > 0: (13.58)

After substitution of the balance equations (13.55) in Gibbs’ relation (13.56), one is
led to

J s D 1

T
.q � 
J /; (13.59)

�s D �q �
h
�rT �1 C ˇ Pq C � PJ

i
� J �

h
r.
T �1/C ˛ PJ C � Pq

i
(13.60)

Expression (13.59) of the entropy flux is the same as that obtained in Chap. 1 in the
framework of Classical Irreversible Thermodynamics; the simplest way to guarantee
the positiveness of the rate of entropy production (13.60) is to assume that

ˇ Pq C � PJ � rT �1 D �Lq �MJ ; (13.61)

˛ PJ C � Pq Cr.
T �1/ D �Rq �NJ ; (13.62)

with L, M , N and R allowed to depend on �, T and c. After substitution of the
evolution equations (13.61) and (13.62) in expression (13.60), it is found that

�s D Lq2 CNJ 2 C .M CR/q � J ; (13.63)

from which follows that

L > 0; N > 0; LN >
1

4
.M CR/2: (13.64)

In the Box 13.2, the evolution equations (13.61–13.62) are solved with respect to
Pq and PJ respectively. It is shown that these results are closer to Onsager original
formulation than these of the classical theory of irreversible thermodynamics (De
Groot and Mazur 1962).
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Box 13.2 Other expressions for the evolution equations of the fluxes
Solving (13.61) and (13.62) in terms of PJ and Pq and setting ˛ˇ��2 D � > 0,
one obtains after elementary arithmetics

�

� PJ
Pq
�
D
�
ˇ�

��˛
��r.
T �1/

rT �1

�
�
�
Nˇ �M�Rˇ �L�
M˛ �N�L˛ �R�

��
J

q

�
(13.2.1)

Expressing J and q in terms of the derivatives @s=@J and @s=@q, it is found
in virtue of (13.57) that

�
J

q

�
D �

�

��ˇ �
� �˛

��
@s=@J

@s=@q

�
: (13.2.2)

Moreover, recalling that 
T �1 D �@s=@c, T �1 D @s=@u, relation (13.2.1)
can be cast in the form

� PJ
Pq
�
D 1

�

�
ˇ�

��˛
�
r
�
@s=@c

@s=@u

�

� �

�2

��Nˇ2 � L�2 C ˇ�.RCM/ �M�2 � R˛ˇC�.˛LCˇN
�R�2 �M˛ˇ C �.L˛ CMˇ/ �N�2 �L˛2C˛�.RCM/

�

�
@s=@J

@s=@q

�
: (13.2.3)

This expression is interesting as it is reminiscent of the flux–force relation
introduced by Onsager in his original papers of 1931. It is indeed confirmed
by (13.2.3) that the thermodynamic fluxes in Onsager’s acception, i.e. the time
derivatives of the state variables J and q are linearly related to the thermody-
namic fluxes defined, by Onsager, as the derivatives of entropy with respect to
the same variables. According to Onsager, the matrix of the phenomenolog-
ical coefficients relating these fluxes and forces are symmetric, from which
follows M D R. It is worth stressing that the arguments leading to this sym-
metry relation parallels faithfully Onsager’s original demonstration and that,
in that respect, it can be claimed that EIT is closer to Onsager’s approach than
Classical Irreversible Thermodynamics, wherein the definition of fluxes and
forces is different from that proposed by Onsager’s.

In absence of coupling term in Gibbs’ relation (13.56), i.e. for � D 0, the
evolution equations take the simplified form

� PJ
Pq
�
D
 

1
˛
0

0 1
ˇ

!�r. @s
@c
/

r. @s
@u /

�
C �

 
1

˛�J

R
˛ˇ

M
˛ˇ

1
ˇ�q

! 
@s
@J
@s
@q

!
; (13.2.4)

with �J D ˛=N and �q D ˇ=L designating the positive relaxation times.
If we represent by F and C the state spaces of fluxes .J ; q/ and of classical
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variables .c; u/ respectively, we are in position to write the evolution equations
(13.2.4) in the more compact form

PF D L � r
�
@s

@C

�
CM � @s

@F : (13.2.5)

The factors L and M represent respectively a skew-symmetric and a sym-
metric matrix of the phenomenological coefficients. It is important to note
that the time evolution of the flux variables can be expressed in terms of
one single thermodynamic potential, here the specific entropy s. A similar
conclusion was reached in the GENERIC formulation of non-equilibrium
thermodynamics (see Sect. 1.5).

Let us close this section with some considerations about steady flows. Solving the
set (13.61) and (13.62) with respect to J and q yields the linear Soret and Dufour
laws

J D �LJJr.
T �1/� LJqrT �1; (13.65)

q D �LqqrT �1 �LqJr.
T �1/; (13.66)

wherein the transport coefficients LJJ , LJq , Lqq and LqJ are defined as follows:

LJJ D L

�0 ; LJq D R

�0 ; Lqq D N

�0 ; LqJ D M

�0 ; (13.67)

with �0 given by �0 D NL �MR � 0. In virtue of Onsager’s reciprocal relation
M D R, it is found that LJq D LqJ expressing the equality between the Soret and
the Dufour coefficients.

13.6 Suspensions of Solid Particles in Fluids

In some regards, suspensions can be considered as molecular mixtures in which
the solute molecules are replaced by solid particles of supra-molecular size. Thus,
the description of suspensions is often an extension of the corresponding one for
molecular mixtures. In particular significant progresses have been achieved in the
recent years to develop a description containing the Fick, Soret and Dufour laws
as limiting cases. This was accomplished for instance within the internal variables
approach (Maugin 1999; Lhuillier 2000). Here a different approach based on EIT is
proposed: the drift flux of particles is upgraded to the status of state variable and the
corresponding evolution equation is established. Its final form is rather complex and
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its physical meaning is clarified by addressing to the two-fluid model of suspensions
(Nigmatulin 1990).

13.6.1 Suspensions Versus Molecular Diffusion

Suspensions of particles in fluids behave in some aspects like a binary mixture of
solute molecules in a solvent. However, the particle size is much larger than the
molecular size and this has two main consequences. First, the volume of a particle
is a well-defined quantity while the volume of a molecule is not. The description
of suspensions will involve not only the particle mass fraction c.D dMp=dM/, but
also their volume fraction �p.D dVp=dV /. These two quantities are related by

�c D �p�p; (13.68)

where �.D dM=dV / is the total mass per unit volume of the suspension, also
given by

� D �p�p C .1 � �p/�f; (13.69)

�f .D dMf=dVf/ is the mass per unit volume of pure fluid and �p
�D dMp=dVp

�
is the

mass per unit volume of the material from which the particles are made. The second
main difference between suspensions and molecular mixture is the large inertia of a
particle and the relative ease with which the average particle velocity vp be different
from the average fluid velocity vf, hence the importance of the particle diffusion flux

J D �c.vp � v/ D �c.1 � c/.vp � vf/: (13.70)

Moreover, to describe the suspension, one will use not only the well-known mass-
weighted v velocity but also the volume-weighted velocity u defined respectively as

v D cvp C .1 � c/vf; (13.71)

u D �pvp C .1 � �p/vf: (13.72)

It is not difficult to convince oneself of the relations

�p D c C �c .1 � c/
�
1

�p
� 1

�f

�
; (13.73)

u D vC
�
1

�p
� 1

�f

�
J ; (13.74)

showing that �p and u are generally different from c and v, respectively, except
for the special case of matched densities between the fluid and the particles. We
will consider an isotropic suspension of spherical and rigid particles moving in a
Newtonian fluid.
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13.6.2 EIT Description of Suspensions

Suspensions of rigid and spherical particles behave like a Newtonian fluid and the
viscous pressure does not display any non-standard feature. Moreover, the scale of
thermal effects is of the order of 104 smaller than that of the diffusion and this
justifies that heat flux will not be considered as an independent variable, and the
temperature T will denote the local equilibrium temperature. The only new relevant
variable is therefore the particle drift flux J , and the generalized Gibbs’ equation
can be cast in the form

T ds D duC pd��1 � 
dc � ˛J � dJ ; (13.75)

wherein 
 D 
p � 
f is the relative chemical potential and ˛.�; T; c/ a posi-
tive coefficient in order to satisfy the local equilibrium stability requirement. As
a consequence of (13.75), the generalised pressure and chemical potential are
defined as

p� D peq � 1
2

@˛

@.1=�/
J 2; (13.76)


� D 
eq C 1

2

@˛

@c
J 2: (13.77)

In the above results and throughout this section, the subscript eq will be attached to
local equilibrium quantities depending on u (or T ), �, and c but not on J .

The total density, mass fraction, momentum and internal energy balance laws are
written in the usual form,

P� D ��r � v; (13.78)

� Pc D �r � J ; (13.79)

�Pv D �r �…; (13.80)

� Pu D �r � q �
Y
W rv; (13.81)

where
Q

stands for the symmetric pressure tensor. Combining the above equations
for the standard state variables together with the extended Gibbs relation (13.75),
one obtains the balance of entropy in the usual form

�Ps Cr � J s D �s � 0; (13.82)

with the rate of dissipated energy T�s given by

T�s D r � .TJ s C
J � q/�J s � rT � .…�pU/ W rv�J �
�
r
C �˛ PJ

	
� 0:

(13.83)
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To obtain a more pertinent expression for the entropy production rate, and to deduce
the restrictions placed by the second law �s � 0, one needs assumptions concerning
the way the relative motion enters into the undetermined fluxes

Q
and q. Taking

into account their well-known expressions for molecular mixtures and suspensions
(Lhuillier 1995), together with simple symmetry and dimensional considerations,
one is led to propose: Y

D £C pUC �JJ ; (13.84)

The constitutive equation for q will be derived at the end of this sub-section.
Concerning the entropy flux, we suggest expressing it in the general form

J s D 1

T

�
.q � 
J /� ı£ � J � �£d � J � ; (13.85)

where £ and £d are two viscous pressure tensors. The global convective motion of
the mixture is influenced by £ while the relative motion will be seen to be influenced
by both £ and £d. Expression (13.84) of the total pressure tensor is a generalization
of the classical mechanical pressure tensor given by the two first terms of the right-
hand side. Relation (13.85) of the entropy flux contains the classical contribution
(the two terms between parentheses) and extra terms arising from the coupling of the
fluxes and the pressure tensors, typical of the EIT formalism. A large indeterminacy
is left in the above two expressions, through three arbitrary scalars, �; ı and � which
may depend on the specific volume, the temperature and the particle mass frac-
tion. With (13.84) and (13.85) taken for granted, the entropy production rate finally
appears in the standard form of a sum of products of fluxes and thermodynamic
forces:

T�s D �£ W r.vC ıJ /� £d W r.ıJ /� J �
h
r
� C �˛ PJ C ır � £

C�r � £d C �J � rvC 1
2
˛v.r � v/J

� � J s � rT � 0; (13.86)

where ˛v stands for @.˛/=@.1=�/. The viscous dissipation involves the gradients of
the two velocities vC ıJ and �J , suggesting to write for £ and £d:

£ D �
1 Œr.vC ıJ /�sym ; (13.87)

£d D �
2Œr.�J /�; (13.88)

wherein 
1 and 
2 are viscosity coefficients. It is important to realize that, in con-
trast with pure Newtonian fluids, £ in (13.87) is no longer given by Newton’s law
£D � 
rv. By writing (13.87–13.88) we have omitted the coupling between £

(respectively £d) and r.�J / (respectively r.vC ıJ /).
From expression (13.86) of the rate of dissipated energy, one is led to write

the entropy flux and the general evolution equations for the particles diffusion flux
respectively as
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J s D � �
T
rT � !1J ; (13.89)

�˛ PJC1
2
˛v.r � v/JC�.J � r/vCır � £C�r � £dCr
 D �!2rT��J ;

(13.90)

�, !1, !2 and � are phenomenological coefficients whose physical meaning will
become clear in the foregoing. In virtue of Onsager–Casimir’s reciprocal relations,
one has !1 D �!2 	 ! with a sign minus because of the opposite parities of J s

and PJ with respect to time reversal. Concerning the coefficient ˛, it is interesting to
express it in terms of the relaxation time �m of the diffusion flux through

�˛

�
D �m: (13.91)

Expression (13.90) is the main result of the analysis, as it provides the lacking evo-
lution equation of the extra flux variable. After substitution of (13.89) and (13.90)
in expression (13.86) of the rate of dissipated energy, it is found that

T�s D 
1£ W £C 
2£d W £d C �J � J C �

T
rT � rT � 0: (13.92)

It follows that the four dissipative coefficients 
1, 
2, � and � are positive but no
restriction is placed on the sign of!:Besides � and!, the evolution equation (13.90)
of J depends on four arbitrary parameters: ˛ which was introduced in Gibb’s equa-
tion (13.75) and the three parameters � , ı and � appearing in (13.84) and (13.85).
In case all coefficients except � vanish, the evolution equation (13.90) boils down to

J D �1
�
r
 � !

�
rT: (13.93)

Comparing the above relations with Soret’s law it is directly seen that 1=� can be
identified as the coefficient of diffusion and !=� as the coefficient of thermal dif-
fusion. For isothermal processes one recovers the Fick law J D ��Drc with the
diffusion coefficient �D D .@
=@c/T =�. A further comparison of both expressions
(13.85) and (13.89) of J s leads to the missing constitutive equation for the heat flux
vector q, namely

q D ��rT C .
 � !1T /J C .ı£C �£d/ � J : (13.94)

In absence of matter motion (J D 0), one finds back Fourier’s law from which is
inferred that � can be identified with the heat conductivity.

To summarize, the basic relations of the model are the five evolution equations
(13.78–13.81) and (13.90) coupled with the constitutive relations (13.84), (13.94),
(13.87), (13.88) for

Q
, q, £ and £d respectively. To complete the description, one

needs to formulate the remaining unknown quantities ˛, � , � and ı in terms of the
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state variables, this will be achieved in the next sub-section by comparing with other
models.

13.6.3 Comparison with Other Models

A few models exist in the literature which end with an expression for the time-
evolution of the relative particle flux J . As will be seen, they are all particular cases
of the general result (13.90).

13.6.3.1 Internal Variables Theory

The internal variables approach has been used to study non-Fickian diffusion in
suspensions (e.g. Lhuillier 1995).The new state variable is the relative velocity vp �
vf and the starting point is the following expression for the specific free energy

�.�; T; c; vp � vf / D �eq.�; T; c/C��; (13.95)

where �� D 1
2
c.1 � c/.vp � vf /

2 is that part of the free energy that depends only
on the internal variable. The expressions of the momentum and entropy fluxes were
found to be

… D pUC .vp � vf/J C £; (13.96)

J s D 1

T

�
q � 
J � .u � v/ � £� .vp � vf/ � £d

�
; (13.97)

where u is the average velocity defined in (13.72). The .u� v/ �£ contribution to J s

is necessary because it is wanted that the viscous dissipation involves the gradient
of u (and not the gradient of v), a result well-known in the theoretical modelling of
suspensions (Brenner 1970). Comparing the above expressions with (13.84), (13.85)
and the Gibbs equation (13.75) written in terms of the free energy�, it is not difficult
to check that the internal variable approach leads to the particular values

�˛ D � D � D 1

�c.1 � c/ ; ı D
1

�p
� 1

�f
: (13.98)

Introducing these values in (13.96), one obtains the evolution equation for J as it
would be derived from the evolution equation obtained for vp�vf within the internal
variables model. Remember also that the above results correspond to a rather special
assumption concerning��, and it would be interesting to know what happens in a
more general case.

To shed further light on the model described by the evolution relation (13.90),
we address to the well-known two-fluid model of suspensions.
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13.6.3.2 The Two-Fluid Model

Although the view point of the two-fluid model is rather different than the EIT
model, we find it interesting to confront both approaches. Besides the conserva-
tion of the overall momentum, the two-fluid model of suspensions introduces the
momentum balance for the particulate phase, i.e. the average equation of motion
for the particles. This couple of equations is written as (e.g. Nigmatulin 1990;
Lhuillier 1995)

�Pv D �rp � r � £; (13.99)

�c
dpvp

dt
D ��.rp Cr � £/C F d � r � £d C F : (13.100)

In the momentum balance (13.100), there appears the particle acceleration dpvp=

dt D .@=@t C vp � r/vp. The forces exerted by the fluid on the particles have three
different origins: (i) a generalized Archimedes force proportional to the particles
volume fraction, and depending on the pressure p and the suspension viscous stress
� , (ii) a dissipative force and stress written as F d�r �£d, and (iii) a non-dissipative
force F .

From the definition J D �c.vp � v/, we derive the following identity

@J

@t
Cr � .vpJ /C .J � r/v 	 �c

�
dpvp

dt
� Pv

�
: (13.101)

Making use of the two-fluid momentum equations (13.99) and (13.100), one trans-
forms this identity into an evolution equation for J given by

PJ C .r � v/J C .J � r/vCr �
�

JJ

�c

�
� cr �

�
JJ

�c.1 � c/
�

C .�p � c/.rp Cr � £/� F � F d Cr � £d D 0 (13.102)

A mere comparison with the EIT result (13.90) reveals that £ and �d correspond to
the previously defined tensors (hence the same notation), that the friction force is

F d D � J

�m
; (13.103)

and, finally, that the non-dissipative fluid-particles force F can be written as

F D ��c.1 � c/


r
C !rT �

�
1

�p
� 1

�f

�
rp

�
: (13.104)

The difference between (13.102) and evolution equation (13.90) is the absence of
terms inr�JJ . This is so because we have neglected terms of third order in .JJ /�J
in the constitutive equation (13.85) of the entropy flux. Let us further comment
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on expression (13.104) of F . From the classical Gibbs energy per unit mass g D
u � TsC p=� and its differential form dg D .1=�/dp � sdT C 
dc, one obtains

r
C !rT �
�
1

�p
� 1

�f

�
rp

D @


@c
rc C

�
! � @s

@c

�
rT C

�
@.1=�/

@c
� 1

�p
C 1

�f

�
rp: (13.105)

Since 1=� D c=�p C .1 � c/=�f , the rp contribution to the osmotic force F van-
ishes if �p and �f do not depend on c, which is the usual case actually. With regard to
the rT contribution, it will give rise to a thermal force driving the particles towards
hotter or colder regions depending on the sign of !�@s=@c, which is usually small.
Concerning the rc contribution to the osmotic force, it always drives the parti-
cles towards regions with a lower particle concentration because .@
=@c/p;T > 0

is a condition of thermodynamic stability. In short, the non-dissipative force F

includes an important concentration-diffusion force, a rather small thermo-diffusion
force, and a negligibly small baro-diffusion force. Note that EIT and the two-fluid
model are complementary. From one side, the two-fluid model has benefited from
the expressions (13.103) and (13.104) provided by EIT. Conversely, the two-fluid
model is essential in interpreting the evolution equation (13.90) of EIT in terms of
the simpler momentum equations (13.99) and (13.100).

The most important EIT contribution is embodied in the evolution equations
(13.90) for the diffusion flux J . This expression, when coupled to the classical bal-
ance laws of total mass, particle mass fraction, momentum and energy, determine the
time evolution of the selected state variables. To our knowledge, it is the first time
that a systematic thermodynamic analysis of matter transport in disperse media is
proposed. The several undetermined transport coefficients appearing in (13.90) are
identified by comparing with the theory of internal variables and Classical Irre-
versible Thermodynamics. We were able to express all the parameters in terms of
well-known quantities, like heat conductivity, diffusion and thermo-diffusion coef-
ficients, and relaxation times. A new expression of the non-dissipative part of the
force exerted by the fluid on the particles has been derived. Nevertheless, it should
be realized that the above model is a rather simplified version. Indeed, the suspen-
sion particles are supposed to be rigid without deformations, third and higher order
contributions in the fluxes have been omitted, and the heat flux q is not considered
as an independent variable, but is given by (13.94). Recently, Lebon et al. (2007)
have proposed a more complete analysis incorporating q as independent variable.

13.7 Microstructure in Rapid Solidification of Binary Alloys

The microstructure of solid systems, as for instance binary alloys, depends on
the solidification velocity. Recent advanced technologies in rapid solidification of
metallic systems have allowed to investigate undercooling far below the equilibrium
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solidification temperature. Under this condition, the classical theories, based on
local equilibrium, lead to several contradictions with experiments. To mention some
of them (Galenko 2004): (i) when the interface velocity V increases, the solute
boundary layer near the interface shrinks below physically acceptable values, (ii)
the so-called solute partition function k.V / (defined below) is found to depart radi-
cally from experimental data, and (iii) the models of dendritic solidification predict
a smooth growth of the solidification velocity with increase of undercooling instead
of the abrupt change observed in alloys.

These contradictions can be avoided by taking explicitly into account relaxation
effects of the diffusion flux. These effects become particularly relevant in rapid
solidification processes of metallic liquids when the interface velocity V is or the
order or even higher that the diffusion speed VD D .D=�/1=2 in the bulk liquid.

The set of governing equations are the usual balance laws of concentration and
temperature, namely

�
@2c

@t2
C @c

@t
D Dr2c; (13.106)

@T

@t
D �r2T; (13.107)

wherein the relaxation time of the heat flux has been assumed to be negligible, and c
is the mass concentration of the dilute component. Moreover, in rapid solidification,
one has to add the specific relations (e.g. Galenko 2004)

�aLrTL C aSrTS D TQV; (13.108)

�DLrcL D �.cL � cS /V C � @
@t
Œ.cL � cS /V � ; (13.109)

TI D TM C�.V /cL C d.˛/k.V /� V=
.˛/; (13.110)

cS D k.V /cL; (13.111)

in these equations, V is the solidification velocity in the direction normal to the inter-
face, TQ is the adiabatic solidification temperature, defined by TQ D Q=cp with Q
the latent heat of solidification and cp the specific heat at constant pressure, TM is
the equilibrium solidification temperature, indexes L and S stand for the liquid and
solid phases respectively, and TI D TL D TS is the interface temperature, d.˛/ and

.˛/ are the anisotropic capillary and anisotropic kinetic coefficients defined by

d.˛/ D d0.1C "c cos 4˛/; 
.˛/ D 
0.1 � "k cos 4˛/; (13.112)

with d0 the capillary length, 
0 the averaged kinetic coefficient of growth, "c and
"k are the strengths of crystalline anisotropy, and ˛ the angle between the normal
to the interface and the direction of growth. The function k.V / represents the non-
equilibrium solute partition coefficient
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k.V / D .1 � V 2=V 2
D/ke C V=VDI

.1 � V 2=V 2
D/Œ1 � .1 � ke/CL�C V=VDI

for V < VD ; (13.113a)

k.V / D 1 for V > VD; (13.113b)

where ke is the coefficient for equilibrium solute partitioning, and VDI the diffusion
speed at the interface; finally, the function �.V / is the slope of the liquidus line in
the kinetic phase diagram, given by

�.V / D �e

1 � ke

�
Œ1 � k.V /�



1 � ln

k.V /

ke

�

CŒ1 � k.V /�



ln
k.V /

ke

C Œ1 � k.V /� V
VD

��
; (13.114)

where �e is the liquidus line slope in the equilibrium phase diagram of a binary
system.

The system of equations (13.106–13.114) has been solved for planar and non-
planar rapidly moving interfaces by Galenko (2004). The results indicate that an
interface moving with velocity V equal or higher than the diffusion speed VD is not
able to modify the concentration, and the solidification proceeds without any solute
redistribution ahead of the interface.

Equations (13.106–13.114) have also been used (Galenko and Danilov 2000;
Galenko 2004) to investigate morphological transitions during rapid solidification
of alloys. The changing of the interface morphology with the interface veloc-
ity is important, for instance, for single-phase solidification, i.e. when the liquid
transforms into solid without precipitation of additional phases. Figure 13.2 shows
schematically the solid–liquid interface morphologies for different values of the
interface velocity V . At small velocities, the initially smooth interface remains pla-
nar up to a critical velocity VC , defined by a criterion of constitutional undercooling
(Kurz and Fisher 1992). Beyond VC , the smooth interface becomes unstable and the
interface exhibits a steady cellular morphology. By further increasing the velocity,
this morphology becomes unstable and dendritic patterns develop, when the thick-
ness of the solute diffusion layer ahead of the interface is large enough to produce
secondary branches due to morphological instability of the cellular interfaces, as

0 Vc VA V

planar
front

planar
frontcells cells dendrites

Fig. 13.2 Morphological diagram for solidification of binary systems (reprinted with permission
from Galenko P, Danilov DA (2004) Phys Rev E 69:051608)
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shown in Fig. 13.3a. At higher interface velocity, dendritic patterns degenerate into
the form of rapidly moving cells, when the solute diffusion layer ahead of the inter-
face becomes thinner (Fig. 13.3b). For velocities larger than a critical value VA,
the interface becomes planar again, and this morphology remains absolutely stable.
Figure 13.3c shows the degeneration of cellular arrays into a plane interface. This
happens when the width of the diffusional layer becomes shorter than the radius of
the tip of the dendrites or cells. Figure 13.3c and d represent planar interfaces, but
under two different situations. Figure 13.3c corresponds to a speed higher than VA

but lower than the solute diffusion speed VD . In this case, the solidification pro-
ceeds by chemical partition mechanism, meaning that the chemical composition of
the solid phase is different from that of the liquid phase, the relation between both
is given by the partition coefficient. In contrast, Fig. 13.3d corresponds to a propa-
gation speed V higher than VD; in this case the progression is so fast that there is no
time left for solute diffusion ahead of the interface, and solidification with the initial
composition of the liquid occurs.

The transition from diffusion-limited to diffusionless growth of crystals shown in
Fig. 13.3c–d can be quantitatively described from expression (13.113) of the solute
partitioning coefficient. Figure 13.4 shows that the predictions of Eq. (13.113) are
in good agreement with experimental data on non-equilibrium solute partition in
solidification of Si–As alloys. Note the abrupt transition from diffusion-limited to
diffusionless growth of crystals at V D VD .

Concerning non-isothermal crystal growth, a first explanation of the transitions
was proposed by Kurz and Fisher (1992) using classical models of dendritic growth,
but these models predict a smooth transition, in contradiction with experiments,
which show a rather sharp change in the behaviour of dendrite velocity and dendrite
tip radius (Herlach et al. 1997). The occurrence of this sharp break at V D VD is
reflected from the model described by Eqs. (13.106–13.114). The solution of these
equations (Galenko and Danilov 1999) predicts that the transition from diffusion-
limited to diffusionless growth happens at V D VD , and that is characterized by
an abrupt change of the slope of the dendrite tip velocity versus undercooling (see
Fig. 13.5) The same property is observed with the dendrite tip radius (Galenko and
Danilov 1999).

13.8 Problems

13.1. Molecular diffusion: Examine the problem of molecular diffusion in a binary
mixture of viscous fluids described by Newton’s law PD�2
rv in the frame-
work of EIT. Compare with the results of Sect. 13.1.

13.2. Anomalous diffusion: In usual diffusion, the second moments of the displace-
ment in the long-time limit behave as h.�x/2i 
 t . In several situations, one
finds instead h.�x/2i 
 t2=ı . If ı < 2 this behaviour is called super-diffusive
and if ı > 2 it is called sub-diffusive (Bouchaud JP, Georges A (1990)
Phys Rep 195:127; Sahimi M (1993) Rev Mod Phys 65:1393). Anomalous
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Fig. 13.3 Isothermal 2D solidification of Cu–30 at.% Ni alloy (reprinted with permission from
Galenko P, Krivilyov MV (2000) Model Simul Mater Sci Eng 8:81): (a) dendritic patterns, (b)
dense cellular structure, (c) almost chemically partitionless solidification at VA < V < VD (grey
colour in solid indicates a concentration Cs different from the initial one C0), (d) diffusionless
solidification at V > VD

diffusion, may arise if the stochastic motions are characterized either by a
wide distribution of waiting times, or of jumping lengths, in contrast to the
usual Brownian motion, which is characterized by a very narrow distribution
of waiting times and jumping lengths. (a) Show that a behaviour h.�x/2i 

t3 may arise if one assumes an equation of the form @c=@t D D.x; t/@2c=@x2

with D.x; t/ 
 xatb and 3a C 2b D 4. (b) Generalise this result for
h.�x/2i 
 t2=ı .

13.3. Another way to describe anomalous diffusion is to start from an equation of
the form @c=@t D D@2cq�1=@x2. (a) Show that the solution of this equa-
tion with an initial delta condition has the form c.x; t/ D t�1=qf .�/ with



13.8 Problems 323

Fig. 13.4 Solute partition coefficient k.V / versus interface velocity V for experimental data on
solidification of Si–As alloys Arrows indicate the values of the solute diffusion velocities V D VD
for both alloys. The dashed lines show the predictions by the model of Aziz and Kaplan (1988)
based on local equilibrium hypothesis with VD ! 1 in Eq. (13.113). The solid lines corre-
spond to the complete Eq. (13.113) (reprinted with permission from Galenko P (2007) Phys Rev E
76:031606)

� D t�1=qx and thus yields h�x2i 
 t2=.q�1/. (b) Show that for q D 2,
f .�/ D K expŒ��2=4D�, that for q > 2, f .�/ D B.A2 � �2/1=.q�2/, and for
q < 2, f .�/ D B.A2 C �2/�1=.2�q/ with A and B constants which depend
on the value of q.

13.4. Two-layer model and the telegrapher equation: The so-called two-layer model
consists of a system whose particles jump at random between two states, 1 and
2, having associated velocities v1 D v and v2 D �v respectively along the
x axis. Assume that the rate R of particle exchange between the two states
per unit time and length is proportional to the difference of the probability
densities P1 and P2, i.e. R D r.P1 � P2/. Show that the evolution equations
for the total probability density P D P1 C P2 and for the probability flux
J D .P1 � P2/v are respectively

@P

@t
C @J

@x
D 0;

�
@J

@t
C J D �D@P

@x
;
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Fig. 13.5 Dendrite tip velocity versus undercooling in Cu–30 at.% Ni alloy (solid curve). Exper-
imental data (open squares) are taken from Herlach et al. (1999) (reprinted with permission from
Galenko P, Danilov DA (1997) Phys Lett A 235:271)

with � D 1=.2r/ and D D v2� (see Van den Broeck C (1990) Physica A
168:677; Camacho J, Zakari M (1994) Phys Rev E 50:4233).

13.5. Derive (13.21) from (13.20) and obtain the explicit expressions for the coeffi-
cients appearing in (13.21), which are ai .i odd/ D .i Š/�1.�t/iC1, ai .i even/
D .i Š/�1.�t/i .2� ��t/, bi D Œ.2j /Š��1.�x/2j .2� ��t/.

13.6. Fast solidification fronts: In fast solidification of alloys the relaxational aspects
of diffusion must be taken into account when the velocity v of the front sep-
arating the solid and liquid phases is comparable or higher than the diffusion
speed vD D .D=�D/

1=2, where D is the diffusion coefficient and �D the
relaxation time of the diffusion flux (Galenko, Danilov (2000a, b)). As an
illustration of he influence of the finite value of vD (in contrast with the
classical parabolic situation where �D D 0 vD diverges), consider k.v/, the
partition coefficient of the solute, defined by the ratio of concentrations of
solute in the solid and the liquid phases, given by (13.113). Estimate the dif-
ference between the equilibrium partition coefficient ke and k.v/ in a 3%
Ag–Cu alloy and a 10% Ni–Fe alloy where

Alloy ke vD .m s�1/ vDI .m s�1/

Ag–Cu 0.44 10 10
Ni–Fe 0.21 37 25

for wavefronts at vD 5m s�1 and vD 15m s�1 (the velocity v of the wave-
front depends on the degree of undercooling with respect to the melting
point).

13.7. Assume the hyperbolic reaction–diffusion equation (13.47), with a source
term given by F.c/ D �f.c/, where � is the inverse of a reaction time.
Use the dimensionless variables proposed in Sect. 13.5, namely, t� D �t ,
x� D x.�=D/1=2 and a D �� , and consider @f=@t D f 0.c/@c=@t with
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f 0.c/ D @f=@t . Assume a concave positive reaction term with f .c D 0/ D
f .c D 1/ D 0 and a traveling wavefront c.x � vt/, with v the speed of the
front. (a) Show that the front will satisfy

.1 � av2/
@2c

@z2
C v

�
1 � af 0.c/

� @c
@z
C f .c/ D 0;

with zDx�vt . (b) Linearize this equation around cD 0 and assume solutions
of the form c Š exp.�z/. Show that the positiveness of n requires that

v � vL D 2
p
f 0.0/

1C af 0.0/
:

(c) Obtain this lower bound for the logistic source term f .c/ D c.1 � c/
(Méndez, Fort, Farjas (1999)).

13.8. Suspensions: Repeat the analysis of the suspensions model presented in
Sect. 13.6.2 by introducing the heat flux q among the set of independent
variables (Lebon G et al. 2009).





Chapter 14
Electrical Systems and Micro-devices
Modelization

This chapter is devoted to the analysis of electrical phenomena. After establishing
the generalised equations for electrical transport, we analyse in the first section the
second moments of the current fluctuations in non-equilibrium steady states, and
discuss the crossed terms which link fluxes and forces. In the second section, we
revisit Onsager’s reciprocal relations and observe that the formalism of extended
irreversible thermodynamics (EIT) is closer to Onsager’s original treatment than
classical irreversible thermodynamics (CIT), as already mentioned in Box 13.2.

In the next sections, we discuss two topics of practical interest: charge trans-
port in submicronic electronic devices and dielectrical relaxation in fluids. Recent
descriptions of charge transport in submicronic electronic devices have opened a
promising field of application for EIT. Indeed, although the carrier transport can be
described by means of the Boltzmann equation, to solve it is a very difficult task
and, furthermore, it contains more information than needed in practical applica-
tions. Therefore, it is common in practice to consider a reduced number of moments,
which are directly related with density, charge flux, internal energy, energy flux and
so on, and which are measurable and controllable variables. This kind of approach
is referred to as a hydrodynamical model and EIT is very helpful in determining
which truncations of the hierarchy of the evolution equations for the moments are
compatible with thermodynamics. Such a modelization is of considerable interest
in practical applications as it allows obtaining the temperature and velocity profiles
in microelectronic devices in very short times, say a few seconds in comparison
with several hours or even weeks required by Monte-Carlo simulations. Finally, we
briefly discuss another problem of practical interest in materials sciences: dielectric
relaxation in liquids in the range of high frequencies. From a theoretical point of
view, this analysis is illuminating as it serves to illustrate the relations between EIT
and the thermodynamics with internal variables.

14.1 Electrical Systems: Evolution Equations

We consider here electric conduction in a rigid metallic sample. We assume that
the electric current is due to the motion of electrons with respect to the lattice. The
independent variables for this problem in CIT are the internal energy per unit mass

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 14, c� Springer Science+Business Media LLC 2010
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u and the charge per unit mass, ze ; in EIT, the electric current i is selected as an
additional independent variable. For the system under study, the balance equations
of charge and internal energy read

�Pze D �r � i ; (14.1a)

� Pu D �r � q C i �E ; (14.1b)

respectively, with E the electric field and i � E the Joule heating term. In order to
find the evolution equation for i we proceed by analogy with Sect. 13.1.

Ignoring heat transport for the moment, the generalised Gibbs equation takes the
form (Jou et al. 1982)

ds D T �1du � T �1
edze � ˛i � di ; (14.2)

with 
e being the chemical potential of electrons and ˛ a phenomenological coef-
ficient independent of i . Equation (14.2) leads, by following the same procedure as
in Sect. 13.1, to the evolution equation for i :

�e

di

dt
D �.i � �eE 0/; (14.3)

where E 0 D E � Tr.T �1
e/, �e is the relaxation time, and �e the electrical con-
ductivity, provided that ˛ in (14.2) is identified as ˛ D �e.��eT /

�1. The generalised
entropy is now given by

�s D �seq � �e

2�eT
i � i : (14.4)

Equation (14.3) generalises the usual Ohm law i D �eE and is often used in plasma
physics and in the analysis of high-frequency currents (Krall and Trivelpiece 1973)
but without any reference to its thermodynamic context. Expression (14.3) has also
been obtained in the kinetic theory in the linearized relaxation-time approximation.

Relation (14.3) can similarly be derived from the simplest model of ionic con-
duction in a dilute solution. Consider a system with a number density n of ions of
charge q, massm and apparent radius r moving in a fluid of viscosity 
; the current
density is then given by i D nqv, v being the drift velocity of ions. By supposing
that the number of ions is much smaller than the number of neutral solvent particles,
the barycentric velocity of the system is practically zero. Assuming that the resis-
tive force is given by Stokes’ law F D 6�
rv with 
 the dynamic viscosity, one
recovers (14.3), with

�e D nq2.6�
r/�1 and �e D m.6�
r/�1:

When these results are introduced in expression (14.4), one obtains

�s D �seq � 1
2

nmv2T �1; (14.5)
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which indicates that the effect of the current is to reduce the equilibrium entropy by
an amount equal to the kinetic energy of ions divided by the absolute temperature.

If instead of particles with the same radius, they have different radii distributed
according to a law f .r/, then the current density takes the form

i .t/ D
Z 1

0

drf .r/qv.r; t/; (14.6)

with q the charge of each particle and v the drift velocity of particles of radius r .
After sudden suppression of the electrical field E , the current i will decay due to
the viscosity of the solvent. According to the Stokes law, the decrease of i is given
by

i .t/ D
Z 1

0

drf .r/qvss.r/ expŒ�t=�.r/�; (14.7)

where vss D qE.6�
r/�1 is the steady-state drift velocity and �.r/ is the relaxation
time of the particles, given by �.r/ D m.r/.6�
r/�1 
 r2. Writing vss in terms of
the steady state flux i .0/ D �eE , relation (14.7) becomes

i .t/ D i .0/

Z 1

0

drf .r/q2.6�
r�e/
�1 expŒ�t=�.r/�: (14.8)

Before proceeding further, we recall some mathematical results. Let us define a
function of time �.t/ by

�.t/ D
Z 1

0

dxg.x/ expŒ�t=�.x/�;

with �.x/ D �0x
s and g.x/ 
 xm exp.�cx/, where s, m and c are numerical

constants. Application of the saddle-point method shows that at sufficiently long
times, �.t/ behaves as

�.t/ 
 expŒ�.t=�0/
1=.1Cs/�: (14.9)

Transposing this result to (14.8) with �.r/ 
 r2 and f .r/ given by f .r/ 

rm exp.�cr/, it is found that i .t/ decays as

i .t/ D i .0/ expŒ�.t=�/1=3�: (14.10)

The interesting result is that i .t/ does not decay as a single exponential, but rather
as a stretched exponential owing to the presence of the exponent 1=.1 C s/. Such
a form of decay is known under the name of the Kohlrausch or Williams–Watts
law. This behaviour is not unusual in physics; it generally arises in phenomena
described by a hierarchy of variables with relaxation times obeying a scaling law
(Schlesinger 1988; Jou and Camacho 1990). The above example was treated to
make explicit that EIT is not restricted to simple exponentials, but that it can also
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cope with more general situations. The corresponding generalised entropy is now
given by

s D seq � 1

2T

Z 1

0

drf .r/
�.r/

�e.r/
qv.r/ � qv.r/: (14.11)

Another interesting consequence of expression (14.3) can be drawn from the fol-
lowing example. Consider the alternating electric field EDE0 cos.!t/ acting on
the system. The electric current solution of (14.3) has the form

i D i1 cos!t C i2 sin!t; (14.12)

with i1 D �e.1C!2�2/�1E0 and i2 D �e!�e.1C!2�2/�1E0. In CIT the entropy
production is given by �s

CIT D T �1i �E , and in our example by

�s
CIT D

�e

T

cos2 !t C !�e cos!t sin!t

1C !2�2
e

E2
0 : (14.13)

The denominator is always positive but not necessarily the numerator. At low fre-
quencies, the first term in the numerator overcomes the second one and the classical
entropy production is positive, but at high frequencies the second term dominates,
and �s

CIT becomes negative in each cycle in a given time interval. Note that the aver-
age of (14.13) over a cycle is positive. Thus, at sufficiently high frequencies, the
classical expression for the second law is instantaneously violated, but not on the
average. In contrast, the entropy production as obtained from EIT is always positive,
since its expression is

�s
EIT D .T�e/

�1i2;

which is unconditionally positive.
The second moments of the fluctuations of the electric current density i are easily

derived from the Gibbs’ equation (14.2). Its second differential, at constant electron
density, is

ı2s D �
�

1

cvT 2
C 1

2

@2˛

@u2
i20

�
.ıu/2 � ˛ıi � ıi � 2@˛

@u
i 0 � ıuıi ; (14.14)

where cv is the specific heat capacity at constant volume, i 0 the mean electric cur-
rent, and ˛ stands for �ev.T�e/

�1. Introduction of (14.14) into the Einstein formula
(5.5) for the probability of fluctuations yields the second moments of the fluctuations
in presence of a mean electric current i 0:

hıixıixi D kBT�e

�ev

"
1C cvT

2

˛

�
@˛

@u

�2

i20

#
: (14.15)

In (14.15) it is assumed that i 0 is directed along the x axis. In equilibrium, i 0 D 0
and one obtains
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hıixıixi D kBT�e

�ev
; (14.16)

which is the Green–Kubo expression for the electrical conductivity in the case of
an exponential decay of the fluctuations of the current. This result is analogous to
expressions (5.19) for the fluctuations of the heat flux and the viscous pressure.
Equation (14.16) is also related to the well-known Nyquist formula for current
fluctuations, as it gives the fluctuations in terms of the electrical resistance.

Relation (14.16) allows one to express �e in terms of �e. Indeed, the microscopic
operator for the density current is i D R eCf dC with C being the peculiar velocity
and e the electron charge, from which follows that the second moments of i are,
both in classical and in Fermi–Dirac statistics, hıixıixi D ne2kBT .m v/�1. One
thus recovers the well-known Drude relation, �e D .ne2=m/�e, from which follow
that ˛ D .Tn2e2/�1. When this result is introduced into relation (14.15), together
with the expressions du D cvdT and i 0 D �eE , one finds that

hıixıixi D kBT�e

�ev

"
1C Te2

m2c

�
E�

T

�2
#
: (14.17)

The non-equilibrium correction can be evaluated by recalling that the heat capacity
per unit mass for an electron gas in Fermi–Dirac statistics is c D �2k2

BT .2m"F/
�1,

with "F the Fermi energy. Defining a mean free path ` as ` D �evF, with vF the
Fermi velocity vF D .2"F=m/

1=2, one may write (14.17) as

hıixıixi D kBT�e

�ev

"
1C ��2

�
eE`

kBT

�2
#
: (14.18)

This expression is comparable to the result obtained from the kinetic theory of gases
(Tremblay and Vidal 1982), which predicts a coefficient 0.156 instead of ��2.D
0:101/ in front of the non-equilibrium corrections.

The generalised Gibbs equation (14.2) has also been used to analyse the statis-
tics of open and closed pores in simple models of biological membranes; this is an
interesting topic in biophysics (de Felice 1981; Jou et al. 1986) and is explicitly
treated in this last reference (see Problem 14.1). Furthermore, more elaborated ver-
sions of EIT including higher-order fluxes have been applied to transport problems
in semiconductors, as shown in Sect. 14.3

14.2 Cross Terms in Constitutive Equations: Onsager’s
Relations

Amongst the most important features of classical non-equilibrium thermodynamics
are the Onsager reciprocal relations; as repeatedly recalled, they cannot be obtained
from purely macroscopic arguments alone, but only with the help of supplementary
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hypotheses, such as the time-reversal symmetry of equilibrium correlation functions
and linear regression of fluctuations. It is natural to ask whether the formalism of
EIT is able to shed a new light on Onsager’s relations. As expected, it turns out
that Onsager’s results remain outside the scope of macroscopic thermodynamics
but, notwithstanding this observation, the EIT formulation is closer to the original
Onsager derivation than that of classical non-equilibrium thermodynamics (Llebot
et al. 1983).

Consider a rigid and isotropic body, crossed by a heat flux q and an electric flux
i . The generalised Gibbs equation has the form

ds D T �1du� 
eT
�1dze � .�T /�1.˛11q C ˛12i / � dq

�.�T /�1.˛21q C ˛22i / � di : (14.19)

In virtue of the balance equations (14.1a and b) for u and ze , one obtains for the
entropy balance

�
ds

dt
Cr �

�
1

T
q � 
e

T
i

�
D q �

�
rT �1 � ˛11

T

dq

dt
� ˛21

T

di

dt

�

Ci �
�

E

T
� r
e

T
� ˛12

T

dq

dt
� ˛22

T

di

dt

�
; (14.20)

from which follow immediately the expressions of the entropy flux J s and the
entropy production �s . The entropy production, given by the right-hand side of
(14.20), has still the structure of a bilinear form. To obtain the simplest evolution
equations for q and i compatible with a definite positive entropy production, one
assumes linear relations between the thermodynamic forces and the fluxes q and i .
This results in

rT �1 � ˛11

T

dq

dt
� ˛21

T

di

dt
D 
0

11q C 
0
12i ; (14.21a)

E
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� r
e
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� ˛12

T

dq

dt
� ˛22

T

di

dt
D 
0

21q C 
0
22i ; (14.21b)

with 
0
11 � 0, 
0

22 � 0, and
0
11


0
22 � 1

4
.
0

12C
0
21/

2, as a consequence of �s > 0.
To show that the matrix of the coefficients �0 is symmetric, we start from

Onsager’s original result (Sect. 5.6) stating that if the evolution equations are given
by dˇ=dt D L � .@S=@ˇ/, then L is a symmetric matrix. Let us assume that rT �1

and ET �1 � r.
eT
�1/ vanish in (14.21), so that they refer to fluctuations near an

equilibrium state. Then, (14.21) can be presented in the form

�
dq=dt
di=dt

�
D T .’T /�1 � �0 �

�
q

i

�
: (14.22a)

This expression may be rewritten in terms of the derivatives of the generalised
entropy (14.19) with respect to q and i as
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�
dq=dt
di=dt

�
D �T 2

h
.’T /�1 � �0 � ’�1

i�
@S=@q

@S=@i

�
: (14.22b)

According to Onsager’s results, the matrix L D .’T /�1 ��0 �’�1 is symmetric. Since
’ is symmetric, because it is the matrix of the second derivatives of S , it follows
that �0 D ’ � L � ’ is itself symmetric. In contrast, the matrix £ of the relaxation
times, given by £ D .T�0/�1 � ’ is generally not symmetric.

In non-equilibrium steady states, (14.21) may be compared with the usual phe-
nomenological equations (De Groot and Mazur 1962) expressing the coupling
between thermal and electrical effects and given by

rT �1 D 1

�T 2
q � …C 
e

�T 2
i ; (14.23a)

E � r
e D "

�
q �

�
"
…C 
e

�
� r

�
i ; (14.23b)

where � is the thermal conductivity at zero electric current, " the differential
thermoelectric power or Seebeck coefficient, … the Peltier coefficient, and r the
isothermal electrical resistivity. By comparison of (14.21) and (14.23), one is led to
the identifications


0
11 D .�T 2/�1; 
0

21 D ."T � 
e/.�T
2/�1;


0
12 D .…C 
e/.�T

2/�1; 
0
22 D rT �1 C .
e � T /.…C 
e/.�T

2/�1:

From the symmetry of �0 it follows that �.…C 
e/ D "T � 
e, so that

"T D �…; (14.24)

which is the well-known second Thomson relation.
It is interesting to emphasize that the argument leading to the symmetry of the

phenomenological matrix �0 is parallel to that presented by Onsager himself, who
postulated that thermodynamic fluxes are time derivatives of state variables, whilst
the forces are derivatives of the entropy with respect to state variables. Since in
EIT the quantities q and i are basic state variables, it is clear that (14.22) relates
the time derivatives of the basic variables with @S=@q and @S=@i , just like in the
Onsager original derivation, where the time derivatives of the basic variables (here,
the thermodynamic fluxes) are linearly related to the derivatives of the entropy with
respect to these variables (the thermodynamic forces). In CIT, the transposition of
Onsager’s arguments from the microscopic to the macroscopic level raises some
difficulties, since the heat flux and the pressure tensor cannot be directly identified
as time derivatives of state variables.
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14.3 Hydrodynamical Models of Transport in Semiconductors
and Plasmas

Electrical transport can be described by means of a Boltzmann equation for the
charge carriers. However, to solve directly this equation is mathematically a very
hard task. A possible simplification consists in restricting to a few practically rel-
evant lowest-order moments of the distribution function. This kind of approach is
called the hydrodynamical approach (Hänsch 1991).

14.3.1 Transport in Semiconductors

One challenge in the analysis of transport phenomena is the study of charge transport
in submicronic semiconductor devices, which is essential for the optimization of
their functioning and design.

The evolution equations for the moments are directly obtained from the Boltz-
mann equation. In the case of electrons in the conduction band of the semiconductor,
it takes the form

@f

@t
C v.k/ � rf � eE � rkf D Q; (14.25)

with f .x;k; t/ being the distribution function and k the electron momentum, com-
prised in the first Brillouin zone, v.k/ D rk" is the electron group velocity
and Q the collision term. In the effective-mass approximation (Anile and Pen-
nisi 1992; Anile and Muscato 1995; Anile et al. 2003, 2005), the energy ".k/ is
given by ".k/D 1

2
k2=m� and v.k/Dk=m�, m� being the effective electron mass

(for instance, in silicon m�D 0:26me with me being the electron mass). Multiply-
ing (14.25) by several products of the components of k, and integrating one obtains
a hierarchy of equations for the different moments. Besides the mass conservation
equation for the zeroth-order moment, one finds

@

@t
.nvi /C @�ij

@xj

C neEi

m� D Qi ; (14.26)

@�<ij>

@t
C @�<ij>r

@xr

C 2neE<i vj >

m� D Q<ij>; (14.27)

in which �ij , Qi and Qij stand for the moments of f and of Q with respect
to k, namely �ijD .1=m�2/

R
dkf kikj , Qi D .1=m�/

R
dkQki , QijD .1=m�/R

dkQkikj and so on, and the symbol h� � � i denotes the completely symmetric and
traceless part of the corresponding tensor. Furthermore, one obtains for the energy
W D R

dkf .k/".k/ and the energy flux S i D
R

dkf .k/".k/v.k/ the following
equations:

@W

@t
C @Si

@xi

C neEi vi D Qw; (14.28)
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@Si

@t
C @Sij

@xj

C e �Ej �ij C .W=m�/Ei

� D Q0
i ; (14.29)

whereinQw D
R

dkQ".k/, Q0
i D .1=m�/

R
dkQ".k/ki , and Sij D .1=m�2/

R
dk

f .k/".k/kikj . These equations are complemented by the Poisson equation which
relates the electrical potential to the charge density.

Depending on the choice of variables and the level at which the hierarchy is
truncated, one obtains different hydrodynamical models. A simple one is the so-
called drift-diffusion model (Hänsch 1991), which includes the number density of
electrons and holes among the set of independent variables, but not their energies
W . A more sophisticated but popular model is the Blotekjaer (1970) and Baccarani
and Wordemann’s one (1985) usually denoted as BBW, wherein the energy of elec-
trons and of holes are taken as independent variables, but not the heat flux, which is
assumed to be given by the Fourier law.

These models present severe drawbacks; to optimize the description, a sound
analysis of other possible truncations is highly desirable. Let us go back to the
scheme (14.26–14.29), based on the variables n, vi , W , Si , and �<ij> (both for
electrons and for holes); to close the problem one needs constitutive equations
expressing Sij and the collision terms Qw and Q0

i in terms of the basic variables.
Extended irreversible thermodynamics provides a way to determine which kind of
truncations is compatible with thermodynamics. Application of EIT to the analysis
of submicronic devices has been performed by Anile et al. (2003, 2005). We sum-
marize here their main results concerning the closure problem, the modelling of the
collision terms and the heat flux, but to avoid lengthy developments we will skip all
the details.

We first introduce some definitions. We decompose the electron momentum k

according to k D m�.uC c/, with u being the average velocity and c the peculiar
electron velocity, while O�ijr represents the moments of the distribution function with

respect to c. The part of Sij independent of u is O�ijrr and the part of the energy
flux Si independent of u is the heat flux qi . By applying the methods of EIT, the
following closure relations have been obtained (Anile and Pennisi 1992; Anile and
Muscato 1995; Anile et al. 2003, 2005):

O�<ijk> D 1

5

�
qiıjk C qj ıki C qkıij

�C 2m�

15nkBT

�
qi
O�jk C qj

O�ki C qk
O�ij

	

� 2m�

15nkBT
ql

� O�<li>ıjk C O�<lj>ıki C O�<lk>ıij

	
; (14.30a)

O�ijrr D
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5nkBT

�
q � q

�
ıij C 2�qiqj

C7kBT

2
O�<ij> C m�

n
O�<il>
O�<jl>: (14.30b)

Here, a definite value of the unknown parameter � is provided by the maximum-
entropy approach, or alternatively it may be determined by comparison with Monte
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Carlo computer simulations or by experiments. The best value for � is �0:1321, up
to values of E of the order of 105 V=cm.

The constitutive equations for the collision terms will be obtained from the
Baccarani–Wordeman model, and take the form

Qi D �nvi

�p

; Q0
i D �

Si

�q

; Qw D �W �W0

�w
; Q<ij> D ��<ij>

�s

; (14.31)

where �p , �q , �w and �s are the corresponding relaxation times. It turns out that if
�p and �q are independent of the fluxes (what is assumed by Baccarani and Worde-
man), Onsager’s relations are only satisfied when the two relaxation times are equal.
However, Monte Carlo simulations show that this assumption is only valid at high
energy, and that it is strongly violated at low energy. In order to recover the Onsager
relations at high and low energies, Anile et al. (2003) redefine �p and �q as

1

�p

D aC b S
J
;

1

�q

D a0 C b0S
J
; (14.32)

with S and J the magnitude of the energy flux S and the electric flux J respectively.
The Onsager relations are then satisfied if a0 C 5

2
b0kBT D 5

2
kBT

�
aC 7

2
bkBT

�
.

Finally, in contrast with most theories, where the Fourier law is assumed a pri-
ori, Anile et al. (2003) derive from the evolution equation (14.29) the following
constitutive equation for the heat flux in the steady state:
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D �5nk2
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�
: (14.33a)

Instead, in the BBW model, the heat flux is modellized as
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�q

D �
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�
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BT
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@xi

; (14.33b)

where c is a constant parameter whose value is obtained through comparison with
experimental data. The second term in the right-hand side of (14.33a) plays a great
role in semiconductor devices, as it accounts for the strong decrease of the effective
thermal conductivity.

A way to check the quality of the truncation is to compare the predictions of
the hydrodynamic models with Monte Carlo simulations when applied to a typical
device such as a nC � n � nC ballistic diode (Fig. 14.1).

Assume that this diode consists of a 0:1 �m nC region, a 0:4 �m n region, and
another 0:1 �m nC region, at 300 K and with a doping density n D 5 � 1023 m�3

in the channel and nC D 1026 m�3 in the 0:1 �m regions. The results of Monte
Carlo simulations are generally used as a benchmark to check the results pro-
vided by hydrodynamic descriptions. In particular, for silicon at room temperature
(and considering only intra-valley scattering with acoustic phonons and inelastic
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0.1 mm 0.4 mm 0.1 mm

n+ n+n

V V+DV

Fig. 14.1 A nC–n–nC silicon diode. The doping density in the region nC is higher than in the
region n

Fig. 14.2 Electron velocity profiles in the nC � n � nC silicon diode obtained, respectively, by
Monte Carlo simulations (squares), the hydrodynamical model of Anile and Pennisi (AP), and the
BBW model with c D �1 (dashed line) and c D �2:1 (dotted line) (reprinted from Romano V,
Russo G (2000) Math Models Methods Appl Sci 10:1099)

intervalley scattering with optical phonons), Anile et al. (2003) find �wD 3:82 ps,
aD 42:8 .ps/�1, bD 1:07 .eV ps/�1, a0D 4:322 .ps/�1, and b0D 0:0045 eV.ps/�1

(ps stands for picosecond). With these values, the hydrodynamic model provides
results which are in good agreement with Monte Carlo simulations as reflected by
Fig. 14.2. Nevertheless, it is worth stressing that, compared to the Monte Carlo sim-
ulation, the hydrodynamic models are much more economical with regard to the
computing time consumption. To obtain one point in the Monte Carlo simulation, it
takes several hours, in comparison with the few minutes necessary to get the whole
curve for the profile in the hydrodynamical model.

Another important topic in microelectronic devices of nanometric size is the con-
tribution of ballistic electrons to charge transport, because the size of the device
becomes comparable to the mean-free path. The ballistic transport of electrons
and holes was observed in GaAs in 1985, and since that time, many efforts have
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been displayed to take advantage of these characteristics to increase the speed and
improve the efficiency of the devices.

The presence of ballistic electrons gives rise to several peaks in the velocity dis-
tribution function, and as a consequence a high number of moments are required
instead of only a few ones as in systems close to equilibrium. Therefore, the tech-
nique developed in Sect. 4.7 based on an infinite number of moments could be
useful to study charge transport in a way similar to that followed in Chap. 10 to
describe ballistic heat transport. In the above models, it has been assumed that
the lattice is a thermal bath at constant temperature. However, when the devices
are increasingly miniaturized up to dimensions of the order of the phonon mean-
free path, phonon–phonon scattering becomes rare and, therefore, inefficient to
establish thermal equilibrium in the lattice. Then the heat delivered by the fast
electrons of the conduction band, accelerated by the high electric fields, cannot be
removed fast enough and local overheating may occur, which is on of the common
causes of device damage. Muscato and Di Stefano (2008) have considered the non-
equilibrium hot electrons besides optical and acoustic phonons, and have obtained
the corresponding temperature and velocity profiles. Other progresses in this field
have been performed with non-parabolic bands and taking into account quantum
corrections (Junk and Romano 2005; Romano 2007).

14.3.2 Transport in Plasmas

Hydrodynamical models are not exclusive of semiconductors: they were already
used by Bloch in 1933 for the description of electron gases and have been often
exploited since that time (Barton 1979; Dempsey and Halperin 1992). As an
illustration of the importance of going beyond local-equilibrium hydrodynamics
(Tokatly and Pankratov 1999, 2000), we present here the derivation of the frequency
dispersion relation for plasma waves.

In the local-equilibrium version, one takes the electron density n, the velocity
v, the pressure p (or the temperature T ), and the electrostatic potential ' as inde-
pendent variables. The corresponding set of evolution equations are the continuity
equation, and Euler and Poisson equations. They result in a dispersion relation for
plasma longitudinal waves of the form

!2.k/ D !2
p C v2

0k
2; (14.34)

with k being the wavevector and !p the plasma frequency. For degenerate Fermi
gases with Fermi velocity vF, it turns out that v0 is given by v2

0 D 1
3

v2
F instead of the

experimental result v2
0 D 3

5
v2

F. The reason of this discrepancy is that electron gases
are often found in the collisionless (Vlasov) regime, with very long relaxation times,
which classical hydrodynamics does not include in its description. It turns out that
introduction of Pv as a further independent variable is sufficient to yield the correct
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plasma dispersion relation up to the order in k4. Here, we will restrict our attention
to the order k2 as in (14.34).

We follow here the presentation of Tokatly and Pankratov (1999, 2000). The
evolution equations for n, v, p and Pv are

dn

dt
C nr � v D 0; (14.35)

mn
dv
dt
Crp Cr � Pv � enr' D 0; (14.36)

dp

dt
C 5

3
pr � vC 2

3
Pv W rv D 0; (14.37)
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C Pv.r � v/C Pv � rvC .rv/T � P v � 2

3
Pv W rv

Cp


rvC .rv/T � 2

3
.r � v/U

�
D 0: (14.38)

Note that (14.37) is the energy balance equation and that in (14.38) the right-hand
side, which we usually take of the form �.1=�2/Pv, is assumed to vanish since we
are considering the collisionless regime, for which the relaxation time �2 is very
long.

The linearized equations for perturbations ın, ıv, ıp, ıPv, and ı' are

@ın

@t
C n0r � ıv D 0; (14.39)
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@ıp

@t
C 5

3
p0r � ıv D 0; (14.41)

@ıPv

@t
C p0



.rıv/Crıv/T � 2

3
U.r � ıv/

�
D 0; (14.42)

r2ı' D 4�eın: (14.43)

To obtain the dispersion relation, we assume plane-wave solutions where v and Pv

have only one non-vanishing component, vx and P v
xx respectively. Differentiation of

(14.41) with respect to x yields
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From (14.33), (14.41), and (14.42) it is inferred that

ıp D 5
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p0
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ın: (14.45)
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Introduction of (14.45) into (14.44) together with (14.43) gives an expression like
(14.34) with

v2
0 D

5p0

3mn0

C 4p0

3mn0

D 3p0

mn0

: (14.46)

The first contribution arises from ıp, which is the only contribution appearing in
the local-equilibrium theory, whereas the second one comes from the addition of Pv

as independent variable. For a Fermi degenerate gas, p0D 1
5

mn0v2
F and the result

(14.46) is the correct one, in good agreement with experiments. A more general
presentation of the hydrodynamics of Fermi liquids, would include a hierarchy of
higher-order fluxes as that presented in Sect. 4.7.

14.4 Dielectric Relaxation of Polar Liquids

Up to now we have dealt with charge transport from one place to another. Dielectric
relaxation, instead, is a local effect in the sense that electric charges move inside
globally neutral particles (usually macromolecules) which remain themselves at
rest. The electric polarization P of such molecules relaxes to its final equilibrium
value, which depends on the electric field E applied to the system. The simplest
model to describe this relaxation is Debye’s model, according to which (De Groot
and Mazur 1962)

�1

dP

dt
CP D �0E ; (14.47)

where �0 is the electric susceptibility and �1 the relaxation time. This equation gives
a satisfactory description of low-frequency phenomena, but it is insufficient at high
frequencies, and a generalisation is therefore required.

A possible way to describe dielectric relaxation in polarizable media is to intro-
duce one or several polarization vectors as internal independent variables (see for
instance Ciancio et al. 1990; Ciancio and Verhas 1991; Conforto and Giambò 1996).
In the classical description, the state variables are the density of internal energy �u
and the density of polarization charges �p (defined as minus the divergence of the
polarization vector P/, whose time evolutions are given by the energy and charge
balance laws

� Pu D E � J p ; P�p D �r � J p; (14.48)

where J pD dP=dt is the polarization current. In the classical approach, J p is
given by the constitutive law (14.47) instead of being considered as an independent
variable.

The first step beyond the classical approach would be to include J p as an addi-
tional independent variable, as was done, for instance, with the heat flux in Sect. 2.3.
However, experimental observations on ultrafast dielectric response of dense polar
liquids require a higher level of precision so that, here, we will take not only J p but
also its ‘flux’ƒD d2P=dt2 as additional independent variables. It must be stressed
that the meaning of the ‘fluxes’ J p and ƒ is conceptually different from that of the
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fluxes of heat or mass diffusion introduced earlier. Indeed, the latter refer to dis-
placements of particles (or quasiparticles) in space, while the former are taken at a
given point of space and describe the variation of a given quantity, respectively P

and its time derivative, in the course of time. Although in EIT the transport fluxes
receive special attention, purely relaxational ‘fluxes’ may also be incorporated in the
formalism, and the experience gained in the analysis of the former may be applied
to the latter. This assertion will be illustrated by the foregoing considerations.

It could be asked why ‘fluxes’ of higher orders, like dnP=dtn, are not introduced
by analogy with the continued-fraction description of Sect. 4.7: the equivalent of
(4.110) would correspond in this case to the Mori formalism (1965). However, as
seen in Sect. 9.3, one obtains generally very reasonable results by taking only the
heat flux and the flux of the heat flux as variables. By analogy, and because of the sat-
isfactory agreement with the experimental results in the ultrafast dielectric response,
we limit here the hierarchy of variables to the second order in time derivatives.

The generalised Gibbs equation corresponding to the extended description incor-
porating the four variables u, �p, J p , and ƒ is (del Castillo and Dàvalos-Orozco
1990 del Castillo et al. 1997; del Castillo and Rodrı́guez 1989)

�Ps D T �1� PuC T �1' P�p C .˛1J p C ˛2ƒ/ � PJ p C .˛3J p C ˛4ƒ/ � Pƒ; (14.49)

where ˛2 D ˛3 by the integrability condition, and ' is the electric potential,
related to the electrical field E by E D �r'. Classical irreversible thermodynam-
ics corresponds to the particular situation where all the coefficients ˛i .i D 1; 2; 3/
vanish.

We take for the entropy flux J s the expression

J s D .'=T /J p ; (14.50)

which is the flux of internal electric energy divided by the absolute temperature.
Note that this ‘flux’ does not represent a transport of entropy from one place to
another, but the ‘flux’ of entropy between different internal states of the molecules
of the system. By combining (14.48–14.50), it is easy to check that the entropy
production is given by
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�
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where E0 is the value of E at equilibrium (E D �r'). In the linear approximation,
one may formulate the evolution equations for the fast variables J p andƒ as follows

1
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dJ p

dt
C ˛3

dƒ

dt
D 
1J p C 
3ƒ; (14.52a)
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dJ p

dt
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dt
D 
3J p C 
2ƒ; (14.52b)
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where Onsager’s reciprocal relations, expressed by the presence of the same coefficient

3 in both equations, are taken for granted. The above equations may be written in
terms of P andƒ in the form

��2

d2P

dt2
C �1ı

�
1C �2

d

dt

�
ƒ� .P � �0E/ D 0; (14.53)

�
1C �3

d

dt

�
ƒC 1

ı

�
1C �4

d

dt

�
dP

dt
D 0; (14.54)

with the following identifications: �2 D �T�0˛1, �1 D 1
4

2

3T�0=
2, ı D 2
2=
3,
�2 D �4 D �2˛3=
3, and �3 D �˛4=
2.

If the relaxation times �2, �3, and �4 are small, (14.54) reduces to

dƒ

dt
D � 
3

2
2

dP

dt
(14.55)

and (14.53) takes the form

�2

d2P

dt2
C �1

dP

dt
C .P � �0E/ D 0; (14.56)

which is a first generalisation of the Debye equation (14.47) for P .
Relevant experimental information can be obtained from the autocorrelation

function for the polarization vector P , given by

�a.t/ D hıPa.t/ıPa.0/i
hıPa.0/ıPa.0/i ; (14.57)

where a D x or z (x is the transverse mode and z the longitudinal mode, when E is
assumed to be directed along the z axis). Indeed, the dielectric susceptibility �.!/
and the complex dielectric constant ".!/ are given by the relations

�.!/ � �1
�.0/� �1

D ".!/� "1
".0/� "1

".0/

".!/
D L.� P�z/ (longitudinal mode) (14.58)

�.!/ � �1
�.0/� �1

D ".!/� "1
".0/� "1

D L.� P�x/ (transverse mode)

where L.� � � / denotes the Laplace–Fourier transform, while index 1 corresponds
to the limit of infinite frequency. From the Laplace–Fourier transforms of (14.53–
14.54), namely

�.1C �2
2!

2/P C �1ı.1C i�2!/ƒ D ��0E ; (14.59)

ı�1.1C i�4!/i!P C .1C i�3!/ƒ D 0;
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it follows that the Laplace–Fourier transform of (14.57) has the form

�a.!/ D 1

�i! � M0

�i!C M0C�2

�i!�

�3
M0

; (14.60)

with M0 D ��3=�1, �1 D .�1 C 2�2�1/.�1�3 C �2
2�1/

�1;

�2 D .�3 C �1/.�1�3 C �2
2�1/

�1I and �3 D .�1�3 C �2
2�1/

�1:

If �2D0, this expression reduces to the classical model of Kivelson and Keyes (1972)
The parameter �2 (or 
3) represents the coupling between two dynamical effects
described by J p and ƒ, as exhibited by (14.52). Del Castillo et al. (1997) have
compared (14.60) with the experimental data on the transverse mode of chloro-
form in the Cole–Cole diagram, representing the imaginary versus the real part
of the complex dielectric constant ".!/. They find that for chloroform at 295 K
(".0/ D 4:71, "1 D 2:13), the choice �2 D 6:33 � 10�12 s, �1 D 0:38 � 10�12 s,
�3 D 0:33 � 10�12 s and �2 D 0:012 � 10�12 s yields a much better agreement
for the high-frequency knob of the Cole–Cole plot than the model corresponding to
�2 D 0.

Note that the coupling expressed by �2 is analogous to that between the flux
of the heat flux Q and the heat flux q in equations (9.25–9.26). This exhibits the
importance of the cross-coupling effects which are easily taken into account in a
macroscopic formalism but which are more difficult to implement in a microscopic
approach. It can therefore be stated that it is the same general unifying scheme
which is applicable to the descriptions of non-classical heat transport and ultrafast
dielectric relaxation.

14.5 Problems

14.1. Channels in a membrane: Assume that there are N channels per unit area
in a membrane, and that each of them may be either open or closed. Across
the membrane there exists a perpendicular electric field E , and each channel
has an electric dipolar moment p and an electric conductance �. Consider the
following two simple models: (1) the energy of the open state isHopen D �pE
and the energy of the closed state is Hclosed D 0; (2) Hopen D 0, Hclosed D
�pE.

(a) Show that the characteristic curves I �E at constant temperature, I being
the electric current per unit area of the membrane, are

I D �EN
expŒpE=.kBT /�

1C expŒpE=.kBT /�
.case 1/;
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I D �EN

1C expŒpE=.kBT /�
.case 2/:

(b) Assume that the contribution of the fluxes to the free energy of the pores
is given by

g D geq.Nopen; T; E/C aNopenJ
2
o ;

with Jo being the electric current through an open channel and a D
�v=.�A2/ D �=.�l/, v the volume of a pore, � the relaxational time of
the current in a pore,A and l the cross-sectional area and the length of the
pore, and � the conductivity of the pore, which is linked to the conduc-
tance � by � D �.A=l/. Show that the previous expressions are modified
to

I D �EN
expf.kBT /

�1ŒpE � .a�2=2/E2�g
1C expf.kBT /�1ŒpE � .a�2=2/E2�g .case 1/;

I D �EN

1C expf.kBT /�1ŒpE � .a�2=2/E2�g .case 2/:

(Hint: determine the chemical potential of the open and closed pores, use

open D 
closed in equilibrium and remember that in the absence of fluxes

i .T;E;Ni / D gi .T;E/ C kBT ln.Ni=N/ both for open and closed
pores. (See Jou D et al. (1986) J Chem Phys 85:5314.))

14.2. Assume that the generalised entropy s.u; n; i / describing electric conduction
includes fourth-order terms in the fluxes, instead of being limited to second-
order terms as in (14.4); i.e. assume that

s.u; n; i / D seq.u; n/ � ˛i2 � ˇi4;

with u being the internal energy, n the number of electrons per unit vol-
ume, and i the electric current density. The coefficients ˛ and ˇ are related
to the second-order and fourth-order moments of the fluctuations around
equilibrium by

h.ıi/2i D kB

2˛
;

h.ıi/2i D 3k2
B

4˛2
� 3ˇk

3
B

2˛4
:

(a) Show that for i D R
evf .v/dv and for Maxwell–Boltzmann statistics one

has ˛D kB.2e
2n2kBT /

�1 and ˇD kBm.8e
4n4k2

BT
2/�1 with e and m being

the charge and mass of the electron. (b) Find out the value of i for which
.@2s=@i2/u;n vanishes. At this value, the second moments of the fluctua-
tions would diverge and the role of the so-called hot electrons would become
relevant.
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14.3. Non-equilibrium Einstein relation: Around equilibrium, the classical Einstein
relation between the diffusion coefficient D and the mobility � eads as
qD=�D kBT . When the electric field becomes important, some corrections
appear, so that qD=�D kBT .1 C aE2 C � � � / (see, for instance, Uribe FJ,
Mason EA (1989) Chem Phys 133:335 and Vasconcellos AR et al. (1995)
Physica A 221:495). Starting from the general expression for the Einstein
relation qD=�Dn.@
=@n/T;V , with 
 the chemical potential of the carriers
and n the carrier density, and the expression for non-equilibrium chemi-
cal potential 
D
eq C f@Œ�V=.2�/�=@ngJ 2, show that qD=� 
 kBT Œ1 C
�2q2.mkBT /

�1E2�. (Hint: use the Drude formula for the electrical conduc-
tivity �e.)

14.4. Consider a one-dimensional circuit with electrical resistance R and induc-
tance L. The expression relating the intensity I of the electrical current to the
electromotive force � is the relaxational equation

� D IRC LdI

dt
;

with relaxation time �e D L=R. The intensity I is related to the flux of
electric current i as I D iA, with A the cross-section of the conductor. The
magnetic energy stored in the inductor is given by UmD 1

2
LI2. Consider the

total internal energy Utot D U C Um, with U the internal energy of the
material. Show that the Gibbs equation

dS D T �1dU C T �1p dV

may be rewritten as

dS D T �1dU C T �1p dV � �eV

�eT
idi;

which is a relation reminiscent of the Gibbs equation (14.2) proposed in EIT.
(Hint: recall that R D .�eA/

�1l , with l the length of the circuit.)
14.5. Ballistic devices: Much interest is paid to ballistic electronic devices, i.e.

devices shorter than the mean-free path, where electrons move without colli-
sions (Beenaker (1997)). The electric current between two reservoirs in which
there is a difference�
 in electrochemical potential of electrons is given by

j D �ev
dn

d

�
:

At low temperature, only the carriers on the Fermi surface will move. (a)
Show that in this case, dn=d
D .��v/�1, with v the Fermi velocity. (b) Show
that the conductance, defined as GD j=�V , is G D e2.��/�1. If the trans-
mission coefficient is T instead of 1 one has G D e2.��/�1T , which is the
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Landauer formula (see Godoy, Garcı́a-Colı́n (1999), for a discussion of this
equation in the context of persistent random walks introduced in Sect. 13.2.1).

14.6. (a) Derive (14.52), taking into account that E0 is defined as E0 D �r'. (b)
Obtain (14.53–14.54) and, from them, (14.60).



Chapter 15
From Thermoelastic Solids
to Rheological Materials

In the previous chapters, EIT was essentially used in the framework of fluids. Here,
we show that it finds also a field of applications in solid mechanics. Some classes
of solids, like elastic bodies, may sustain deformations without undergoing instanta-
neously a motion. This property is not shared by fluids which, according to Newton’s
law PvD�2
V, are instantaneously set in motion after application of a force. More-
over, in Newton’s law the viscosity 
 may depend on temperature and pressure, but
not on the velocity gradient. It has been observed that there exists a wide class of
materials, such as polymers, soap solutions, some honeys, asphalts, and physiologi-
cal fluids, that fail to obey Newton’s law: these materials are generally referred to as
viscoelastic materials. They behave as fluids with a behaviour reminiscent of solids
by exhibiting elastic effects. In ordinary fluids, the relaxation of the pressure tensor
is very short, in elastic bodies it is infinite so that no relaxation is observed: vis-
coelastic materials are characterized by relaxation times between these two limits.
Materials with the above property are also called non-Newtonian in the technical
literature. The terms ‘viscoelastic’ and ‘non-Newtonian’ are used rather loosely.
Here we shall reserve the term ‘non-Newtonian’ for any material described by a
non-linear constitutive relation between the pressure tensor and the velocity gradi-
ent tensor, and by shear-rate dependent material coefficients. The term ‘viscoelastic’
will be used for systems exhibiting both viscous and elastic effects. Historically, the
linear viscoelastic models were the first to be proposed. Although very simple, they
have proved to be useful for describing a wide range of materials and for providing
the first step towards more realistic descriptions.

In Sect. 15.1, we discuss thermo-elasticity as the simplest coupling between
heating and deformation in a solid; the main contribution of EIT is that Fourier’s
law is substituted by Cataneo’s. Most of the viscoelastic models like these of
Maxwell, Kelvin–Voigt, Poynting–Thomson are built up of from purely mechanical
considerations as assemblages of springs and dashpots. Their usual thermody-
namic descriptions are inspired either by the classical irreversible thermodynamics
(e.g. Meixner 1954; Kluitenberg 1984), Rational Thermodynamics (e.g. Rivlin and
Ericksen 1955; Noll 1974; Coleman et al., 1966) or internal variables theories
(Bataille and Kestin 1975; Maugin and Muschik 1994; Maugin 1999). In Sect. 15.2
is proposed a derivation based on EIT wherein the viscous pressure tensor is intro-
duced as additional independent variable. In Sect. 15.3, a simplified version of the

D. Jou et al., Extended Irreversible Thermodynamics,
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complex problem of plasticity is developed. More generally, it may also be asked
what are the consequences of introducing a whole spectrum of relaxation modes for
the pressure tensor, instead of working with one single mode. This problem was par-
tially solved by Rouse (1953) and Zimm (1956), whose molecular models are very
useful for describing dilute polymer solutions. We explore in Sect. 15.4 to what
extent the Rouse and Zimm models can be incorporated into EIT. Finally, EIT is
applied to non-Newtonian fluids; two EIT models are analysed: the first one repro-
duces fairly well the dependence of the viscometric functions on the strain rate in
simple steady shearing flows, the second one reproduces the well-known Giesekus
model (1982).

15.1 Thermoelasticity

Consider a deformable material continuous medium. Under external mechanical
forces and heating, its configuration changes from a reference one, generally taken
as the initial position, characterized by a volume VR, bounding surface †R and
mass density �R, to a deformed state with volume V , surface † and volume den-
sity � (see Fig. 15.1). The position vector of a material point P in the reference
and current configurations is denoted by X and x respectively, both quantities are
related by x D �.X ; t/ called the motion or the deformation of the material body.
In the present section, we are concerned with large deformations and shall work in
the material or Lagrangian representation, meaning that all physical quantities are
expressed in terms of the material coordinates X . It is common in solid mechan-
ics to prefer to work with the stress tensor T rather than with the pressure tensor P
(D �T) of fluid mechanics.

We first define the space of state variables. According to the lines of thought
of EIT, it is given by the union of the space C of classical variables, namely the
mass density, the specific internal energy u (or the non-equilibrium temperature �),
the strain tensor (identified here as the Green strain tensor E defined below), and the
space J of flux variables, here the heat flux vector Q. The next step is the derivation
of the corresponding evolution equations. In the Lagrangian description, the balance

xP
P

X
x

x = c (X,t)

Fig. 15.1 Reference .X / and actual .x/ configurations of a deformable material
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of mass, momentum and internal energy are given by (e.g. Eringen 1980)

P�R D 0; (15.1)

�R R� D rX � QTC �RF ; (15.2)

�R Pu D �rX �QC T W PE; (15.3)

where index X in rX symbolizes the dependence on the X -material configuration
and a superimposed dot stands for the material time derivative: for instance, P� D
@�.X ; t/=@t . The undefined quantities appearing in (15.2) and (15.3) are

� F D rX�.X ; t/, the deformation gradient tensor.
� QT D .det F/¢ � .FT /�1; the non-symmetric first Piola–Kirchhoff stress tensor

with ¢ the symmetric Cauchy stress tensor.
� T D F�1 � QT the symmetric second Piola–Kirchhoff stress tensor.
� E D 1

2
.FT � F � U/ the symmetric Green strain tensor.

� Q D .det F/F�1 � q the heat flux measured per unit area†R with q the heat flux
across the deformed surface †.

To obtain the missing evolution for the heat flux we shall invoke the second law.
First, we introduce the constitutive relation which expresses the specific entropy s
in terms of the basic state variables, i.e.

s D s.u;E;Q/: (15.4)

In differential form, one has

ds D ��1duC @s

@E
W dEC 1

�R

ƒ � dQ; (15.5)

with ƒ D �R.@s=@Q/: Our next task is to determine the restrictions placed by the
second law of thermodynamics

�s D �R Ps CrX � J s � 0: (15.6)

Making use of Gibbs’ relation (15.5) and the energy balance (15.3) in (15.6), one
obtains

�s D rX �
�

J s � Q

�

�
CQ � rX�

�1 C
�
�R

@s

@E
� T
�

�
W PECƒ � PQ � 0: (15.7)

Since inequality (15.7) contains a divergence term;the positive definite property of
�s implies the classical result

J s D 1

�
Q: (15.8)

A further examination of expression (15.7) shows that it is linear in PE but, since this
time derivative is an arbitrary quantity, positiveness of (15.7) requires that
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T D ��R�
@s

@E
: (15.9)

In its linear version, the constitutive equation (15.9) is given by the well known
Neumann–Duhamel relation

T D C W E� ˇ.� � �r/; (15.10)

where C is the fourth-order tensor of elastic moduli, ˇ the second-order tensor of
thermal moduli and �r a reference temperature. In virtue of the results (15.8) and
(15.9), inequality (15.7) reads as

�s D rX�
�1 �QCƒ � PQ � 0: (15.11)

For simplicity, assume that ƒ is a linear function of Q,

ƒ D �˛.u;E/ �Q; (15.12)

where ˛.u;E/ is an arbitrary phenomenological second-order tensor depending gen-
erally on u and E; it is a positive quantity to guarantee the stability of the equilibrium
state. As a consequence, relation (15.11) will be given by

�s D Q �
�
rX�

�1 � ˛ � PQ
	
� 0: (15.13)

Expression (15.13) is interesting as it is bilinear in the thermodynamic flux Q and
the corresponding thermodynamic force represented by the terms inside the paren-
theses. The simplest way to ensure that �s � 0 is to assume that there exists a linear
relation between the conjugated force and the flux Q, i.e.

�
rX�

�1 � ˛ � PQ
	
D L �Q; (15.14)

where L.u;E/, a tensor of order two, represents a phenomenological coefficient
generally function of u or the temperature � and E. After substitution of (15.14) in
(15.13), one is led to

�s D Q � L �Q � 0; (15.15)

from which follows that L is a positive definite tensor, if in addition the Onsager
reciprocity relations are taken for granted, L is also symmetric. The result (15.14)
is the main contribution of EIT to the description of thermo-elasticity, by rewriting
it under the form

˛ � PQ D rX�
�1 � L �Q; (15.16)

one obtains a Cattaneo-type equation which, for ˛ D 0, reduces to Fourier’s law

Q D �œ � rX�; (15.17)
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where � D L�1=�2 is the heat conductivity (symmetric) tensor which is not only
function of the temperature field but also on the deformation state. In the case of
isotropy, expression (15.17) simplifies as

� PQ D ��rX� �Q (15.18)

where � D ˛��2 designates a positive relaxation time and � D .L�2/�1 the positive
heat conductivity. Although the above analysis is strictly linear, there is no difficulty
to generalize it to the non-linear regime. Instead of (15.14), we can write

rX�
�1 � ˛ � PQ D @„

@Q
; (15.19)

where ˛ is generally depending on the heat flux, the potential„, usually called a dis-
sipation potential, depends on the whole set of variables and satisfies the following
three properties:

(i) „.Q D 0/ D 0; (ii) „ reaches its minimum at Q D 0; (iii) „ is convex in
the neighbourhood of Q D 0.

It follows from these properties that Q � .@„=@Q/ � 0 and therefore the posi-
tiveness of �s is automatically satisfied. The right hand side of (15.14) corresponds
to a particular choice of the dissipation potential, namely„ D 1

2
Q � L �Q:

To summarize, the problem of thermo-elasticity is completely governed by the
evolution equations (15.1–15.3) and (15.16) or (15.19), at the condition to be com-
plemented by a constitutive equation expressing the internal energy u in terms of
the basic variables:The only quantities that remain to be specified by constitutive
relations are the heat conductivity tensor � and the time-relaxation tensor ˛. From
the above considerations, we can say that both are positive-definite tensors, whose
explicit dependence with respect to the temperature and the strain tensor will be pro-
vided either by experimental measurements or microscopic theories. The physical
situations in which the present extension of classical thermo-elasticity is expected
to be pertinent occur when the relaxation time of the heat flux is not small or in
phenomena involving short time scales. This is for instance the case within micro-
systems and nanostructures in the nano–pico–femto time scale, in fast thermal wave
propagations as occurring in thermal shock and thermal resonance phenomena, in
high-frequency processes which happen when an elastic solid is suddenly heated
at one of its boundaries by means of a laser pulse, an electrical discharge or a fast
exothermic chemical reaction.

15.2 Viscoelasticity

In the present section, it is shown that EIT accommodates the formulation of
viscoelastic bodies as well. The following hypotheses are taken for granted: the
material is isotropic, and temperature T0 and mass density �0 are supposed to be
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uniform so that heat and compressibility effects are omitted, and, in addition, we
shall only be concerned with linear viscoelasticity. Generalization to non-linear
anisotropic models submitted to thermal gradients, although it is not a trivial matter
will not raise fundamental difficulties.

The choice of the state variables is inspired both by fluid mechanics and the the-
ory of elasticity (Lebon et al. 2004): in the latter, the space of variables is essentially
formed by the symmetric strain tensor. In fluid mechanics, the basic thermodynamic
variables are the mass density, the internal energy and, within the standard point of
view of EIT, the pressure or stress tensor playing the role of flux variable. Here, the
space of state variables will therefore be selected as follows:

V DW E; u;T.i/; (15.20)

with u and E designating, as usual, the internal energy per unit mass and the strain
tensor, T.i/ is the inelastic stress tensor, defined as

T.i/ D T � T.e/; (15.21)

where T is the total stress tensor and T.e/ its elastic part shown in the previous
section to be given by

T.e/ D ��0T0

@s

@E
; (15.22)

Assuming that @s=@T.i/ is a linear function of T.i/, Gibbs’ relation will take the
form

T0ds D du � T.e/ W dE=�0 � ˛T.i/ W dT.i/=�0; (15.23)

wherein ˛ is a phenomenological coefficient not depending on T.i/. Stability of
equilibrium which implies that @2s=.@T.i/ W @T.i// < 0 leads us to the conclusion
that ˛ > 0: Time evolution of E and u is governed by the momentum and energy
equations (15.3) and (15.4) respectively. Before formulating the missing evolution
equation for T.i/, we shall preliminary derive the expression of the entropy produc-
tion. Proceeding as in the previous section and making use of (15.22), it is easily
checked that

T0�
s D T.i/ W . PE � ˛T.i// � 0: (15.24)

The simplest way to guarantee the positiveness of the dissipated energy T0�
s is to

write
PE � ˛ PT.i/ D L PT.i/; (15.25)

wherein L is a positive constant phenomenological coefficient. Here again, with
analogy with the treatment of thermo-elasticity, we can easily generalize our results
to non-linear situations by introducing the dissipation potential„.T.i// and by writ-
ing the right hand side of (15.25) @„=@T.i/. Setting ˛=L D � , 1=L D 2
 in (15.25),
one obtains the following linear time evolution equation

� PT.i/ D 2
 PE� T.i/; (15.26)
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where � is a positive relaxation times and 
 is a viscosity coefficient; the above
relation is the corner-stones of our viscoelastic model. The corresponding dissipa-
tion energy is homogeneous of degree two in the components of the inelastic stress
tensor:

T0�
s D .T.i/ W T.i//.2
/�1 � 0; (15.27)

from which follows that 
 is a positive quantity. In a linear theory, the elastic stress
tensor T.e/ is a linear function of the deformation rate E,

T.e/ D 2GE; (15.28)

with G the Lamé coefficient of linear elasticity. After addition of (15.26), (15.28)
and their time derivatives, one obtains the evolution equation for the total stress
tensor T D T.e/ C T.i/, namely

� PTC T D 2G.�"
PEC E/; (15.29)

where the relaxation time �" stands for �" D 
=G C � . It is worth noticing that
expression (15.29) is equivalent to the Poynting–Thomson or standard model of
rheology and that such a model is directly amenable trough a thermodynamic
description based on EIT.

The following particular cases area also of interest; by setting � D 0, relation
(15.29) reduces to the Kelvin–Voigt body

T D 2
 PEC 2GE; (15.30)

while by putting G D 0, one finds back Maxwell’s equation

� PTC T D 2
 PE; (15.31)

A combination of relation (15.26) and Newton’s law of fluid mechanics will yield
Jeffreys’ model which is frequently used to model the earth crust. This is easily seen
by decomposing the stress tensor into a viscous and a inelastic part in such a way
that

T D T.v/ C T.i/; (15.32)

where the viscous stress tensor is related to the elements of the strain tensor by the
Newton’s law

T.v/ D 2
s PE; (15.33)

where 
s designates the shear viscosity. Taking the time derivative of (15.33)
combined to (15.25) results in

PTC ��1T D 2
s Œ REC
�
�J
	�1 PE�; (15.34)
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the relaxation time �J being given by �J s s

(15.32) is frequently used to describe dilute solutions of polymers, T.v/ represents
then the contribution of the solvent, often a Newtonian fluid, and T.i/ is the mean
stress tensor associated to the polymer molecules (see Sect. 15.4). Compared to
expression (15.27), the dissipated energy will contain an additional term quadratic
in the viscous stress tensor. The model proposed in this section is pertinent to
describe materials and processes characterized by large values of the relaxation time
of the inelastic stress tensor; such situations are expected to happen in superconduc-
tors, polymers, phase change in polymeric solutions and diffusion of polymers in
solvents.

The aim of this section was to show that visco-elasticity is easily and naturally
incorporated into an EIT description. It is worth to stress that EIT encompasses
a larger class of materials than Maxwell’s bodies as other materials, like these of
Kelvin–Voigt, Poynting–Thomson and Jeffreys receive a direct interpretation. The
various phenomenological material coefficients can be determined experimentally
by measurements of wave velocity and attenuation coefficients (see Problems 15.12
and 15.13). Generalizations to plastic bodies and non-Newtonian fluids is treated in
the next sections.

15.3 Plasticity

The models discussed so far are characterized by a time scale and do not place a
limit to the values taken by the stress tensor. In plastic bodies, these two character-
istics are lost so that the previous models are not directly applicable. The present
approach deviates from the analyses developed earlier in this book by the fact that
the dissipation function is homogeneous of degree one and that plasticity is inde-
pendent of the time scale used to compute the rate of change. It must however be
realized that this is a first partial attempt to provide an EIT description of plasticity
and not an exhaustive theory.

Plasticity is a non-linear rate-independent process. The main property of plastic
deformations is that, after unloading down at zero stress, there remains a residual
deformation E.p/. In the theory of plasticity (e.g. Prager 1955; Ponter et al. 1974;
Lambermont 1974; Perzyna 1974), it is therefore usual to split the strain tensor E
into an elastic E.e/ and a plastic part E.p/ in such a way that E D E.e/ C E.p/.
As in Sect. 15.2, we shall omit thermal and compressibility effects and consider for
simplicity isotropic materials.

The space V of the basic state variables is selected as follows:

V DW u;E.e/;T.p/ (15.35)

The choice of E.e/ as basic variable is motivated by the fact that we identify the
strain variable by unloading and letting the body relax to equilibrium. By analogy

D �
 = .
C 
 /: The decomposition
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with the viscous pressure tensor introduced in the EIT description of fluid mechan-
ics, we select as extra variable the plastic stress T.p/ which is associated with the
dissipated energy due to plastic deformations. From a microscopic point of view,
the occurrence of T.p/ is a consequence of the forces acting on dislocation lines.

The specific entropy s is a function of the whole set of variables

s D s.u;E.e/;T.p// (15.36)

and the corresponding Gibbs equation is assumed to be given by

T0ds D du � T
�0

W dE.e/ � ˆ.p/

�0

W dT.p/; (15.37)

with

T D ��0T0

@s

@E.e/
; (15.38a)

ˆ.p/ D ��0T0

@s

@T.p/
: (15.38b)

The equation of state (15.38a) is the usual definition of the total stress while the
equation (15.38b) reflects the contribution of EIT. The set formed by the above
equations of state and the momentum and energy balances allows in principle to
determine T, ˆ.p/, E.e/ and u, it remains to derive the two missing equations for the
unknowns left, namely E.p/ and T.p/. Starting from expression (15.6) of the entropy
production wherein J s D 0, it is found that

T0�
s 	 D. PE.p/; PT.p// D T W PE.p/ �ˆ.p/ W PT.p/ � 0; (15.39)

after use is made of the energy balance (15.3) and Gibbs’ equation (15.37); the
quantity D denotes the positive rate of dissipation function and it is important to
note that it is a homogeneous function of degree one in the “fluxes” PE.p/ and PT.p/.
Similarly, its Legendre transformationD� defined by

D�.T;ˆ.p// D T W PE.p/ �ˆ.p/ W PT.p/ �D; (15.40)

with
dD� D PE.p/ W dT � PT.p/ W dˆ.p/; (15.41)

is homogeneous of degree one in the conjugated variables T and ˆ.p/, moreoverD�
is identically equal to zero in virtue of (15.39). Further information will be drawn
from convexity properties as shown in Box 15.1.
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Box 15.1 Convex functions and normality conditions Let D. Px/ be a
positive convex function of the n-dimensional flux Px and assumed to be
homogeneous of degree m: D.k Px/ D kmDL. Px/. In differential form,
one has

dD D @D

@ Px � d Px D y � d Px; (15.1.1)

with the force (or stress) y defined as

y D @D. Px/
@ Px ; (15.1.2)

and, by virtue of Euler’s theorem for homogeneous functions,

@D

@ Px � Px D y � Px D mD: (15.1.3)

In most problems of non-equilibrium thermodynamics, one has m D 2. Plas-
ticity constitutes an exception, as the dissipation potentialD is homogeneous
of degree one and, from (15.1.3), that y is of degree zero in Px and there-
fore insensitive to the time-rate at which x evolves. For further purpose, we
introduce the Legendre transformD�.y/ of D. Px/ defined by

D�.y/ D y � Px �D; (15.1.4)

from which follows that the dual potential D�.y/ is identically equal to zero
with

dD�.y/ D y � d Px C Px � dy � y � d Px D Pxdy; (15.1.5)

and

Px D @D�.y/
@y

: (15.1.6)

Since our attention is directed to plasticity, we assume that y is constrained to a
closed convex domain C containing the origin O of y-space and bounded by a
yield state surface f .y/ D 0. As far as y is confined inside C, Px D 0 and no
dissipation occurs: the deformation is purely elastic, dissipation is observed
only when the extremity of y lies on the boundary. Designating by y� any
force inside C, by y�y� any additional force and by Px the produced velocity,
positiveness of D implies that

.y � y�/ � Px � 0: (15.1.7)

Inequality (15.1.7) has been interpreted as a principle of maximum dissipation
as it asserts that, once the velocity is prescribed, the rate of dissipation of
the real force y is never less that the fictitious rate of work of an arbitrary
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dy � dx � 0: (15.1.8)

Referring to convex analysis (e.g. Germain 1973), this inequality (or (15.1.7))
reflects the normality condition accordingly the velocity Px lies within the cone
generated by the outward normals to the yield surface at the end point of y :

Px D P�@f
@y
; (15.1.9)

the upper point in P� has been introduced for dimensional reason although,
paradoxically, there is no time scale corresponding to expression (15.1.9), P�
is a positive scalar with

P� � 0 if f D 0 and Pf D 0; (15.1.10a)
P� D 0 if f < 0 or f D 0; Pf < 0; (15.1.10b)

the situations (f D 0, Pf D 0/, (f < 0/ and (f D 0, Pf < 0) describe neutral
loading, no plastic flow and unloading respectively.

According to the general considerations of Box 15.1, D� can be identified with
the yield surface f D 0 of a closed convex elastic domain C in the hyperspace of
tensors T and ˆ.p/ with the “fluxes” PE.p/ and PT.p/ fulfilling the normality conditions

PE.p/ D P�@f
@T
; PT.p/ D �P� @f

@ˆ.p/
; (15.42)

these relations provide the two missing evolution equations of our model, the scalar
P� denotes the so-called plastic multiplier. The first relation (15.42) is well known
in the theory of plasticity while the second one is reminiscent of internal variables
theories (Maugin 1999).

In whole generality, ˆ.p/ depends on both variables E.e/ and T.p/, however there
are many indications that, in plastic flows, the influence of T.p/ is dominant. By
analogy with previous developments in fluid mechanics, it is assumed that ˆ.p/ D
�T.p/ where � is a positive constant to guarantee stability of equilibrium. With this
particular option, (15.42b) writes as

PT.p/ D �O� @f

@T.p/
; (15.43)

with O� D P�=� . Working in the framework of this approximation, the consistency
condition (15.1.10) expressing that f D Pf D 0 implies that

force y� below or at the yield limit. This criterion was first formulated by von
Mises in 1928. In terms of incremental quantities, expression (15.1.7) will
take the form proposed by Drucker in 1949,
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@f

@T
W PTC @f

@T.p/
W PT.p/ D 0; (15.44)

making use of the normality condition (15.43), one obtains the following expression
for P�:

P� D h@f
@T
W PT; (15.45)

with the positive scalar coefficient h given by h D ��1
�
.@f=@T.p// W .@f=@T.p//

��1

� 0. After substitution of (15.45) in (15.42a), one finds back the celebrated normal-
ity rule established by Drucker (1949):

PE.p/ D h@f
@T

@f

@T
W PT: (15.46)

Another consequence of the consistency condition written in the form (15.44)
is obtained by substituting in it the expressions of @f=@T and @f=@T.p/ drawn
respectively from (15.42a) and (15.43), the result is

PE.p/ W PT � � PT.p/ W PT.p/ D 0: (15.47)

In absence of the extra variable T.p/, which means ideal plasticity, we have the strict
orthogonality condition

PE.p/ W PT D 0: (15.48)

In the case that T.p/ is nonzero, we find

PE.p/ W PT � 0; (15.49)

the results (15.48–15.49) are equivalent to Drucker’ relation .T � T�/ W PE.p/ � 0
stating that plastic work increment is positive definite.

The description presented in Sects. 15.1–15.15.3 can be viewed as an indirect
excursion into the internal structure of the solids and the evolution of the internal
structure. Emphasis has been put more on methodology and strategy rather than
on practical applications. The principal results which have been obtained can be
summarized as follows.

� In thermo-elasticity, there is, as expected, no new information about the elas-
tic behaviour. The original aspect of our study is the occurrence of a new heat
transport equation (15.18) of the Cattaneo type.

� In viscoelasticity, we obtain an evolution equation for the anelastic stress ten-
sor, which combined to Hooke’s law and Newton’s equation of fluid mechanics
allows us to recover the classical models of visco-elasticity like these of Maxwell,
Voigt, and Jeffreys.

Plasticity is a large and extremely complex subject of which we do not suppose
to make justice. Rather, our goal was limited to provide a simple approach based
on EIT with the plastic stress tensor elevated to the rank of independent variable.
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Contrary to most other applications, plasticity contains no time scale and the corre-
sponding dissipation function is of degree one instead of two. Several features have
not been considered, such as thermal effects, the Bauschinger effect, the localized
modification of the yield surface due to plastic flow, and rate-dependent plasticity
(visco-plasticity). The most important results are embodied in the normality con-
ditions (15.42) and Drucker’s results (15.46) and (15.49). As our objective was to
present a macroscopic phenomenological description, no effort has been made to
connect the macroscopic parameters to specific quantities of the theory of disloca-
tion. Although the connection between microscopic and macroscopic descriptions
is of fundamental interest in view of a better comprehension of plasticity (e.g.
Kröner 1963; Seeger 1963; Lambermont 1974), we have considered that such a
subject is outside the scope of the present book.

15.4 Relation of EIT to Kinetic Polymer Models

It is expected that a kinetic interpretation enlightens and complements a purely con-
tinuum approach. A vast amount of work devoted to microscopic descriptions of
rheological bodies has been published; valuable results are collected in the classical
books by Doi and Edwards (1986) and Bird et al. (1987a,b). It is not our purpose to
review the most significant kinetic models but we wish to stress that most of them
exhibit a whole relaxation spectrum for the stress tensor. This important property is
fairly well described by the beads-springs chain models associated with the names
of Rouse (1953) and Zimm (1956). For many years these models have played a key
role in the interpretation of rheological phenomena. There have been many exten-
sions of Rouse’s and Zimm’s works, but although most of these generalisations give
a better fitting of the experimental data by introducing more parameters, they do
not alter radically the foundations underlying Rouse’s and Zimm’s approaches. Our
purpose here is to show that EIT is capable of coping with the relaxation spectrum
of the stress tensor exhibited in the Rouse and Zimm models.

15.4.1 The Rouse and Zimm Models

The current molecular models regard the polymer macromolecules as being formed
by assemblies of beads, springs, and rods. In the Rouse model, the molecules are
modelled by a chain of N point-mass beads connected by N � 1 Hookean springs.
The forces acting on each bead can be classified as follows:

a. The hydrodynamic drag force which is the force experienced by the bead as it
moves through the polymeric solution. According to Stokes, it is proportional to
the difference between the bead velocity and the centre-of-mass velocity of the
solution. By hydrodynamic interaction is meant the perturbation of the velocity
field of one particular bead by the motion of the other beads. In the Rouse model,
in which it is admitted that the motions of theN beads are uncorrelated, this kind
of interaction is ignored; it is accounted for in the Zimm model.
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b. The Brownian force caused by the thermal fluctuations in the solution.
c. The intramolecular force, which is exerted on one bead through the spring force.
d. The external forces, such as the gravitational or electrical forces.

The Rouse and Zimm models are appropriate for describing dilute polymer solu-
tions and were primarily used in linear viscoelasticity. For simplicity, it is assumed
that the total mass density remains constant. It is also supposed that the roles of the
solvent and the polymer can be separated. Accordingly, the viscous stress tensor is
decomposed into two parts, Tv D T0 C Tp , where subscripts 0 and p denote the
contribution of the solvent and the polymer respectively; next, Tp is decomposed
into N normal modes,

Tp D
NX

˛D1

T˛ ; (15.50)

and each individual mode ˛ is assumed to satisfy, in the linear regime, a relaxation
dynamics of the form

�˛

@T˛

@t
C T˛ D 2
˛V: (15.51)

In the Rouse model, the coefficients �˛ and 
˛ are given by �˛ D 1
2
�=Ha˛

and 
˛ D nkBT �˛; kB is the Boltzmann constant, T the absolute temperature, n
the number of molecules per unit volume, � the friction coefficient related to the
drag force experienced by the bead, H the Hookean spring constant, and a˛ the
eigenvalues of the Rouse matrices given by

a˛ D 4 sin2
��˛
2N

	
: (15.52)

In Zimm’s model, the a˛ are replaced by eigenvalues a˛ of the modified Rouse
matrices, which are found in tabular form or given by approximate expressions (Bird
et al. 1987).

15.4.2 EIT Description of the Rouse and Zimm Models

The procedure is similar to that developed in Sect. 15.2, but the set of independent
variables is now extended in order to include the contributions arising from the N
normal modes. In this way, the entropy will depend on T˛ .˛ D 0; 1; : : : ; N / besides
the usual variable u (internal energy): s D s.u; T˛/. The temperature is supposed to
remain constant as well as the polymer concentration, which therefore has not been
introduced into the set of variables. Assuming that the entropy s is analytic in the
fluxes, one may write

ds D 1

T
du � 1

�T

NX
˛D0

�˛

2
˛

T˛ W dT˛ (15.53)
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on condition that we neglect the coupling between the various modes. A more com-
plete treatment in which this coupling is included can be found in Perez-Garcı́a
et al. (1989).

Up to second-order terms in the velocity gradients and pressure tensors, the
entropy production can be straightforwardly calculated:

T�s D
NX

˛D0

T˛ W
�

V� �˛

2
˛

@T˛

@t

�
: (15.54)

This takes the form of a bilinear relation between fluxes and forces, suggesting the
following linear evolution equation:

�˛

@T˛

@t
C T˛ D 2
˛ V; .˛ D 0; 1; : : : ; N /: (15.55)

Assuming with Rouse that the solvent is a Newtonian fluid, which means that �0 �
�˛, one obtains for the solvent the classical Newton–Stokes equations

T0 D 2
0 V; (15.56)

while expression (15.55) remains unchanged, provided ˛ runs from 1 to N . Rela-
tions (15.55) and (15.56) are identical with the Rouse–Zimm equations, which
were derived from kinetic arguments under the condition that the identifications
�˛ D 1

2
�=Ha˛ and 
˛ D nkBT �˛ are valid.

15.4.3 Kinetic Justification of the EIT Results

Our next objective will be to ground the EIT macroscopic results obtained in this
subsection on kinetic foundations. Such as discussion will complement the gen-
eral results of Chap. 4 on the kinetic theory of ideal monatomic gases. It is shown
that the evolution equations and the entropy expression predicted by EIT are con-
firmed; incidentally, a new insight into the physical meaning of partial stress tensors
is gained.

To calculate the polymer contribution to the entropy, one starts from the Boltz-
mann formula

�s D �nkB

Z
f ln f d	; (15.57)

where f is the polymer distribution function and d	 the volume in the phase space
consisting of the positions r1; : : : ; rN and the velocities Pr1; : : : ; PrN of the N beads
forming the chain. It is common to take as variables the centre-of-mass coordinate
vector rc and the relative position vectors Q1; : : : ;QN �1, with Qi starting from
particle i and ending at particle iC1. It is also usual to split the distribution function
f into two factors, one depending only on the velocities and the other only on the
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configuration:

f D „. Prc ; PQ1; : : : ;
PQN �1/‰.rc;Q1; : : : ;QN �1/: (15.58)

Under the three assumptions that the distribution of polymers in the solution
is uniform, the velocity gradient is homogeneous and external forces are posi-
tion independent, the configuration distribution function ‰ may be expressed as
n .Q1; : : : ;QN �1/, with  normalized to unity (Bird et al. 1987). Moreover, it is
supposed that the velocity-dependent part of the distribution function is given by the
Maxwell–Boltzmann local-equilibrium distribution function, from which follows
that all the non-equilibrium effects are due to changes in the configurational distri-
bution. This amounts to assuming that the relaxation time of the velocity distribution
is much shorter than those associated with the configurational changes.

It is convenient to write the expression (15.57) for the entropy in terms of the
equilibrium distribution function feq:

�s D �nkB

Z
f ln feqd	 � nkB

Z
f ln.f=feq/d	: (15.59)

The equilibrium distribution function in the canonical ensemble is given by

feq D ŒZ T;���1 exp�E.	/=kBT; (15.60)

whereE.	/ is the energy of the configuration	 andZ.T;�/ the equilibrium parti-
tion function with � the total volume. Substituting (15.60) into the first term on the
right-hand side of (15.59) results in

�s D �u=T C nkB lnZ � nkB

Z
f ln.f=feq/d	: (15.61)

In equilibrium, one has

�seq.ueq/ D �ueq=T C nkBlnZ; (15.62)

whereby (15.61) becomes

�s � �seq.ueq/ D �.u� ueq/T
�1 � nkB

Z
f ln.f=feq/d	: (15.63)

It should be noticed that in the kinetic theory of monatomic ideal gases, it is assumed
that u D ueq (see (4.32)) and the first term on the right-hand side of (15.63) is
lacking.

Since the non-equilibrium effects arise from changes in the configurational
distribution function, the non-equilibrium contribution to s may be written as

�s � �seq.ueq/ D �T �1.u� ueq/� nkB

Z
 ln. = eq/dQ1 : : : dQN �1: (15.64)
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Instead of using the relative position vectors Q1; : : : ;QN �1, we shall introduce the
normal coordinates Q0

1; : : : ;Q
0
N �1 of the chain variables. In the Rouse model, the

configurational distribution function simply reads (Bird et al. 1987b):

 .Q0
1; : : : ;Q

0
N �1; t/ D

N �1Y
j D1

 j .Q
0
j ; t/; (15.65)

where  j is the distribution function corresponding to the normal mode j . Accord-
ing to Boltzmann’s statistics,  j is given in equilibrium by

 eq.Q
0
j / D

�
H

2�kBT

�3=2

exp

�
� H

2kBT
Q0

j �Q0
j

�
; (15.66)

in which H is an elastic constant characterizing the intramolecular interactions.
The non-equilibrium correction to  j may be derived from its evolution equa-

tion. The latter is viewed as a continuity equation in the configuration space, taking
into account the various forces acting on the beads. In the absence of external forces,
this equation (Bird et al. 1987) is

@ j

@t
D � @

@Q0
j

�
"
rv �Q0

j j � kBTaj

�

@ j

@Q0
j

� aj

�
F c

j j

#
I (15.67)

F c
j is the Hookean force acting between the beads (in our case F c

j D �HQ0
j ), �

is the friction coefficient describing the hydrodynamic drag force on a bead, and aj

is given by (15.52). Under a given velocity gradient, the steady solution of (15.62) is

 j D  eq

�
1C �

4aj kBT
V W Q0

j Q0
j

�
; (15.68)

as it is easily verified. When this result is introduced into (15.64), the entropy for a
plane Couette flow with shear rate P� is

�s.u; P�/ � �seq.ueq/ D 1

2
nkB

N �1X
j D1

.�j P�/2; (15.69)

where �j D .�=2Haj /, which shows explicitly the dependence of s on P� . Expres-
sion (15.69) could seem paradoxical in the sense that s.u; P�/ is higher in non-
equilibrium than in equilibrium. The solution to this apparent paradox is that the
internal energy at equilibrium and at a given temperature differs from the internal
energy under shear at the same temperature, because under shear the polymer stores
an elastic energy as a result of the stretching of the chains. The elastic energy uel is
easily evaluated to be
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�uel D
Z N �1X

j D1

1

2
HQ0

j �Q0
j Q0

1; : : : ;Q
0
N �1; t d Q0

1 : : : dQ0
N �1: (15.70)

By taking (15.65) and (15.68) into account, one finds that

�.u � ueq/ D nkBT

N �1X
j D1

.�j P�/2: (15.71)

Combining (15.69) and (15.71) results in

�s.u; P�/ � �seq.ueq/ D �

T
.u � ueq/� 1

2
nkB

N �1X
j D1

.�j P�/2; (15.72)

or, what is the same,

�s.u; P�/� �seq.ueq/ D �seq.u/� 1
2

nkB

N �1X
j D1

.�j P�/2; (15.73)

after use of the expansion

seq.u/� seq.ueq/ D
�
@s

@u

�
eq
.u � ueq/CO.2/: (15.74)

According to the macroscopic theory (see (15.53)), the contribution of the fluxes to
the entropy is

�s.u; P�/ D seq.u/� 1
4

NX
j D1

�j

�
jT
Tv

j WTv
j : (15.75)

To check whether the microscopic expression (15.73) is compatible with the macro-
scopic result (15.75) predicted by EIT, a microscopic evaluation of the relaxation
times and the viscosities is needed. To proceed in the simplest way, we recall two
equivalent expressions of the polymeric contribution to the viscous stress tensor,
namely the Kramers and Giesekus tensors. The former reads (Bird et al. 1987b)

Tv D nH
N �1X
j D1

˝
Q0

j Q0
j

˛ � .N � 1/nkBTU; (15.76)

with : : : standing for an average over the configuration space, i.e.

˝
Q0

j Q0
j

˛ D
Z
 .Q0

1; : : : ;Q
0
N �1; t/Q

0
j Q0

j dQ0
1 : : : dQ0

N �1: (15.77)
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Expression (15.76) exhibits the microscopic meaning of the splitting of Tv as a sum
of several terms: each of them is related to the contribution of one normal mode.
To the N � 1 modes appearing in (15.76) should be added the contribution of the
motion of the centre of mass. The sum over the modes should therefore really extend
to N instead of N � 1.

We now turn to the Giesekus expression for Tv (Bird et al. 1987a):

Tv D �1
2
n�

N �1X
j D1

1

aj

D" ˝Q0
j Q0

j

˛
; (15.78)

whith D" denoting the contravariant convected time derivative. After applying D"
to (15.76) and using definition (15.78), one obtains

Tv C �jD
"Tv D 2nkBT �j V; (15.79)

where the relationD"U D �2V has been taken into account. Comparison of (15.79)
with (15.55) allows us to identify the relaxation time and the viscosity related to each
partial viscous pressure tensor as �j D �j , 
j D nkBT �j . With these identifications
in mind and in the particular case of a plane Couette flow for which Tv

j W Tv
j D

2
2
j P�2, it is seen that the microscopic (15.73) and macroscopic (15.75) expressions

are identical.
Whereas in the Rouse model the hydrodynamic interactions are neglected, in

the Zimm model they are introduced in an average form. But this changes only
the values of the eigenvalues aj , in such a way that the basic formalism remains the
same, and the agreement with extended irreversible thermodynamics is still achieved
(Camacho and Jou 1990).

15.5 Non-Newtonian Fluids

Because of technical progresses in plastic polymers, polymer solutions, and phar-
maceutical industry, non-Newtonians fluids have been the subject of intense interest.
After general considerations, we will propose an EIT modelling and compare
with experimental data. For simplicity, only incompressible materials without bulk
effects are considered.

15.5.1 General Considerations

We examine the response of a rheological fluid under a simple shearing flow
between two parallel horizontal planes separated by a distance h. If one of the
planes, for instance the upper one, is moved in the x direction with a constant
velocity v0, the velocity field of the fluid is vx D P�y, vy D vz D 0, P� D v0=h, with
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y in the direction normal to the planes, z the neutral direction, and P� the constant
shear rate.

For a Newtonian incompressible fluid, the components of the stress tensor are
given by Txz D Tyz D 0, Txx D Tyy D Tzz D �p, and Txy D 
 P� . Defining
the first normal stress N1 and the second normal stress N2 as N1 D Pyy � Pxx,
N2 D Tzz � Tyy, one sees straightforwardly that for a Newtonian fluid both N1 and
N2 are zero. The linear constitutive relation Txy D 
0 P� together with a constant vis-
cosity 
0 and the absence of normal stresses are the main properties of a Newtonian
fluid. In contrast, non-Newtonian fluids are characterized by a shear-rate-dependent
viscosity and non-vanishing normal stresses. It is common to introduce the ‘appar-
ent’ viscosity 
 and the first and second normal stress coefficients ‰1 and ‰2 by

Txy D 
. P�/ P� .
 > 0/; (15.80a)

N1 D �‰1. P�/ P�2 .‰1 > 0/; (15.80b)

N2 D �‰2. P�/ P�2 .‰2 < 0/; (15.80c)

where 
, ‰1, and ‰2 are generally referred to as the viscometric functions. Exper-
imental data indicate that ‰1 is positive and ‰2 negative. While the dependence
of 
 with respect to P� gives rise to velocity profiles totally unusual in Newtonian
flows, the normal stress coefficients are responsible for the well-known Weissenberg
rod-climbing effect (Lodge 1964; Astarita and Marucci 1974). Non-zero values of
‰2 have been detected for several substances but usually ‰2 remains very small;
‰2 D 0 is known as Weissenberg’s hypothesis.

A widely used model for the apparent viscosity 
 is the Ostwald power law


 D m P�n�1; (15.81)

where m and n are parameters characteristic of a given fluid allowed to depend on
the temperature. However, the power law (15.81) is not realistic because it gives

 D 1 for P� D 0 when n < 1, which is the most usual situation. To circumvent
this difficulty, Carreau (1972) has proposed the following viscosity equation:


 � 
1

0 � 
1

D �1C .� P�/2� nC1
2 ; (15.82)

involving four parameters: a zero-shear-rate viscosity 
0 an infinite shear-rate
viscosity 
1, a time constant � , and a supplementary constant n. This formula
describes fairly well most engineering experiments.

The main problem in non-Newtonian fluid mechanics is that of formulating
a constitutive equation for T containing the smallest number of parameters and
applicable to the widest range of fluid responses.

The simplest generalisation of Newton’s law is the Reiner–Rivlin non-linear fluid
model,

T D �pUC 2
VC 4˛1



V � V� 1

3
.V W V/U

�
; (15.83)
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with p D �1
3

Tr T. Expression (15.83) contains two material functions 
 and ˛1 that
depend on the second and third principal invariants of V W IIv D V W V, IIIv D det V.
The quantities 
 and ˛1 do not depend on the first invariant Iv D r � v, since it
vanishes for an incompressible fluid. On continuum mechanics grounds, it has been
shown by Astarita and Marucci (1974) that 
 and ˛1 cannot be simultaneously taken
constant, unless ˛1 D 0, in which case Newton’s law is recovered.

Going back to the Reiner–Rivlin model, it is directly shown that for a steady
shear flow, the viscometric functions are related to the material coefficients 
 and
˛1 by 
 D 
; ‰1 D 0, and ‰2 D ˛1. The result ‰1 D 0 is at variance with
experimental observations and this means that the Reiner–Rivlin model does not
provide a realistic description of non-Newtonian fluids.

To correct for these undesirable features, one can use the more sophisticated
model of Rivlin–Ericksen (1985). To meet the principle of frame indifference, Rivlin
and Ericksen introduced the following tensors, which reflect the above requirement:

A.0/ D U; (15.84a)

A.1/ D 2V; (15.84b)

A.n/ D dA.n�1/

dt
C .rv/ �A.n�1/ C A.n�1/ � .rv/T .n D 2; 3; : : :/: (15.84c)

The tensors A.n/ are the Rivlin–Ericksen tensors. The simplest Rivlin–Ericksen fluid
is the second-order fluid

T D �pUC 
A.1/ C ˛2A.2/ C ˛1



A.1/ � A.1/ � 1

3
.A.1/ W A.1//U

�
; (15.85)

that depends on three material coefficients, 
, ˛1, and ˛2, which may be functions
of the temperature but not of the velocity gradient. It is found experimentally that
this assumption is not very satisfactory. By setting ˛2 equal to zero in (15.85), one
obtains again the Reiner–Rivlin model. It is instructive to consider what predictions
follow from (15.85) under a steady shearing flow. The material constants 
, ˛1, and
˛2 are related to the usual viscometric functions by 
 D 
, ˛1 D ‰1 C ‰2, and 
,
˛1, and ˛2 D �1

2
‰1. Working within the framework of rational thermodynamics,

Dunn and Fosdick (1974) have shown that the second principle of thermodynamics
and stability of equilibrium require that

˛2 > 0 .or ‰1 < 0/; ˛1 C ˛2 D 0 .or ‰2 D �1
2
‰1 < 0/: (15.86)

However, both from experimental data and theoretical considerations it can be con-
cluded that ‰1 should be positive and that ‰2 is usually not equal to �1

2
‰1� In the

face of these contradictory results, we are confronted with two alternatives. Either
the Rivlin–Ericksen model is at variance with thermodynamics and cannot pretend
to model real fluids for which ‰1 > 0, or rational thermodynamics contains some
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deficiencies that rule out a realistic physical model. We shall come back to this
problem at the end of Sect. 15.5.2.

The Rivlin–Ericksen second-order fluid has been extended in several ways. A
natural generalisation is that of Criminale et al. (1957) who used equation (15.85),
but with shear-rate dependent and are not very useful in practical problems.

An alternative approach consists in expressing the viscous stress tensor by means
of an integral dependence of the whole strain history,

Tv D
Z t

�1
K.t � t 0/V.t 0/dt 0; (15.87)

whereK.t � t 0/ is the memory kernel. A typical history dependence is provided by
Green–Rivlin (1954) equation

Tv D
Z t

�1
K1.t � t 0/V.t 0/dt 0

�
Z t

�1
dt 00

Z t

�1
K2.t � t 0; t � t 00/V.t 0/ � V.t 00/C V.t 00/ � V.t 0/ dt 0;

(15.88)

All the aforementioned models are explicit in the pressure tensor, meaning that Tv

can be substituted in the momentum equation to give a flow problem for the velocity.
Another possibility, still mentioned earlier, is to describe the behaviour of flu-

ids exhibiting elastic effects by means of rate equations. Examples of rate-equation
models are provided by the generalised Maxwell equation

�DTv C Tv D 2
V; (15.89)

where D is an objective time derivative (examples of which are given by expres-
sions (1.90)–(1.92)); the substitution of D for @=@t is dictated by the frame-
indifference criterion of viscometric coefficients. Higher-order expansions in terms
of the Rivlin–Ericksen tensors A.n/ .n > 2/ have also been proposed but they lead
to a proliferation of parameters

Oldroyd (1958) suggested an extension of (15.89) by including all possible non-
linear terms involving the products of stress tensors and velocity gradients as well
as products of velocity gradients with each other. This yields the well established
8-constant Oldroyd model:

T� C �1DT� C �2.Tr T�/VC �0.T� � VC T� � V/C �4.T� W V/U
C�5VC �6DVC �7.V � V/C �8.V W V/U D 0: (15.90)

Flow problems involving non-Newtonian fluids demand in general lengthy numeri-
cal solutions: these methods are the object of several papers and books (e.g. Crochet
et al. 1984) and will not be reviewed here. We shall no longer discuss the properties
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of the several rheological models found in the literature. We wish only to stress that
none of these models is applicable to the study of all the motion states of a given
particular non-Newtonian fluid. Several constitutive equations may be needed to
describe the behaviour of one single fluid, depending on the particular circumstances
under which the motion takes place. For instance, blood is rather well represented
by Newton’s law in large capillaries, while in narrow capillaries its flow properties
require a non-Newtonian description.

15.5.2 EIT Description of Second-Order Non-Newtonian Fluids

As repeatedly mentioned, EIT is by no means restricted to linear evolution equa-
tions. Our aim in this sub-section is to show that a description of second-order
non-Newtonian fluids stems naturally from EIT. Two particular models are derived:
a three-parameter model and Giesekus four-parameter model. In particular, the sim-
ple three-parameter description is seen to yield the correct signs of the material
coefficients of the Rivlin–Ericksen model, in agreement with observations. We also
examine to what extent the three-parameter model is able to cope with experimental
dependence of the material functions on shear rate in steady shearing flows.

Heat effects are again assumed to be negligible, and only isotropic and incom-
pressible fluids are considered. For incompressible fluids, bulk viscous effects are
negligible in the linear theory, but they must be taken into account when non-linear
contributions (of the order of P�2) are included.

15.5.2.1 A Three-Parameter Model

The basic variables are selected to be the same as for an ordinary Newtonian fluid,
namely u and Tv, and the corresponding Gibbs equation is

T0ds D du � 1

�0

ATv W dTv; (15.91)

where A is a scalar coefficient which may depend on u and the invariants of Tv. The
convexity of s implies that @2s=.@Tv W @Tv/ < 0, from which it follows that A > 0.
Combining Gibbs’ equation with the balance law of energy yields the following
expression of the entropy production:

T0�
s D Tv W .V �A PTv/: (15.92)

We identify the generalised thermodynamic force X as the quantity between the
brackets:

X D V �A PTv: (15.93)

It is noted that T0�
s takes the form of a bilinear expression in the flux Tv and

the force X. On the other hand, we can formulate another expression for X if it
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is imposed that X must be constructed as the most general second-order traceless
tensor depending on Tv accordingly, we are allowed to write X as

X D a1Tv � a2.Tv � Tv � �vU/; (15.94)

where �v D 1
3
.Tv W Tv/, a1 and a2 are functions of u and the invariants of TQv The

positiveness of T�s requires that a1 > 0. Equating the right-hand sides of (15.88)
and (15.89), one obtains the evolution equation for the viscous stress tensor

A

a1

PTv D 1

a1

V� Tv C a2

a1

.Tv � Tv � �vU/: (15.95)

For latter purpose, we set A=a1 D � , 1=a1 D 2
, and a2=a1 D a, where � and

 have the dimensions of time and viscosity respectively and a is a coefficient that
takes account of the non-linear correction to Newton’s law. To satisfy the criterion
of frame indifference, the time derivative in (15.90) must be replaced by an objec-
tive time derivative. Since a macroscopic theory cannot discriminate amongst the
several objective time derivatives, we choose the Jaumann’s derivative DJ , which
guarantees the form invariance of the entropy production. It follows that the final
expression for the evolution equation reads

�DJ Tv D 2
V� Tv C a.Tv � Tv � �vU/: (15.96)

This relation is the cornerstone of the model and a similar result was obtained by
Müller and Wilmanski (1986). For negligible values of � (in ordinary fluids, � is of
the order of the collision time, i.e. 10�12 s) and a D 0, one recovers Newton’s law.

Combining the constraints A > 0 and a1 > 0, one obtains, in virtue of the above
definitions of � and 
, that � > 0, 
 > 0. This result indicates that the evolution
equation (15.96) is characterized by a positive viscosity and a positive relaxation
time. No information about the sign of a is available. The positiveness of � and 

together with (15.96) provide the essential features of the model. The latter involves
three parameters: 
, ��, and a, to be determined from experimental observations or
microscopic theories.

It is interesting to investigate the transition from the rate-type equation (15.96) to
constitutive equations like those of Rivlin–Ericksen and Reiner–Rivlin. To this end,
let us rewrite (15.96) in terms of the Rivlin–Ericksen time derivative P.2/ defined by
(15.84): it is found that

Tv D 2
V� �T.2/ C a.Tv � Tv � �vU/C �.Tv � VC V � Tv/; (15.97)

where use has been made of the result

DJ Tv D T.2/ � .Tv � VCV � Tv/: (15.98)
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In the first-order approximation and in the limit � D 0, (15.97) reduces to

.1/T
v D 2
V; (15.99)

which is the Navier–Stokes relation; subscript .1/ refers to the first-order approxi-
mation. For a non-vanishing relaxation time, still in the first-order approximation,
expression (15.97) becomes

.1/T
v D 2
V � � @.1/Tv

@t
; (15.100)

which is the basic equation of Maxwell’s model.
The second-order approximation with � D 0 is obtained by substituting Tv by

its value (15.99) into the right-hand side of (15.97). This operation leads to the
Reiner–Rivlin equation,

.2/T
v D 2
VC 4
2a

�
V � V� 1

3
V W VU

�
: (15.101)

If the relaxation time does not vanish, one obtains from (15.97)

.2/Tv D 2
V� 2�
V.2/ C 4
 .
aC �/ �V � V � 1
3
.V W V/U

�
: (15.102)

Comparison between (15.102) and the Rivlin–Ericksen equation (15.85) allows one
to express the coefficients ‰1 and ‰2 (see (15.80) in terms of the parameters 
, �
and a:

‰1 C‰2 D 
� C 
2a; (15.103a)

‰1 D 2
�: (15.103b)

Recalling that � and 
 are positive, it is clear from equation (15.103b) that ‰1 is
a positive quantity, in accordance with experiments. Moreover, combining the two
equations in (15.103) leads to‰2 D �1

2
‰1C
2a, which shows that‰2 is generally

different from �1
2
‰1. As experiments suggest that �‰2=‰1 takes values between

0.1 and 0.4, it is expected that the coefficient a is positive.
By working in the framework of rational thermodynamics, Dunn and Fosdick

(1974) have found that‰1 < 0 and‰2 D �1
2
‰1, in contradiction with experiments.

Therefore, it can be concluded that by considering Rivlin–Ericksen’s equation to
be an approximation of the more general rate-type model (15.97), one avoids the
problems raised by Dunn and Fosdick’s work. The essential conclusions are that
‰1 > 0 is not in contradiction with the second law of thermodynamics and that EIT
is a good candidate for describing second-order non-Newtonian fluids.

A further check of the quality of the model can be obtained by calculating the
viscometric functions 
, ‰1 and ‰2 and by comparing them with experimental
results. This is done in Box 15.2, where steady shearing flows of polymer solutions
are studied.
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Box 15.2 Steady shearing flows Let us determine the dependence of the
viscometric functions 
, ‰1 and‰2 with respect to the shear rate for a steady
shearing flow in the x direction. Inserting the velocity field vx D P�y into the
evolution equation (15.96), and making use of the definitions (15.80) of the
viscometric functions, one obtains the following set of non-linear algebraic
equations:

4�
2 �‰1.2
� �‰1 P�2/ D 0; (15.2.1a)

�
 .‰1 C 2‰2/C a‰1‰2 .‰1 C‰2/ P�2 � a
2‰1 D 0; (15.2.1b)

3‰1 � 6
� � a‰1 .‰1 C 2‰2/ P�2 D 0: (15.2.1c)

The unknowns in (15.2.1) are 
, ‰1 and ‰2, while P� is the independent vari-
able. To calculate 
, ‰1 and ‰2 it is necessary to know the behaviour of 
,
� , and a. Preliminary information is obtained by assuming that � and 
 are
constant and that a is negligibly small. In view of (15.2.1) it follows that


 D 


1C �2 P�2
; ‰1 D 2�


1C �2 P�2
; ‰2 D �1

2
‰1: (15.2.2)

These results indicate that the three viscometric functions are even functions
of P�; and that ‰1 is positive and ‰2 is negative: although these conclusions
are corroborated experimentally, the model is too crude. At high shear rates,
it is found that 
 behaves like P��2, which is not very realistic. On the other
hand the asymptotic behaviour of ‰1 is proportional to P��2, which is closer
to experimental observations. It is also seen that the ratio�‰2=‰1 is equal to
0.5, higher than the experimental values, which lie between 0.1 and 0.4.

A more realistic description is obtained by supposing that the material
coefficients 
, � , and a are allowed to depend on the invariants of T v. More-
over, we do not alter the generality by considering that 
, � and a are functions
of P� rather than of Tv, because in steady motions both quantities are related
by (15.80a).

The problem is of course to find the most adequate dependence of the
parameters with respect to P� . To achieve this task, we rely on the fact that, for
steady shearing, it is generally accepted that the apparent viscosity 
 and the
first normal stress coefficient ‰1 are well accounted for by Ostwald’s power
laws (15.81) (Tanner 1985). It is also widely admitted that ‰2 is proportional
to ‰1 and can therefore be described by a power law as well. We are thus
allowed to write


 D 
0

� P�
P�0

�n�

; ‰1 D ‰1
0

� P�
P�0

�n1

; ‰2 D ‰2
0

� P�
P�0

�n2

I (15.2.3)

P�0 represents a reference value for P� and is introduced for dimensional
reasons; 
0, n�, ‰1

0 , n1 ‰
2
0 , and n2 are undetermined constants.
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Substitution of (15.2.3) into (15.2.1) shows that the parameters 
, � , and a
have also to satisfy the following Ostwald power laws:


 D 
0

� P�
P�0

�n�

; � D �0

� P�
P�0

�n�

; a D a0

� P�
P�0

�na

: (15.2.4)

The assumption that � is shear dependent is a direct consequence of the
present formalism but is also confirmed by other rheological models, such
as the White–Metzner model (Bird et al. 1987a).

Table 15.1 Some values of adjustable constants in (15.2.3) for viscometric coefficients

Solution 
0 ‰1
0 ‰2

0 n�

PAA 6:10 � 101 4:12 � 102 �2:41 � 101 �0:774
Oppanol B200 1:71 � 10�1 5:53 � 10�2 �8:02 � 10�4 �0:302
Oppanol B50 1:41 � 10�1 2:66 � 10�5 2:66 � 10�6 �0:323

After introducing (15.2.3) and (15.2.4) into (15.2.1), we observe that the
12 unknown constant parameters appearing in (15.2.3) and (15.2.4) are not
independent but are related by n1 D n2 D n� � 1, na D �1 � n� , n� D
�1, n� D n� , plus three relations identical to (15.2.1), with every quantity
affected by a subscript 0. Finally, bearing all these results in mind, we are left
with four independent adjustable constants that can be selected as 
0, ‰1

0 ,
‰2

0 , and n� . This choice is dictated by the fact that these quantities are easily
obtained from experimental measurements.
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In g.

Fig. 15.2.1 Dependence of the viscometric functions on the shear rate for PAA: comparison
between theoretical and experimental results. Squares, triangles, and open circles represent, respec-
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tively, experimental data for the viscosity, and the first and second normal stress coefficients. The
solid lines are the theoretical results (Reprinted from Lebon G et al. (1990) Rheol Acta 29:127)
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−4.0

InY1

In g
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In m

0.0 1.0 2.0

Fig. 15.2.2 Dependence of the viscometric functions on the shear rate for Oppanol B200: com-
parison between theoretical and experimental results. Squares, triangles, and circles represent
experimental data for 
, ‰1, and ‰2, respectively; the solid lines are the theoretical results
(Reprinted from Lebon G et al. (1990) Rheol Acta 29:127)

Comparison with experimental data is performed with three polymeric
solutions: a 2.5% solution of polyacrylamide in a 50% water and 50%
glycerine solution (PAA), a 1.1% polyisobutylen solution in decahydronaph-
talene (Oppanol B200), and an 8.7% polyisobutylen-decalin solution ‘D2b’
(Oppanol B50). The reason for choosing the PAA and Oppanol B200 solu-
tions is that in these cases all three viscometric functions 
, ‰1

0 , ‰2
0 have

been determined experimentally (Christiansen and Leppard 1974). We have
also checked our model on Oppanol B50 because it is, to our knowledge, the
only polymeric solution for which 
 and‰1

0 have been measured at very large
values of P� up to 106 s�1 (Lodge 1989); for this particular solution we have
imposed ‰2=‰1 D �0:1 because no experimental data are available for the
viscometric function ‰2. The values of the adjustable constants are reported
in Table 15.1 and given in SI units (Lebon et al. 1990)

Comparison between experimental and theoretical results is shown in
Figs. 15.2.1–3. A very satisfactory agreement is achieved in all the cases: it
is worth noticing that even at very high values of the shear rate, as in Oppanol
B50 (Fig. 15.2.3), the model accounts for the experimental data to a very high
degree of accuracy.
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Fig. 15.2.3 The viscosity and the first normal stress coefficient as a function of the shear rate
for Oppanol B50: comparison between theoretical and experimental results. Squares and triangles
correspond, respectively, to experimental data for the viscosity and the first normal stress. Solid
lines are the theoretical results (Reprinted from Lebon G et al.(1990) Rheol Acta 29:127)

15.5.2.2 Giesekus Four-Parameter Model

In the previous subsection, we discussed a non-Newtonian model characterized by
the three parameters 
, � , and ˛. We show here that more complicated descriptions,
such as the Giesekus four-parameter model, can easily be generated if it is admitted
that the total viscous stress tensor Tv is the sum of a contribution T0 from the solvent
and a contribution Tp from the polymer chains: Tv D T0 C Tp. As in the Rouse–
Zimm model, it is supposed that the solvent is an incompressible Newtonian fluid,
so that T0 is related to V by Newton’s law, T0 D 2
0V, and 
0 is the shear viscosity
of the solvent. As a consequence, T0 will not be considered as independent variable
and the Gibbs equation will take the same form as (15.91), with Tv replaced by Tp :

T ds D du � 1
�
ApTp W dTp: (15.104)

From the concavity property of entropy, it is inferred that Ap > 0. The correspond-
ing entropy production is given by

T�s D T0 W VC Tp W X; (15.105)
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where X is given by (15.93), with Tv replaced by Tp. Repeating the procedure
followed in the preceding subsection, it is found that Tp satisfies the evolution
equation

�pDJ Tp D 2
pV � Tp C ap

�
Tp � Tp � �pU

�
; (15.106)

which contains the three parameters �p, 
p, and ap , and the quantity �p given by
�p D 1

3

�
Tp W Tp

�
. Eliminating Tp in terms of Tv and T0 and using T0 D 2
0V,

one obtains the following evolution equation for the total stress tensor:

�pDJ Tv C Tv C a�p



.Tv � Tv � �vU /� 2a�G.V � Tv C Tv � V � �U/

L D 2




VC �GDJ V � 2a�
2
G

�p

.V � V � �U/
�
; (15.107)


0 C 
p, a D �.
ap=�p/, �G D �.
0�p=
/, � D 2
3
.Tv W V/, and � D 1

3
.V W V/.

Expression (15.107) is the same as the Giesekus (1982) constitutive equation
except for the terms in �v, � , and � , which appear here as a consequence of the
hypothesis of the absence of bulk effects. The adjustable parameters in Giesekus’
model are 
0, ap , 
p , and �p , or equivalently 
, a, �G , and �p. The result (15.107)
is particularly promising, since it allows one to derive the Giesekus equations from
very simple macroscopic considerations.

It is interesting to note that by setting into (15.107) the coefficient a D 0 one
recovers Jeffreys’ model

�pDJ Tv C Tv D 2
 .VC �GDJ V/ : (15.108)

It is worth stressing that the above results were obtained by simply requiring that
the stress tensor is selected as an independent variable and that it obeys a non-linear
evolution equation of the relaxation type. It is possible to complicate the model by
assuming that a non-Newtonian solvent or by introducing viscous bulk effects. This
would result in more realistic descriptions and generate other rheological models,
such as the Oldroyd’s 8-constant model (Dauby and Lebon 1990). This is a further
step in the formulation of the theory but it does not raise any fundamental difficulty.
Indeed, the thermodynamical formalism presented here exhibits such a flexibility
and power of generalisation that it can successfully deal with more sophisticated
systems.

15.6 Problems

15.1. Consider a dilute polymeric solution modelled by rigid dumbbells, each of
them characterized by a director vector u. The orientational equilibrium dis-
tribution function is the isotropic distribution  eq D 1

4
� . In a plane Couette

where the unidentified coefficients 
, a, �G , � , and � stand respectively for 
 D
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flow with shear rate P� D .@vx=@y/, the steady state distribution function is,
up to the first order in P� ,

 .u/ D  eq.1C 3uxuy� P�/;

with the relaxation time � given by � D �L2.12KBT /
�1, L being the length

of the dumbbell and �. the friction coefficient between the beads of the
dumbbell and the solvent. If the entropy of the dumbbells is given by

s D �kB

Z
 ln du;

show that the non-equilibrium entropy at steady shear flow is

s.u; P�/ D seq.u/� 3
10
nkB.� P�/2:

(Camacho J, Jou D (1990) J Chem Phys 92:1339)
15.2. The steady-state viscosity of a dilute solution of rigid dumbbells is 
 D

nkBT � , with n the number of dumbbells per unit volume and � the relax-
ation time as given in Problem 15.1. (a) Compare the expression for the
non-equilibrium entropy obtained in the above problem with the following
expression

s D seq � �

2T
.
 P�/2:

Is this result satisfactory? (b) The viscous stress tensor for a rigid dumbbell
solution has the form

Tv D 2
sVC Tv
1 C Tv

2;

with

Tv
1 D 3nkBT

�
huui � 1

3
U
�

and
Tv

2 D 6nkBT � huuuui W V:
The quantity 
s is the viscosity of the pure solvent, V the symmetric part
of the velocity gradient, and u the director vector of the rigid dumbbells.
It may be shown that the part Tv

1 has a relaxation time �1 D � and that
the corresponding shear viscosity is 
1 D 3

5
nkBT � , while the part Tv

2 has
a relaxation time �2 D 0 and a viscosity 
2 D 2

5
nkBT � (Bird RB et al.

1977b). Show that the above decomposition of the viscous stress tensor is
consistent with the following expression for the entropy:

s D seq � 1

2T
.�1
1 C �2
2/ P�2
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15.3. In ideal gases and in polymeric solutions described by rigid dumbbells, a
shear flow does not change the internal energy of the system at a given
temperature T . However, for elastic dumbbells, the shear flow produces a
stretching of the dumbbells and consequently induces a change of the inter-
nal energy at constant T . The elastic potential energy of the dumbbells may
be obtained from

ud D
Z

1
2
HQ2 .Q/dQ;

whereH is the elastic constant of the dumbbells, Q the bead-to-bead vector,
and  .Q/ the distribution function of the dumbbells. Up to the first order in
the shear rate P� , the distribution function is

 .Q; P�/ D  eq.Q/

�
1C �

4kBT
V W QQ

�
;

where  eq.Q/ is the equilibrium distribution function (15.66), V the trace-
less symmetric part of the velocity gradient, and � the friction coefficient
between the beads and the solvent. Assuming constant n (number of dumb-
bells per unit volume) and T (temperature), show that the difference in
internal energy per unit volume between a steady state and an equilibrium
state is

u.n; T; P�/ � ueq.n; T / D nkBT .� P�/2;
with the relaxation time � given by � D �=4H .

15.4. The entropy of a dilute solution of Hookean dumbbells under shear P� is

s.u; P�/ D seq.ueq/C nkB ln
p
1C .� P�/2:

(a) Find the expression of s.u; P�/ � seq.ueq/ at low � P� . Should it be surpris-
ing that the non-equilibrium entropy s.u; P�/ is higher than the equilibrium
entropy seq.ueq/? (b) Taking into account the expression for u � ueq found
in Problem 15.3, calculate the difference s.u; P�/ � seq.u/. (c) Compare the
expressions for s.u; P�/, seq.u/ and seq.ueq/.

15.5. The evolution equation for Tv in the upper convected Maxwell model is

PTv � .rv/T � Tv � Tv � .rv/ D �1
�

Tv C 2


�
V

with V being the symmetric part of the velocity gradient. (a) Show that, in a
steady pure shear flow, Tv is given by

Tv D
0
@2�
 P�

2 
 P� 0

 P� 0 0

0 0 0

1
A :
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(b) Show that the normal stress coefficients are ‰1. P�/ D 2�
 and
‰2. P�/ D Q0

15.6. Determine the expression for Tv in a steady shear flow if the lower-convected
derivative (1.91) or the Jaumann derivative (1.90) are used in Problem 15.5
instead of the upper-convected derivative.

15.7. A planar extensional flow is defined by a velocity gradient of the form

rv D
0
@ P" 0 0

0 �P" 0
0 0 0

1
A ;

with P" being the extensional rate. Show that for the upper convected Maxwell
model in the steady state the viscous stress tensor reads

Tv D
0
@2
P".1 � 2� P"/

�1 0 0

0 �2
P".1C 2� P"/�1 0

0 0 0

1
A :

15.8. Show that the constitutive equations of the Maxwell, Kelvin–Voigt, and
Poynting–Thomson bodies are easily interpretable in terms of the following
mechanical models involving coupling of springs and dashpots.

Kelvin–Voigt

s s s

Poynting–ThomsonMaxwell

15.9. Repeat the demonstration leading to (15.102) when, in the evolution equa-
tion (15.96) for Tv; the Jaumann derivative is replaced by the lower-conv-
ected and the upper-convected time derivatives, respectively.

15.10. Determine the dependence of the viscometric functions 
, ‰1 and ‰2

in terms of the supposed constant parameters 
, � , and a for a material
described by an evolution equation of the form (15.96) for: (a) a steady
shearing flow vx D P�y;(b) a time-dependent shear flow vx D P�.t/y; (c)
a small amplitude oscillatory shearing flow.



380 15 From Thermoelastic Solids to Rheological Materials

15.11. Show that the Gibbs equations for a Kelvin–Voigt and a Poynting–Thomson
material at uniform temperature are respectively given by

T
ds

dt
D du

dt
C 1

�
T.e/ W dE

dt
.Kelvin–Voigt/;

T
ds

dt
D du

dt
C 1

�
T.e/ W dE

dt
� 1
�

T.i/ W dE.i/

dt
.Poynting–Thomson/;

wherein the inelastic strain E.i/ is defined through

dE.i/

dt
D 1

2

T.i/:

15.12. Consider a viscoelastic material subject to external sinusoidal oscillations.
Assuming one-dimensional deformations with strain and stress of the form

" D O" exp.i!t/; T D OT exp.i!t/:

Defining the complex modulusG� D G0 C iG00 by OT D 2G� O", show that

G�.!/ D 1C i!��

1C i!�"

G;

and that the phase shift ı defined by tan ı D G00=G0 is given by

tan ı D !

.G=
C !2�" Œ1CG�"=
�
:

For an elastic body, one has �" D 
 D 0 so that ı D 0; for a viscous fluid,
�" D G D 0 and ı D �=2:

15.13. Plane harmonic waves: Study wave propagation in a Poynting–Thomson
body described by expression (15.29), temperature is uniform. In the one-
dimensional case, the propagation of waves is governed by the momentum
equation

�
@2ux

@t2
D @

@x
Txx;

where u is the displacement vector in the x direction and

Txx D 2G 0
"xxCT .i/

xx :

Select a reference state ux D const, T .i/
xx D 0 and superpose upon this

basic solution a plane harmonic wave expŒi.!t � kx/� where ! is the (real)
frequency and k D k0 C k00 the complex wave number. Show the dispersion
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relation between ! and k is given by

�!2 D 4

3

G.1C i!�"/

1C i!�
k2:

Determine the corresponding phase velocity vph D !=k0 and the attenuation
factor 	 D k00=k0. In particular, derive their expressions in the limiting cases
of low (!� � 1) and high frequencies (!� � 1).





Chapter 16
Thermodynamics of Polymer Solutions Under
Shear Flow

In Chaps. 3 and 9 we studied effects of a heat flux on the thermodynamics of non-
equilibrium steady states. Here, we deal with another interesting situation that of
polymer solutions under shear flow. The presence of a shear results not only in
drastic changes in the phase diagram of the solution but is also able to modify
the kinetics of chemical reactions taking place within it (Jou et al. 2001). Various
thermodynamic approaches have been concerned with the study of the interaction
between the flow and the thermodynamic properties of a fluid with internal structure;
some of them are based on internal variables (Maugin and Muschik 1994) and oth-
ers on Hamiltonian formalisms (Öttinger 2005). The difference between extended
irreversible thermodynamics (EIT) and other theories is that the former uses as vari-
ables the shear viscous pressure or the shear rate, whereas the latter prefer variables
related with the internal structure of the fluid, as for instance, the configuration ten-
sor. The relation between the two classes of variables has already been discussed in
Sect. 15.3. The EIT variables are especially useful in macroscopic analyses while
the internal variables are more suitable for a microscopic understanding. Let us also
mention that EIT predicts modifications of the thermodynamic equations of state not
only for fluids with internal structure but also for ideal monatomic gases or for liq-
uids of spherical particles. These systems have been the subject of many computer
simulations, some of which have been discussed in Sect. 9.5, and of several kinds of
microscopic analyses, ranging from the kinetic theory of gases to renormalization
group techniques (Onuki and Kawasaki 1979; Loose and Hess 1989).

The study of polymer solutions under shear is particularly interesting because
the effects of shear are more perceptible than in ordinary liquids or gases. Besides
its theoretical interest, this study is also important in engineering, since most of
polymer processings take place under motion. The phase diagrams established for
equilibrium situations cannot be trusted in the presence of flows since the latter may
enhance or reduce the solubility of the polymer and the conditions under which the
phase separation occurs.

Many works in laboratories and in industry have been devoted to flow-induced
changes in phase diagrams of polymer solutions (Rangel-Nafaile et al. 1984). It
is obvious that the classical local-equilibrium thermodynamics must be modified
in such a way that the equations of state incorporate explicitly the influence of
the flow. Moreover, the equilibrium thermodynamic stability conditions cannot be

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 16, c� Springer Science+Business Media LLC 2010
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blindly extrapolated to non-equilibrium steady states, but a justification based on
dynamic arguments is needed and shall be found in Sect. 16.4. Another problem
is the effect of a shear on chemical equilibrium, which is treated in Sect. 16.2,
and applied to thermodynamically-induced polymer degradation under flow. Poly-
mer degradation under elongational flow has been extensively studied from kinetic
arguments (Nguyen and Kausch 1992).

Several authors bypass thermodynamics and analyse phase separation or phase
homogenisation under shear by writing directly the relevant dynamical equations
and investigating afterwards the stability of their solutions (Onuki 1989, 1990). At
first sight, it may be thought that such a procedure has a wider range of poten-
tialities than a pure thermodynamic analysis, as the latter cannot provide details
about the process of segregation of the different phases or the changes in viscos-
ity observed during such a process. However, it is our opinion that the coexistence
of both approaches should be fostered because the dynamical method is helpful to
specify the range of validity of thermodynamics and, reciprocally, the dynamical
analysis asks for equations of state which are supplied by thermodynamics.

As the chemical potential plays a prominent role in all these problems, we exam-
ine in Sect. 16.1 the effects of a shear on the expression of this potential and the
consequences on phase diagrams of polymeric solutions.

16.1 The Chemical Potential Under Shear: Flow-Induced
Changes in the Phase Diagram of Solutions

A basic quantity in multicomponent mixtures is the chemical potential. Recall that
in Chap. 3 thermal and caloric equations of state for a fluid in non-equilibrium were
proposed. In this section, we shall determine the expressions of the Gibbs function
and the chemical potential of a fluid under shear. Assume that temperature and pres-
sure remain constant and that heat flux, diffusion flux and bulk viscous pressure are
negligible. Define the Gibbs function g per unit mass as

g D u � �s C �v: (16.1)

The corresponding Gibbs equation at constant temperature and pressure reads as

dg D
X

k


kdck C �v

2

Pv W dPv (16.2)

and, after integration,

g.ci ;Pv/ D geq.ci /C �v=.4
/Pv W Pv; (16.3)

where � designates the relaxation time of the viscous pressure tensor. Note that for
the sake of commodity, the constant pressure and temperature have not been written
explicitly.
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In a steady shear, the components of the viscous pressure tensor for the Maxwell
upper-convected model (see Problem 15.5) are

Pv D
0
@�2�
 P� �
 P� 0�
 P� 0 0

0 0 0

1
A ; (16.4)

from which it follows that (16.3) takes the form

g.ci ; P�/ D geq.ci /C 1
2
�
v P�2 CO. P�4/; (16.5a)

or equivalently

g.ci ; P
v
12/ D geq.ci /C 1

2
J v.P v

12/
2 CO.P v

12/
4; (16.5b)

where the quantity J D �=
 is the so-called steady-state compliance.
More information about the non-equilibrium free energy can be obtained from

microscopic considerations: the Rouse–Zimm model predicts that, for arbitrary
laminar motions, the flow contribution to the Helmholtz free energy f is (Bird
et al. 1987)

�f D �1
2

nkBT
˚
Tr.Pv/0 C ln j detŒ.U � .Pv/0�j� ; (16.6)

where �f stands for �f D f .T; v; c; .Pv/0/ � f .T; v; c; 0/; n is the number of
macro-molecules per unit volume and .Pv/0 D .nkBT /

�1Pv. Note that�g D �f C
p�v at constant pressure, with, according to (16.3),

�v D @

@p

�
1

4
J v

�
Pv W Pv: (16.7)

For an incompressible fluid @v=@p D 0, J does not depend on pressure, and
therefore�v D 0, and �g D �f .

In a Maxwell model, the viscosity 
 and the relaxation time � are related by

 D nkBT � . Substitution of (16.4) into (16.6) gives

�g D 1

2



2�
 P�2 � nkBT ln

ˇ̌
ˇ̌1C 2�


nkBT
P�2 � 
2

.nkBT /2
P�2

ˇ̌
ˇ̌
�
: (16.8)

For small values of P� one has, up to the second order in P� , �g D 1
2
�
 P�2 D

1
2
J.P v

12/
2 which is equivalent to (16.5). At high values of the shear rate, the first

term in (16.8) is dominant and therefore�g D �
 P�2 D J.P v
12/

2.
The presence of non-equilibrium contributions may drastically change the phase

diagram and the value of the critical point of polymer solutions. At equilibrium, the
Gibbs free energy of mixing is given by the well-known Flory–Huggins formula
(Jou et al. 2001; Rangel-Nafaile et al. 1984),
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.RT/�1.�G/FH D n1 ln.1 � �/C n2 ln � C �N�.1� �/; (16.9)

where G is the free energy per unit volume, � the volume fraction of the polymer,
and n1 and n2 the number of moles per unit volume of the polymer and the solvent,
respectively;N is given byN D n1Cmn2, withm the ratio of the molar volume of
the polymer and the molar volume of the solvent, so that � D n2m.n1 Cmn2/

�1.
The interaction parameter � in (16.9) is assumed to depend on the temperature
according to

� D 1

2
C  

�
‚

T
� 1

�
; (16.10)

with  being a constant and ‚ the so-called theta temperature of the quiescent
solution.

In non-equilibrium situations, expression (16.5b) suggests to add to (16.9)a
corrective term of the form

�Gf D v1NJ.P v
12/

2; (16.11)

with v1 the molar volume of the solvent. Note that, in general, J may depend on �
and it will be determined from experiments.

The chemical potential of the i th component is defined as usually by


i D
�
@G

@ni

�
T;p;Z

D
�
@G

@�

��
@�

@ni

�
T;p;Z

; (16.12)

with Z a non-equilibrium parameter, either the shear rate or the viscous pressure,
depending on the external constraints acting on the system. Note that different
choices of Z lead to different expressions for the chemical potential, so that the
selection of Z is important in formulating a coherent theory (see Problem 16.2).

From (16.9) and (16.11) it is inferred that the changes in the chemical potentials
of the polymer and the solvent due to mixing are

�
1

RT
D ln.1 � �/C

�
1C 1

m

�
� C ��2 C 
1f

RT
; (16.13a)

�
2

RT
D ln� C .1 �m/.1� �/C �m.1 � �/2 C 
2f

RT
: (16.13b)

In (16.13) the subscripts 1 and 2 refer as above to the polymer and the sol-
vent, respectively, and use was made of @�=@n1 D �.�=N / and @�=@n2 D
�.m=N/.1��/, with 
1f and 
2f the non-equilibrium contributions to the change
of the chemical potential due to mixing, i.e. 
if D .@�Gf =@ni /T;p;Z.

The spinodal line in the (T; �)-plane is given by the relation

�
@�
1

@�

�
T;p;Z

D 0; (16.14)
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and the critical point, corresponding to the maximum of the spinodal line, is
specified by the supplementary relation

�
@2�
1

@�2

�
T;p;Z

D 0: (16.15)

Since these expressions are directly borrowed from equilibrium thermodynamics,
their applicability to non-equilibrium situations must be conforted by dynamical
arguments. We leave such discussion to Sect. 16.4.

From (16.13) one obtains for the spinodal line and the critical point

1

RT

�
@�
1

@�

�
D � 1

1 � � C
�
1 � 1

m

�
C 2�� C 1

RT

�
@
1f

@�

�
D 0; (16.16a)

1

RT

�
@2�
1

@�2

�
D � 1

.1 � �/2 C 2�C
1

RT

�
@2
1f

@�2

�
D 0: (16.16b)

The coordinates of the critical point of the quiescent solution are obtained from
(16.15) by setting 
1f D 0; this leads to

�c D
�
1Cm1=2

	�1

; �c D 1
2

�
1Cm�1=2

	2

: (16.17)

When m is very high (high molecular mass), �c tends to zero and �c to 1
2

, i.e. the
critical temperature Tc tends to the theta temperature ‚. The parameters ‚ and  
in the original Flory–Huggins model for a solution of PS in TD are  D 0:50 and
‚ D 294:4K (Criado-Sancho et al. 1995). In addition, starting from the values for
the molar volumes given by V1 D 1:586�103 m3 mol�1 and V2 D 0:486m3 mol�1

when the PS mass is 520 kg mol�1, one finds m D 3 064. With these values of
 , ‚, and m, one obtains from the Flory–Huggins theory, Tc D 284:1K for the
equilibrium critical temperature.

The shear contribution 
1f modifies not only the positions of the critical point,
but also the spinodal and the coexistence lines (Fig. 16.1). To obtain them, explicit
expressions for J as a function of � are needed; these have been established by
Rangel-Nafaile et al. (1984) for polystyrene in dioctylphtalate and by Wolf (1984)
for polystyrene in transdecalin on experimental bases. For polystyrene in dioctylph-
talate, the experimental shifts of the critical temperature with respect to the quiescent
solution are 4K at P v

12 D 100N m�2, 14K at P v
12 D 200N m�2, and 24K at

P v
12 D 400N m�2. In the aforementioned examples, the critical temperature is

enhanced by the shear flow, but this is not a general rule. As shown in the next
section and confirmed by Wolf observations, for low-molecular-weight polymers
there is a decrease in the critical temperature, whereas for high molecular weights
there is an increase.
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Fig. 16.1 Phase diagram of a binary solution of polystyrene in dioctylphtalate for several values of
P v
12 (expressed in N m�2/. The dashed curve is the equilibrium spinodal line (P v

12 D 0/ (reprinted
from Rangel-Nafaile et al. (1984) Macromolecules 17:1187)

16.2 Explicit Solution for the Rouse–Zimm Model

It is well known that the equations of state for real polymer solutions are obtained
experimentally; however, in some occasions the experimental data are scarce and,
frequently, their analytical fit is not an easy task. For these reasons, we shall illustrate
the general considerations of Sect. 16.1 by appealing to the well-known Rouse–
Zimm microscopic model which was already introduced in Sect. 15.4. We also
analyse the influence of the nature of hydrodynamic interactions on the shift of the
critical point, and compare the phase diagram at constant shear viscous pressure and
at constant shear rate to emphasize the role of different constraints (Criado-Sancho
et al. 1995). The price to be paid for making use of this simple model is a restriction
to relatively low values of the shear rate.

Our purpose is to modify the Flory–Huggins equilibrium model (16.9) taking
into account the non-equilibrium correction. To do that, it is necessary to know
how the steady-state compliance J depends on the composition of the mixture. This
dependence is easily obtained by assuming that the polymer behaves as a linear
generalised Maxwell model (see Sect. 15.1), for which

J D CM1

cRT

�
1 � 
s




�2

; (16.18)



16.2 Explicit Solution for the Rouse–Zimm Model 389

where c is the polymer concentration expressed in terms of mass per unit volume,

 the viscosity of the solution, 
s the solvent viscosity,M1 the polymer molar mass
and C a parameter whose value shall be discussed below.

It is important to have in mind that 
 depends on the concentration. The latter
dependence is crucial in the analysis of the shift of the critical point: predictions
based on the hypothesis that J � c�1 yield unsatisfactory results (see Problem
16.4). It is usually assumed that 
.c/ takes the form (Rangel-Nafaile et al. 1984)





s

D 1C Œ
�c C kŒ
�2c2; (16.19)

where k is the so-called Huggins constant and Œ
� stands for the intrinsic viscosity,
defined, as usually, by

Œ
� D lim
c!0


� 
s


s

: (16.20)

For the system TD/PS with a polymer molecular mass of 520 kg mol�1, k D 1:40

(Wolf 1984), Œ
� D 0:043m3 kg�1, and the solvent viscosity 
s D 0:0023 Pa s. With
these values, (16.19) describes fairly well the viscosity in a concentration range for
which the product cŒ
� is less than 1. Since the critical density of the system is found
in this range, this limitation is not too restrictive.

When hydrodynamic interactions are ignored, as in the Rouse model, the param-
eter C in (16.18) takes the value 0:4, whereas accounting for hydrodynamic inter-
actions, as in the Zimm model, the value of C is 0.206. A comparison with
experimental data shows that Zimm’s theory is useful at low concentrations, whereas
at high concentrations, the behaviour of the system is well described by the Rouse
model. There is thus a shift from the Zimm to Rouse model with increasing poly-
mer concentration, which may be described, by assuming that C is a function of the
composition, via a reduced concentration Qc defined by Qc D Œ
�c. Since the functional
dependence C D C. Qc/ is unknown we propose to describe the gradual transition
from the Zimm to the Rouse behaviour by means of

C. Qc/ D 0:206C 0:194˛ Qc
1C ˛ Qc

;

(16.21)

where ˛ is a parameter which measures how steep is the transition.
We may summarize our hypotheses by the following expression for (16.11)

.�G/f

RT
D BC. Qc/ .P

v
12/

2

T 2
NF. Qc/; (16.22)

where B is a constant given by B D V1M1Œ
�=R
2 and F. Qc/ a function of the

reduced concentration defined as

F. Qc/ D Qc
�

1C k Qc
1C Qc C k Qc2

�2

: (16.23)

The results for the shift in the spinodal line are given in Box 16.1.
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Box 16.1 Shear-induced shift of spinodal curve It is interesting to discuss
the consequences of keeping constant either the shear rate P� or the shear
viscous pressure P v

12. These different constraints will lead to different non-
equilibrium phase diagrams. Let .
1/P v

12
be the chemical potential at constant

shear viscous pressure and .
1/ P� the chemical potential at constant shear rate,
defined respectively as

.
1/P v
12
D
 
@�G.s/

@n1

!

P v
12

; .
1/ P� D
 
@�G.s/

@n1

!

P�
: (16.1.1)

At constant P v
12 the explicit expression for the chemical potential is

1

RT
.
1/P v

12
D �2B.P

v
12/

2

T 2
C
P5. Qc/
P6. Qc/ �

B.P v
12/

2

T 2
C 0 QcF. Qc/; (16.1.2)

whereC 0 stands for the derivative of C. Qc/ with respect to Qc, with the auxiliary
functions P5. Qc/ and P6. Qc/ given by

P5. Qc/ D .k � 1/ Qc2 C .k2 � 3k/ Qc3 � 3k2 Qc4 � k3 Qc5; P6. Qc/ D .1C Qc C k Qc2/3:

(16.1.3)
At constant shear rate P� , the explicit expression for the chemical potential is

.
1/ P�
RT

D .
1/P v
12

RT
� 2B


2
s P�2

T 2
C�. Qc/; (16.1.4)

where � is defined as �. Qc/ D Qc.1C Qc C k Qc2/.1C 2k Qc2/F. Qc/. It is easy to
show that the expression for the chemical potential at constant P� is smaller
than the chemical potential at constant P v

12, because the corrective term in
(16.1.4) is positive.

We are now in position to examine the consequences issued from the ther-
modynamic criterion for the limit of stability. From .@
=@ Qc/ D 0, we obtain
the following expression for the spinodal line

@

@ Qc
� 
1

RT

	
D @

@ Qc

 



.0/
1

RT

!
C @

@ Qc
�
.
1/s

RT

�
D 0 .s D P v

12; P�/; (16.1.5)

where the first derivative on the right-hand side is given by

@

@ Qc

 



.0/
1

RT

!
D � �

1 � � Qc C
�
1 � 1

m

�
� C 2��2 Qc; (16.1.6)

with � a constant defined as � D V1=M1Œ
�. For .
1/P v
12

and .
1/ P� the
corrective terms in (16.1.1) are respectively
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@

@ Qc
�
1

RT
.
1/P v

12

�
D� 2B.P

v
12/

2

T 2



C
P6P

0
5 � P5P

0
6

.P6/2
C C 0

�
P5

P6

C F
�
C C 00 QcF

�
;

@

@ Qc
�
1

RT
.
1/ P�

�
D @

@ Qc
�
1

RT
.
1/P v

12

�
(16.1.7)

�2B

2
s P�2

T 2



C
�2.1C Qc C k Qc2/��1.1C 2k Qc/

.1C Qc C k Qc2/2
C C 0�

�
: (16.1.8)

In the latter expressions, P 0
n stands for the derivative of Pn with respect to

Qc, and C 0 and C 00 are the two first derivatives of (16.21) with respect to Qc.
Furthermore, we have introduced the auxiliary functions

�1. Qc/ D Qc2 C 4k Qc3 C 5k2 Qc4 C 2k3 Qc5; (16.1.9a)

�2. Qc/ D 2 Qc C 12k Qc2 C 20k2 Qc3 C 10k3 Qc4: (16.1.9b)

To obtain numerical values, consider a solution of polystyrene of molecular mass
520 kg mol�1 in transdecalin. The corresponding equilibrium and non-equilibrium
spinodal lines are shown in Fig. 16.2, where it is seen that at constant P� the pres-
ence of a shear rate lowers the critical temperature, in agreement with experiments
(Rangel-Nafaile et al. 1984).

When the same system is submitted to a constant P v
12, the conclusion drawn

from (16.1.7–16.1.8) is that the critical temperature is increased, as seen in Fig. 16.3
for different values of the shear viscous pressure. Since the temperature shifts are
important, it is clear that equilibrium thermodynamics is inadequate for describing
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Fig. 16.2 Spinodal curve of a solution of polystyrene in transdecalin at equilibrium (dashed line)
and in a non-equilibrium steady state at constant shear rate P� D 1500 s�1 (continuous line)
(reprinted from Criado-Sancho M et al. (2002) Physica A 309:1)
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Fig. 16.3 Spinodal curve of a Rouse–Zimm binary solution at equilibrium (Flory–Huggins) and
in a non-equilibrium steady state at constant shear viscous pressure P v

12 D 100N m�2. The figure
collects the results corresponding to the Rouse (no hydrodynamic interactions), the Zimm (hydro-
dynamic interactions) and two intermediate models corresponding to the values ˛ D 0:5 and
˛ D 1:5 of the parameter ˛ describing the transition from the Rouse model to the Zimm model
for increasing values of the concentration according to Eq. (16.21). The higher the hydrodynamic
interactions, the lower the shift of the critical temperature (reprinted from Criado-Sancho M et al.
(2002) Physica A 309:1)

polymer solutions in the presence of a shear pressure. However, the above theoreti-
cal predictions about the temperature shifts are still lower than the actual values; the
agreement is nevertheless improved when the effects of shear-enhanced concentra-
tion fluctuations are taken into account in a dynamical approach (Sancho et al. 1994,
1997).

Another interesting result derived from Fig. 16.3 is the effect of hydrodynamic
interactions on the shift of the critical point: when they are neglected, as in the Rouse
model, the shift is maximum, while it is minimum in the Zimm model, where they
are relevant. Our model shows that hydrodynamic interactions are more important
in the shift (increase) of the critical temperature Tc than in the shift (decrease) of
the critical concentration.

These phenomena have practical applications in macromolecular separation, as
the non-equilibrium effective diffusion coefficient strongly depends on the macro-
molecular mass in a more sensitive way than the equilibrium diffusion coefficient.
As a consequence, in the steady state, the radial distribution of macromolecules
depends acutely on the mass: those with higher molecular mass will tend to accu-
mulate near the axis of symmetry.

An analogous situation is found for solutions flowing along a cylindrical duct.
A consequence of the dependence of the chemical potential on the shear rate has a
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strong influence on polymer extraction from a porous matrix; this effect makes the
extraction process less effective when the shear rate in the extracting duct is high,
because of a reduction in the number of microstates accessible to a macromolecule.

16.2 Chemical Reactions Under Flow

It is expected that the application of a shear pressure will modify the properties of a
chemical reaction taking place in the system, and in particular the chemical equilib-
rium constant. After general considerations, we shall examine as an illustration the
interesting problem of the thermodynamic degradation of polymers under flow.

16.2.1 Shear-Induced Effect on the Affinity

The change of chemical potential due to the presence of a shear pressure will be
reflected in the expression of the affinity, and consequently in that of chemical equi-
librium constant. To see that, consider a chemical reaction in a system submitted to
a steady shear flow; the generalised Gibbs equation will take the form

dG D �SdT C V dp C
X

k


kdNk C V �=.2
/Pv W dPv; (16.24)

where G is the global Gibbs function. By equating the cross derivatives

�
@
k

@Pv

�
T;p;Nj

D @

@Nk

�
V �

2


�
T;p;Nj

Pv; (16.25)

and after integration, one obtains for the generalised chemical potential


k.T; p;Nj ;Pv/ D 
k;eq.T; p;Nj /C 1

4

@.V �=
/

@Nk

Pv W Pv; (16.26)

where 
k;eq is the local-equilibrium chemical potential, independent of Pv; it is
usual to write 
k;eq as


k;eq.T; p;Nj / D 
0
k;eq.T; p/CRT ln ak ; (16.27)

with ak being the activity of component k. If we use dNk D �kd�, where �k is
the stoichiometric coefficient of component k and � the rate of advancement of the
reaction, (16.24) reads as

dG D �SdT C V dp �Ad� C V �=.2
/Pv W dPv; (16.28)
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where
A D �.@G=@�/T;p;Pv D �

X
k

�k
k (16.29)

denotes the affinity of the reaction. At chemical equilibrium in the absence of a shear
pressure, it is well known that G is minimum from which it follows that A D 0, at
constant T and p. According to expression (16.28), the same properties hold in the
presence of a shear pressure but now the minimum of G corresponds to fixed values
of T , p and Pv, and is generally shifted compared with the classical case where
Pv D 0. As a consequence, we are still allowed to put A D 0, so that

X
k

�k
k D 0: (16.30)

Substituting in this relation the expression for the chemical potential given by
(16.26) and taking (16.27) into account, one obtains

X
k

�k

"

0

k;eq

RT
C ln ak C 1

4RT
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�
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�
Pv W Pv

#
D 0: (16.31)

Defining the equilibrium constantK by

lnK.T; p/ D � 1

RT

X
k

�k

0
k;eq (16.32)

and a function � describing the effects of the viscous shear by

ln� D � 1

4RT

X
k

�k
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@Nk

�
V �




�
Pv W P; (16.33)

it is found that at chemical equilibrium under a shear flow

K.T; p/ D 1

�

Y
k

a
�k

k
: (16.34)

Note that when Pv D 0, � D 1 and one recovers the classical expression relating
the values of the activities ak in chemical equilibrium to the equilibrium constant.
The above result is important, as it shows that even chemical equilibrium may be
influenced by non-equilibrium constraints.

16.2.2 Illustration: Polymer Degradation Under Flow

As an illustration of the above general considerations, we shall examine the problem
of polymer degradation. The latter is usually solved by chemical kinetics (Nguyen
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and Kausch 1992). The first hypothesis underlying any kinetic mechanism for poly-
mer degradation is to assume that each chain is broken only at one point (i.e.
only two fragments are produced per each broken macromolecule). The second
hypothesis states that each elementary reaction

Pj ! Pi C Pj �i (16.35)

follows a first-order kinetics, i.e.

dni

dt
D kijnj ; (16.36)

where ni and nj stand for the number of macromolecules with i and j degrees of
polymerization, respectively, and kij is the kinetic constant describing the breaking
of a macromolecule with i monomers into a macromolecule with j monomers and
another with i � j monomers.

Besides numerical difficulties, the only (and non trivial) problem is to know the
values of the kinetic constants kij . Three situations are often analysed (Basedow et
al. 1978): (1) the simplest one is to assume that all bonds have the same breaking
probability, so that the value of kij is independent of i and j and the macromolecular
fragmentation is a random process; (2) a slightly more complicated situation occurs
when the kinetic constant depends on the length of the chain which is broken, but
not on the length of the ensuing fragments, i.e. the value of kij depends on i but not
on j ; (3) the most complicated case arises when kij depends on the position of the
breaking point: this situation is usually dealt with by assuming that the value of the
kinetic constant for the breaking of any chain is given by a Gaussian function whose
parameters are obtained by fitting experimental data.

The kinetic mechanism proposed in (16.35) is not the most general, and it may
be considered as a particular case of a degradation-combination scheme of the form

Pj ! Pi C Pj �i (16.37)

In this event, the mass action law (16.36) will contain a new kinetic constant �ij

which corresponds to the recombination of the chains Pi and Pj �i and which is
related to the chemical equilibrium constantKij by Kij D kij=�ij.

In the present approach, the system is viewed as a multicomponent mixture, con-
stituted by the solvent (component 1) and a set of polymeric species Pi (with i
the degree of polymerization), whose chemical potentials for macromolecules with
different lengths will be written as


j D 
j;eq CRT
�
@�Gs

@nj

�
nk ; P�

; (16.38)

where �Gs is the non-equilibrium contribution to the Gibbs function and j refers
to the number of monomeric units in the chain.
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Furthermore, the average character of the polymeric molecular mass in the solu-
tion amounts to admit that M1 appearing in (16.18) is a function of ni . It is
also assumed that in equilibrium the ni are distributed according to some well-
known equilibrium distribution functions of the number of particles, as for instance
the so-called most probable distribution (Criado-Sancho et al. 1995; Basedow et
al. 1978).

Applying the result (16.26) to reaction (16.35) and considering for simplicity an
ideal mixture, one may write

Nj

NiNj �1

D N
.0/
j

N
.0/
i N

.0/
j �1

�.i; j /�1; (16.39)

whereNk is the number of chains with k units while the superscript (0) refers to val-
ues with P� D 0. The function � that takes into account the non-equilibrium effects
is obtained from (16.33) and it is given explicitly in (Sancho et al. 1994, 1997) for a
solution of polystyrene in transdecalin.

The results are summarized in Fig. 16.4, where the differential mass fraction
W.i/ (the polymeric mass with a degree of polymerization between i and i C di ,
considering i as a continuous variable) is plotted as a function of i for a solution of
polystyrene of mean molecular mass 1170 kg mol�1 in transdecalin. To describe the
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Fig. 16.4 Differential mass fraction of polystyrene in a polystyrene–transdecalin solution for an
equilibrium mean molecular weight of 1; 170Kg mol�1 under several shear rates. The dashed line
corresponds to a quiescent situation. It has been assumed that the form of the curve is given by the
so-called most-probable distribution (reprinted from Sancho et al. M et al. (1994) J Non Equilib
Thermodyn 19:1)
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form of W.i/ at equilibrium we have used the so-called most-probable distribution
W.i/ D ˛2i.1 � ˛/i�1, where ˛ is a parameter describing the width of the dis-
tribution. The parameters of the equilibrium distributions without shear rate and
with shear rate are related by the expression ˛.1 � ˛/�1 D ˛.0/Œ1 � ˛.0/��1�.
Figure 16.4 exhibits a tendency towards an enhancement of the number of smaller
particles, in such a way that the mean molecular mass diminishes by 5% for a shear
rate P� D 104 s�1 A detailed analysis shows a slight dependence of the results with
the form used to describe the distribution function and with the ratio between the
weight average and the number average (Basedow et al. 1978).

16.4 Dynamical Approach

Our purpose in this section is to justify from dynamical bases the use of the ther-
modynamic stability criterion (16.14) in non-equilibrium situations (Casas-Vazquez
et al. 1993). Let us start from the general results of Sect. 13.4 about the coupling
between viscous pressure and diffusion. According to (13.35–13.37), the diffusion
flux and the viscous pressure in a steady state are related by

J 1 D �D0r Q
CD0Tr � .ˇPv/; (16.40)

Pv D �2
.rv/s C 2
Tˇ.rJ 1/
s ; (16.41)

with Q
 D 
1 � 
2 being the difference between the specific chemical potentials of
the solute and the solvent. The coefficientD0 is related to the diffusivityD through
D D D0.@ Q
eq=@n1/T;p, where n1 is the concentration of the solute.

When diffusion effects are negligible compared with those of Pv (for instance,
when the system is subjected to a relatively high shear pressure and the diffusion
flux is very weak), one has (see (16.26))

Q
.n1; P
v/ D Q
eq.n1/C 1

4
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@n1

�
�v




��
T;p

Pv W Pv: (16.42)

Our purpose is to determine under which conditions the classical thermodynamic
stability criterion .@ Q
=@n1/ � 0 used in (16.14) to obtain the spinodal curve in the
presence of a shear, is supported by a dynamical theory.

First of all, in the absence of coupling effects, i.e. when ˇ D 0, (16.40) reduces
to

J 1 D �D0.n1; P�/r Q
.n1; P�/: (16.43)

Note that both Q
 and D0 may depend not only on n1 but also on P� . For a
homogeneous shear rate, i.e. an uniform value of P� , (16.43) can be written as

J 1 D �D0.n1; P�/.@ Q
=@n1/T; P�rn1: (16.44)



398 16 Thermodynamics of Polymer Solutions Under Shear Flow

Expression (16.53) allows one to identify an effective diffusion coefficientDeff by

Deff D D0.n1; P�/.@ Q
=@n1/T; P� : (16.45)

According to the positiveness of entropy production, D0.n1; P�/ is always positive.
WhenDeff becomes negative the inhomogeneities are amplified so that the homoge-
neous state becomes unstable. Thus, for .@ Q
=@n1/T; P� > 0, one hasDeff > 0, and the
states are stable whereas when .@ Q
=@n1/T; P� is negative,Deff is also negative and the
homogeneous states are unstable. As a consequence, it can be said that the criterion
.@ Q
=@n1/T; P� D 0 yields the border between stable and unstable states, both from
the thermodynamical and the dynamical points of view. Of course, the dynamical
approach may predict the details of phase separation (droplets, percolating struc-
tures, etc.) and the rate of separation, in contrast with the purely thermodynamic
analysis. An illustration of the above considerations for a sheared suspension flow
was treated by Nozieres and Quemada (1986).

When the coefficient ˇ is different from zero, the diffusion flux is coupled
with the viscous pressure tensor. Take a steady state and a plane shear flow with
velocity distribution of the form vx.y/; then (16.40) for the component Jy of the
diffusion flux normal to the velocity, which is responsible for the appearance of
inhomogeneities in the fluid, can be written as

Jy D �D0.n1; P�/ @
@y

� Q
.n1; P�/ � TˇP v
yy

�
; (16.46)

provided that the quantities appearing in (16.40) do not change along the direction
of the flow.

As in (13.45), one may identify a generalised chemical potential Q
00 as

Q
00.n1; P�/ D Q
.n1; P�/ � TˇP v
yy D Q
.n1; P�/C NvP v

yy : (16.47)

Then, (16.46) can simply be expressed as

Jy D �D0.n1; P�/ @
@y

00.n1; P�/: (16.48)

In this case, the dynamical stability condition of a positive effective diffusion
coefficient is

@ Q
00

@n1

> 0; (16.49)

instead of .@ Q
=@n1/T; P� > 0. Condition (16.49) is equivalent to that obtained by
Onuki (1989, 1990) from a full hydrodynamic analysis. This means that when the
normal viscous pressure P v

yy is zero (as, for instance, in Maxwell upper-convected
models, where the normal pressure along the x direction is different from zero but
the normal pressure along the y and z directions are zero), the chemical potential
Q
00.n1; P�/ coincides with Q
.n1; P�/. Since this condition is satisfied in the analysis
presented in Sect. 16.2, the results presented there are valid.
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In general terms, it is clear that more experimental and theoretical work is
needed. The spinodal curves should be examined for a larger variety of flows
and materials. The composition of the individual phases should also be measured
carefully. Spectrographic techniques rather than simple visual observation of the
turbidity should be used in order to improve the accurateness of the data. An open
problem is to formulate some general criteria to predict, for a particular material,
whether shear-induced solubility or shear-induced phase separation will occur.

16.5 Shear-Induced Migration of Polymers

The coupling between shear effects and diffusion is nowadays one of the most active
topics in rheology. In particular, shear-induced migration of polymers deserves a
great attention, both for its practical aspects (chromatography, separation techni-
ques, flow through porous media) and its theoretical implications in non-equilibrium
thermodynamics and transport theory (Larson 1992; Prakash and Mashelkar 1991,
1992). The subject is especially attractive, as it concerns the coupling of vectorial
fluxes and tensorial forces, which lies outside the range of applicability of classi-
cal irreversible thermodynamics, and because it puts forward a testing ground for
non-equilibrium equations of state. The basic frame of this section is provided by
Eqs. (16.40–16.41).

Recently, MacDonald and Muller (1996), to whom we refer for a wide bibliogra-
phy on this topic, have studied the evolution of the concentration profile of a polymer
under the effect of a shear pressure in a cone-and-plate configuration. Their conclu-
sions are extremely challenging, as they observe a discrepancy of two to three orders
of magnitude between theoretical predictions and experimental observations.

The constitutive equation for the diffusion flux J proposed by MacDonald and
Muller is

J D �Drn � D

RT
r � Pv; (16.50)

where n is the polymer concentration (in moles per unit volume), D the diffusion
coefficient and R the ideal gas constant. This constitutive equation has been exam-
ined from different macroscopic and microscopic points of view (Mavrantzas 1992;
Beris 1994; Ottinger 1992, 2005).

MacDonald and Muller have applied Eq. (16.50) in the particular case of a
cone-and-plate configuration, where the only non-zero components of the viscous
pressure tensor are given by

P v
�� D �2RTn.� P�/2; P v

�� D �RT n.� P�/; (16.51)

where we have considered that 
 D nRT � , and the subscripts � and � refer to the
axial and azymuthal directions respectively, and � is the polymer relaxation time.
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By combining (16.50) and (16.59) with the mass balance equation

dn

dt
D @n

@t
C v � rn D �r � J ; (16.52)

and since the convection term vanishes identically in this geometry, one has

@n

@t
D D

r2

@

@r

�
r2 @n

@r
C ˇMMrn

�
; (16.53)

with the parameter ˇMM D 2.� P�/2. To obtain (16.51) it has been assumed that
the steady viscometric flow has only one non-zero component of the velocity (the
� component) which depends on the r and � coordinates, that the shear-induced
flux in the � direction is negligible when the angle between the cone and the plate
is small (as occurred in the experiments), and that the contribution of convection
of molecules by migration to the viscous pressure is negligible. The term in ˇMM,
arising from the second term in the right-hand side of (16.53), induces a flux of
solute towards the apex of the cone (designated by arrows 1 in Fig. 16.5) and it is
usually believed to be responsible for induced migration.

But, according to MacDonald and Muller, this contribution cannot explain by
itself the actual rate of migration. Indeed, they have calculated a short-time solu-
tion of (16.62) for n.r; t/ and have compared it with their experimental results
for polystyrene macromolecules of different molecular weights 2 � 103 and 4 �
103 kg mol�1 (denoted by 2M and 4M respectively) in a solvent of oligomeric
polystyrene molecules of 0:5 kg mol�1, in a cone-and-plate configuration sheared

Circular plate

Cone

Fluid

¯

(1)
(2)
(3)

Fig. 16.5 The flows of matter are indicated in the cone-and-plate configuration. Arrows (1) shows
the shear-induced flow described by the second term in the right-hand side of Eqs. (16.50) and
(16.54); arrows (2) and (3) indicate the diffusion flux corresponding to the first term in the right-
hand side of Eq. (16.54). When the effective diffusion coefficient (16.58) is positive, the diffusion
flux (2) is opposite to the shear-induced flow (1), whereas when it is negative, the diffusion flux (3)
enhances the shear-induced effects
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at P� D 2 s�1. The initial homogeneous concentration of the molecules of each solu-
tion was 0.20% and 0.12% in weight for the 2M and 4M solutions, respectively.
Taking an average value of � obtained from steady-state data for the shear viscosity,
they found for the 2M and 4M solutions the theoretical values ˇ2MM D 240 and
ˇ4MM D 1; 500 respectively.

However, when MacDonald and Müller compare the result obtained from (16.53)
with the experimental concentration profiles, they notice a dramatic difference with
a migration motion much faster than that predicted by Eq. (16.53). They tried to fit
the data by allowing either ˇMM or D to be adjustable parameters: to comply with
the data it is necessary to take ˇ2MM D 200; 000 and ˇ4MM D 1; 100; 000 instead
of the values mentioned previously.

It is interesting to stress that (16.40), instead, alleviates this severe discrepancy.
We write it as

J D �D0r
 � D

RT
r � Pv; (16.54)

where D0 D .@
eq=@n/D. The essential point is that in the presence of a non-
vanishing Pv, 
 is not only a function of n but may contain contributions of Pv.
This gives rise to a new coupling neglected up to now, between viscous effects and
diffusion, besides the term in r � Pv.

To be explicit, 
 may be expressed as


 D 
eq C 1

V
.1 � V 0n/

�
@G

@n

�
T;p;Pv

; (16.55)

where V 0 D @V=@N is the partial molar volume of the solute and N D nV .
The terms within parentheses in (16.55) take into account that a variation of N
at constant p produces a change in the total volume V .

According to (16.11) and (16.55), the chemical potential of the solute is


 D 
eq C 1

4V
.1� V 0n/

@

@n
.JV /Pv W Pv: (16.56)

The use of the generalised chemical potential suggests to introduce an effective
diffusion coefficient asDeff D D0.@
=@n/ or, by writingD0 in terms of the classical
diffusion coefficientD,

Deff D D

.@
eq=@n/

�
@


@n

�
: (16.57)

Introduction of (16.56) into (16.57), leads to

Deff D D
�
1C 1

.@
eq=@n/

@

@n



.1 � V 0n/
4V

@

@n
.JV /Pv W Pv

��
: (16.58)
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If the contribution of the term in Pv W Pv is negative and in absolute value larger
than one, so that Deff < 0, it induces a flow of solute towards higher solute
concentrations, i.e. in opposite direction of the usual Fickian diffusion. Such an
effect coupled to the contribution of the term containing r � Pv in (16.54) will dras-
tically fasten the migration process of the solute towards the center, as shown in
Fig. 16.5.

To see whether the non-equilibrium contribution to Deff is negative requires a
detailed knowledge of 
eq, V 0 and J with respect to the concentration. We consider
polystyrene in transdecalin, whose non-equilibrium chemical potential under flow
has been studied in detail (Jou et al. 2001; Criado-Sancho et al. 1991, 1993, 1995;
Lebon et al. 1993). In Fig. 16.6 is represented .@
=@n/ as a function of n for a
given Pv. To obtain this figure we have used for the equilibrium chemical potential
the Flory–Huggins model and to evaluate the non-equilibrium contribution we have
taken for J the formula (16.18). The explicit expression for the non-equilibrium
contribution to the chemical potential of the solute is given by (16.25).

It is seen in Fig. 16.6 that for sufficiently low values of the concentration,
.@
=@ Qc/, and thereforeDeff, is positive, whereas for higher concentrations .@
=@ Qc/
and consequently Deff is negative; this transition is observed for Qc 
 0:5 Qc. This
value corresponds to a mass percentage of 1.3%.

An estimation of the order of magnitude of Deff=D D .@
=@n/=.@
eq=@n/ for
the situations described in Fig. 16.6, i.e. for � P� 
 12 and � P� 
 25 (corresponding
to the experiments by MacDonald and Muller), yields values of order 103 and 104
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Fig. 16.6 The variation of .@
=@Qc/ – which is proportional to the polymer effective diffusivity –
in terms of the reduced concentration Qc is presented for different values of � P� , for polystyrene in
transdecalin solution. The dashed line corresponds to the equilibrium Flory–Huggins contribution.
For Qc higher than a critical value approximately equal to 0.5, and for high values of � P� the effective
diffusivity becomes negative (reprinted from del Castillo LF et al. (2000) Polymer 41:2633)
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respectively, which are consistent with the experimental observations (Del Castillo
et al. 2000). These results confirm that the corrections introduced in our analysis are
all but negligible.

These phenomena have practical applications in macromolecular separation, as
the non-equilibrium effective diffusion coefficient strongly depends on the macro-
molecular mass, in a more sensitive way than equilibrium diffusion coefficient. As a
consequence, in the steady state, the radial distribution of macromolecules depends
acutely on the mass: those with higher molecular mass will tend to accumulate near
the axis of symmetry. An analogous situation is found for solutions flowing along a
cylindrical duct. The dependence of the chemical potential on the shear rate has a
strong influence on polymer extraction from a porous matrix; this effect makes the
extraction process less effective when the shear rate in the extracting duct is high,
because of a reduction in the number of microstates accessible to a macromolecule.

To conclude, let us emphasize that for a given concentration (higher than a crit-
ical value), the effective diffusion coefficient is reduced when the shear viscous
pressure increases, and may become negative. In this regime, the non-equilibrium
contribution to the chemical potential considerably enhances the polymer migration,
and makes it much faster. In contrast, at low shear rates, the only thermodynamic
force leading to migration is the second term on the right-hand side of (16.63), and
migration is very slow. While many authors generalise the transport equations far
from equilibrium, most of them do not modify the equations of state. The example in
this section is highly representative of the shortcomings of this procedure, as it indi-
cates clearly and explicitly that including the fluxes in the equations of state is not
merely an academic exercise for systems out of equilibrium, but their contribution
may be decisive to account for the experimental observations.

16.6 Problems

16.1.(a) Show that, according to Problem 15.5, one may write

Tr Pv D �2J.P v
12/

2;

with J D �=
 the steady-state shear compliance. (b) Starting from the
microscopic expression for the non-equilibrium contribution to the Gibbs
free energy

�G D �1
2
NkBT

�
Tr .Pv/0 C ln j det.U � .Pv/0/j� ;

where N is the total number of macromolecules in the volume V and the
.Pv/0 given by .Pv

i /
0 D .nkBT /

�1Pv
i show that for high values of the shear

rate, when the second term may be neglected in this expression for �G,
one has G D Geq C 1

2
V Tr Pv.
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16.2. Starting from the definition of chemical potential,


i D
�
@g

@ni

�
T;p;nj

;

with ni the number of moles of the species i and the non-equilibrium Gibbs
free energy derived in (16.5b)

g.T; p; ci ; P
v
12/ D geq.T; p; ci /C 1

2
J v.P v

12/
2

show that the expressions for the chemical potentials at constant viscous pres-
sure Pv and at constant shear rate P� for a polymeric solution satisfying the
Zimm scaling relations � / M 3=2, 
 / cM 1=2, and J / c�1M are 
Pv D

eq � 1

2
.J=c/.P v

12/
2 and 
 P� D 
eq C 1

2
.�
=c/ P�2 D 
eq C 1

2
.J=c/.P v

12/
2

respectively.
16.3. A polymer solution has an equilibrium critical temperature of Tc D 285K.

Under a shear pressure P v
xy , the critical temperature is shifted according to

the law Tc D 5 � 10�2.K m2 N�1/.P v
xy/

2, while the critical composition
remains practically unchanged. A solution of critical composition is kept at
300K and has a viscosity of 102 N s m�2. What is the maximum rate flow
of the solution through a cylindrical tube of radius 10�2 m without splitting
into two phases of different composition?

16.4. Show that if instead of the expression (16.18) for the steady-state com-
pliance J one uses the simple scaling-law relation J D CM1=.cRT /,
Eqs. (16.14–16.5) yield a negative value for the shear-induced shift of the
critical temperature. Thus, it is seen how the detailed form of the equation of
state for J is important in the predictions of shear-induced thermodynamic
effects.

16.5. A chemical reaction ACB! C takes place in a viscous solvent subjected to
a shear flow, at constant shear rate P� . Evaluate the influence of the shear rate
on the equilibrium constant. (Hint: Express the influence of the shear flow on
the chemical potential of each species from the result

G.T; p; ni ; P�/ D Geq.T; p; ni /C
X

i

V �i
i P�2:

Take 
i D 

�
1C 5

2

�
4
3
�r3

i ni

��
and �i D mi .6�
r/

�1, where 
 is the vis-
cosity of the pure solvent and ri the radius of molecules of species i , and ni

the number of molecules per unit volume. Make numerical estimations for
globular macromolecules A, B, and C with a radius of the order of 10�6 m in
water at P� D 10 s�1.

16.6. A dynamical interpretation of the effects of a shear flow on the equilibrium
chemical composition in ideal gases may be obtained from the kinetic theory.
Assume a reaction ACA! BCC for a dilute gas. The rate of the chemical
reaction may be expressed in microscopic terms as
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J D �
ZZZ

f .r ; c; t/f .r ; Qc; t/jc � Qcj�r .c � Qc/dcd Qcd�;

where all the symbols have the same meaning as in Sect. 5.1, and where
�r.c � Qc/ is the cross section for reactive collisions. Assume that �r .c �
Qc/ D 0 for " < "� and �r .c � Qc/ D � Œ1 � ."="�/� for " > "�, where
" D 1

4
m.c � Qc/2 is the kinetic energy of the collision in the centre of mass

reference frame and "� is an activation energy. Show that in the presence of
a viscous pressure Pv, and if one uses expression (5.36) (with q D 0/ for the
distribution function f , then the reaction rate is given by

J D �4n2�2

r
�kBT

m
exp



� "�

kBT

�

(
1 � 2

15.kBT n/2

"�
"�

kBT

�2

� "�

kBT
� 1
4

#
Pv W Pv

)
:

This shows how Pv changes the reaction rate. If the change on the rate of
the direct and the inverse reactions is different, the equilibrium constant of
the reaction will be also changed (see Cukrowski AS, Popielawski J (1986)
Chem Phys 109:215 and Eu BC, Li KW (1977) Physica 88A:135).

16.7. By using an approach analogous to that followed in (5.84–5.86), show that
in a plane Couette flow with vanishing heat flux and P v

12 D �
 P� , the second
moments of the fluctuations of the viscous pressure tensor and the correlation
of the energy fluctuations with the fluctuations of the viscous pressure are
given by

hıP v
12ıP

v
12i D

kB
T

�2V

�
1C 20

3
�2 P�2

�
;

hıuıP v
12i D �2

kBT

M

�
1C 20

3
� P�
�
:

For a more general analysis of non-equilibrium fluctuations of the shear
stress in viscoelastic liquids see Dyre JC (1993) Phys Rev E 48:400; and for
a molecular dynamics analysis of the effects of a shear flow on fluctuations
see Baranyiai, Cummings (1995).

16.8. Shear-induced chromatography: A practical application of shear-induced
diffusion is shear-induced chromatography. i.e. the separation of macro-
molecules of different molecular mass under the action of a flow on a
polymer solution. Taking into account the explicit dependence of J on the
molecular mass M given in (16.18), discuss which macromolecules will
exhibit a higher accumulation near the apex of the cone in the cone-and-plate
experiment discussed in Sect. 16.5. (For a more detailed analysis includ-
ing the dependence of the viscosity on the macromolecular mass, see Jou,
Criado-Sancho, del Castillo, Casas-Vazquez (2001)).
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16. 9. In the entangled regime, the steady-state compliance of a polymer solution is
given by

J D 2Me

ckBT

�
1 � 
s




�2

:

The main differences with the dilute regime discussed in (16.18) are the
following ones: Me is the mass of the average length of polymer between
successive entanglements and, consequently, it decreases when the concen-
tration increases, asMe Š c�2; the viscosity 
s of the solute is negligible as
compared to the total viscosity 
 of the solution, in such a way that the paren-
thesis may be equated to 1. (a) Estimate the form of the non-equilibrium
chemical potential. (b) Show that a shear flow under a constant pressure
increases the stability of the solution, in contrast with the behaviour observed
in the dilute regime.



Chapter 17
Relativistic Formulation

The standard first-order relativistic thermodynamic theories developed by
Eckart (1940) and Landau and Lifshitz (1985) suffer from two main drawbacks:
firstly, they predict an infinite speed for the propagation of thermal and viscous
signals. This fact may be uncomfortable in classical thermodynamics, because of
its inconsistency with the principle of causality and some experimental data, but it
is certainly intolerable in any relativistic theory. Secondly, the transport equations
of the first-order theory lead to some undesirable generic instabilities: as a matter
of fact, small-amplitude disturbances from equilibrium diverge exponentially with
time on very short time scales (Hiscock and Lindblom 1985).

These shortcomings are avoided when use is made of the relativistic version of
extended irreversible thermodynamics (EIT). It can be shown that within a given
range of values of the parameters, the equilibrium is stable and the characteristic
speeds are lower than the speed of light in vacuo. This has prompted an intensive
activity on relativistic EIT (e.g. Israel 1976; Pavón et al. 1982; Liu et al. 1986).
In Chap. 2 we recalled that the finite value of propagation of thermal and viscous
signals was one of the first motivations for EIT. In fact, the present chapter deals with
a basic general aspect of the theory, and could have been included in the introductory
chapters. However, we have deferred the relativistic presentation to the last chapters
for pedagogical purposes and in order to provide a joint exposition of macroscopic
aspects and kinetic foundations.

The motivations for a relativistic formulation are not purely conceptual: appli-
cations are found in several outstanding fields as nuclear physics, astrophysics and
cosmology. In Chap. 18 we pay a special attention to viscous cosmological mod-
els, where bulk viscosity provides a source of dissipation which may have relevant
effects on the dynamics of the Universe. In Sect. 17.4 we briefly comment some
aspects of the extended Gibbs relation for nuclear matter and of the relaxational
transport equations, which may be of interest in the hydrodynamic analysis of high-
energy collisions of atomic nuclei to explore the formation of quark-gluon plasmas.
In astrophysics, the role of thermal conductivity and viscosity of a gas of neutrinos
is essential in phenomena like stellar collapse.

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 17, c� Springer Science+Business Media LLC 2010
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17.1 The Macroscopic Theory

In this section, we briefly summarize the main characteristics of the relativistic for-
mulation of EIT. In contrast with classical relativistic irreversible thermodynamics
(Eckart 1940; Landau and Lifshitz 1985), one assumes that the dissipative fluxes are
independent variables. The general formulation parallels that of the classical non-
relativistic theory. In the theory of relativity, the basic variables are the four-current
vector J� and the second-order symmetric energy–momentum tensor T �� . For a
local observer at rest with respect to the average motion of the particles, J� and
T �� are related to the four-velocity vector u�, the heat flux vector q�, the specific
internal energy ", and the pressure tensor P�� by

J� D �u�; (17.1a)

T �� D �"u�u� C 2c�1q.�u�/ C P�� : (17.1b)

Greek superscripts or subscripts run from 1 to 4, c is the velocity of light in vacuo, �
the mass density, and u� a dimensionless hydrodynamic velocity satisfying u�u� D
�1; in the reference frame attached to a comoving observer, u� reduces to the usual
velocity. Parentheses around a set of indices denote symmetrization. Both q� and
P�� are of spatial type,

q� D ��
� q

� and P�� D ��
��

�
�P

�� ;

i.e. they obey q�u� D u�P
�� D P��u� D 0, where ��� is the symmetric spatial

projector ��� D g�� C u�u� , and g�� the metric tensor of the space-time. The
pressure tensor splits into

P�� D p��� C…��� C…��;

with p and … being the equilibrium pressure and the bulk viscous pressure respec-
tively, and…�� the traceless viscous pressure tensor. We prefer this notation, instead

of pv and
0

Pv used throughout the book, because it is much more usual in the rel-
ativistic literature; therefore, the researchers interested by these chapters will feel
more at ease with this notation without being a difficulty for the reader who has
read the previous chapters.

The decomposition (17.1b) is not unique. A different splitting can be devised by
an observer drifting slowly in the direction of the heat flux, with velocity adjusted in
such a way that the mass–energy counterflow of particles relative to his frame can-
cels exactly the heat flux (Israel 1976, 1981). It turns out that in the frame attached
to such an observer, the heat flux vanishes (see Landau and Lifshitz 1985). Here, we
choose to follow the scheme consistent with (17.1), first proposed by Eckart. The
two descriptions are nearly equivalent, although their decomposition of the invariant
fields J� and T �� is different.
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The conservation equations read

J�I� D 0 (17.2)

(or equivalently � Pv D u�I�/ and

T � �I� D 0; (17.3)

where the semicolon stands for the covariant derivative. The temporal and the spa-
tial parts of (17.3) correspond to the energy and the momentum conservation laws
respectively. They can be explicitly written as

�.P"C pPv/ D �1
c

�
q�I� C q� Pu�

�� .…��� C…��/ u.�I�/ (17.4)

and

�"Pu� C 1

c

�
Pq� � u�q� Pu� C q�u�I� C u�I�q�

	
C��

�P
��I� D 0; (17.5)

where the upper dot denotes differentiation along the four-velocity, i.e. PA� D
u�A�I�.

To determine the evolution equations of the fluxes, we postulate, in the spirit of
EIT, the existence of a non-equilibrium entropy flux vector S� depending on the
whole set of variables. Up to the second order in the fluxes, one has

S� D
�
seq � v˛1T

�1q�q� � v˛0T
�1…2 � v˛2T

�1…��…��

	
u�

C 1

cT
q� C ˇ0…q

� C ˇ2…
��q�; (17.6)

The standard form of the entropy balance equation reads

S�I� D �s � 0: (17.7)

The four-divergence of S� may be calculated from (17.6) by taking into account
that

Pseq D T �1 P"C T �1pPv (17.8)

and by making use of (17.4). Then, by neglecting second-order contributions to the
equations of state, one can write the entropy production in the bilinear form

�s D T �1
�
q�X1

� C…X0 C…��X2
��

�
; (17.9)
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with

X1
� D ��

�

h
�.cT /�1.T;�CT Pu;� /� 2˛1 Pq� C Tˇ0…I� C Tˇ2…

�
�I�
i
;

X0 D �u�I� � 2˛0
P…C Tˇ0q

�I�;

and
X2

�� D ��
.��

�
�/

�
u .�I�/ � 2˛2

P…�� C Tˇ2q .�I�/

�
:

Here, the semicolon means partial derivative, and the quantities ˇ0 and ˇ2 are
assumed to be constant; this is consistent with the approximation of neglecting
non-linear terms, made in the non-relativistic description.

In analogy with the treatment of Chap. 2, we may take X1
�, X0, and X2

��

proportional to q�, …, and …�� , respectively, with positive proportionality coef-
ficients to ensure the positive semi-definite character of the entropy production. As
a consequence, the evolution equations of the fluxes read

�1 Pq� D �q���T��
�

h
.cT/�1T;� CT Pu� C Tˇ0…;� CTˇ2…

�
�I�
i
; (17.10)

�0
P… D �… � �u�I� � Tˇ0�q

�I�; (17.11)

�2
P…�� D h�…�� � 2
.u�I� C Tˇ2q�I�/i; (17.12)

where the angular brackets h� � � i mean the symmetric, trace-free spatial part of the
corresponding tensor. Also the left-hand side of (17.10) and (17.12) have to be
understood as the projected part of the corresponding quantities. These equations
generalise the non-relativistic ones (2.70–2.72). Note that in the classical limit the
relativistic equation for the heat flux does not reduce exactly to the classical Fourier
law, but contains a supplementary term which depends on the acceleration Pu�, as
first noted by Eckart (1940). Its physical meaning is connected with the inertia of
heat; effectively, a heat flux will set in through accelerated matter even in the absence
of temperature gradients (Pavón et al. 1980).

In Table 17.1 are reported the values of the coefficients appearing in (17.10–
17.12) as a function of the relaxation times �1; �0, and �2. Two systems are consid-
ered: an ideal monatomic gas in the ultrarelativistic limit (ˇ D mc2=.kBT / � 1)
and a radiative fluid consisting of a mixture of photons and electrons, the above
results are drawn from the kinetic theory. The quantities � and �m are given by

Table 17.1 Coefficients of (17.10–17.12) for an ultrarelativistic ideal gas and for a mixture of
photons and electrons (ˇ stands for mc2=.kBT / and a is the radiation constant)

Fluid � � 
 ˇ0 ˇ2

Relativistic
ideal gas

8
5

p

�T
�1

1
108

pˇ4

�
�0

4
3

p

�
�2

6
pTˇ2 � 1

4pT

Photons and
electrons

4
3
aT3c2�1 4aT4�2�0

4
15

aT4�2 4aT5
�
�
�m

	2 � 3
4aT5
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� D 1
3
� .@p=@T /n.@�=@T /�1

n and �m D 1
3
� .@pm=@T /n.@�m=@T /

�1
n , where p

and � are the pressure and density of the total fluid and pm and �m the pressure and
density of the matter. The values of the relaxation times depend of the kind of the-
ory used to describe the interaction between matter and radiation. For pure Thomson
scattering (i.e. scattering of electromagnetic radiation by free charged particles in the
classical non-relativistic theory), the values of the relaxation times are �1 D 9

10
�2

and �0 D1.

17.2 Characteristic Speeds

A relevant calculation is that of the characteristic speeds associated with (17.10–
17.12), to ascertain whether their values remain finite (Hiscock and Lindblom 1983).
To this end, we use the linear equations (17.10–17.12). These nine equations,
together with the 5 conservation laws (17.2–17.3), provide a set of 14 equations
for the 14 unknowns �; "; u�; …, q�, and …�� .

The complete set of first-order and quasi-linear equations can be expressed in the
simplified form

aAB�.˛; ˇ; u�/@�yB D DA.y/; .A;B D 1; : : : ; 14/: (17.13)

The right-hand side contains all the collision terms, and the coefficients aAB� are
purely thermodynamical functions. The wavefront speeds are determined by the
condition

det
�
aAB�.@��/

� D 0; (17.14)

where �.x�/ D constant is a characteristic surface of (17.13), that is, a
3-dimensional space across which the variables yA are continuous but their first
derivatives are allowed to exhibit discontinuities Œ@�yA� normal to the surface, i.e.
Œ@�yA� D YA.@��/. The characteristic velocities are independent of the details of
the collisions.

To solve the characteristic equation (17.14) consider a coordinate system (x1, x2,
x3, x4) chosen in such a way that at any point in the fluid the system of reference is
orthogonal and comoving, with the property

g��@�@� D �.@1/
2 C .@2/

2 C .@3/
2 C .@4/

2; u�@� D @1; (17.15)

and assume that � is a function of only (x1, x2). In this coordinate system, the
characteristic equation simplifies to

det
�
v0aAB1 � aAB2

� D 0; (17.16)

where v0 is the characteristic velocity defined by v0 D �.@1�/=.@2�). The form of
the characteristic matrix simplifies further if use is made of the following set of 14
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perturbation variables: yB D .T ı�; T �1ıT; ı…; ıu2; ıq2; ı…22; ıu3; ıq3; ı…32;

ıu4, ıq4; ı…33, �ı…44; ı…42; ı…34/, where � D .�T �1/." C p/ � s. With this
choice of variables, and after some lengthy calculations, the characteristic matrix
may be written as (Hiscock and Lindblom 1983)

v0a1 � a2 D

0
BB@

Q 0 0 0

0 R 0 0

0 0 R 0

0 0 0 S

1
CCA : (17.17)

The blocks Q, R and S are respectively given by

Q D

0
BBBBBBBBBBB@

v0

T

�
@�
@�

	
T

v0

T

�
@�
@T

	
�

0 �� 0 0

v0

T

�
@"
@�

	
T

v0

T

�
@"
@T

	
�

0 �."C p/ �1 0

0 0 �˛0v0 �1 �ˇ0 0

�� �."C p/ �1 �."C p/v0 �v0 �1
0 �1 �ˇ0 �v0 �˛0v0 �ˇ2

0 0 0 �1 �ˇ2
3
2
˛2v0

1
CCCCCCCCCCCA

; (17.18a)

R D
0
@ v0."C p/ v0 �1

v0 ˛1v0 ˇ2

�1 ˇ2 2˛2v0

1
A ; (17.18b)

S D
�
2˛2v0 0

0 ˛2v0
�
: (17.18c)

The total determinant now reduces to

det
�
v0a1 � a2

� D .det Q/.det R/2.det S/: (17.19)

The roots of the characteristic equation (17.14) are the ensemble of roots obtained
after setting to zero the determinant of each of the matrix blocks. The main results
may be summarized as follows.

1. The determinant of R is given by

det R D v0 ˚2˛2 Œ."C p/˛1 � 1� v02 � �."C p/ˇ2
2 C 2ˇ2 C ˛1

��
: (17.20)

This yields a vanishing and two non-vanishing characteristic velocities

.v0
t /

2 D ."C p/ˇ2
2 C 2ˇ2 C ˛1

2˛2 Œ˛1."C p/ � 1� : (17.21)
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These are transverse velocities because they refer to (ıq3, ı…32, ıu3) and (ıq4,
ı…42, ıu4), the components of the perturbation variables which are tangent to the
characteristic surface, and therefore transverse to the direction of propagation.

2. The determinant of matrix Q, related to the variables (T ı� , T �1ıT , ı…, ıu2,
ıq2, ı…22), is

detQ D 3

2
v02 �Av04 CBv02 C C �


�
@�

@�

�
T

�
@"

@T

�
�

�
�
@�

@T

�
�

�
@"

@�

�
T

�
;

(17.22)

with

A D ˛0˛2 Œ˛1."C p/ � 1� ; B D �."C p/D � ˛1E � 2F;
C D .DE � F 2/.˛0˛2/

�1;

D D ˛0˛2



ˇ2

0

˛0

C 2ˇ2
2

3˛2

C 1

�T 2

�
@T

@s

�
n

�
;

E D ˛0˛2



1

˛0

C 2

3˛2

C ."C p/
�
@p

@"

�
s

�
;

F D ˛0˛2



ˇ0

˛0

C 2ˇ2

3˛2

� �

T

�
@T

@�

�
s

�
:

It is checked that Q has two vanishing and four non-vanishing characteristic
velocities. The latter are the roots of

Av04
l C Bv02

l C C D 0; (17.23)

and correspond to longitudinal velocities, the first pair to sound propagation and
the second pair to temperature waves or second sound.

3. The determinant of the matrix S corresponding to the variables (ı…33, �ı…44,
ı…34) is simply

det S D 2.˛2v0/2; (17.24)

and the two associated characteristic velocities vanish.

We are thus able to express the characteristic velocities in terms of thermody-
namic parameters. Hiscock and Lindblom (1983) have shown that when thermo-
dynamic stability conditions are satisfied, the characteristic speeds are lower than
the speed of light. Explicit values for the velocities may be obtained by using the
equations of state derived from kinetic theory. Stewart (1977) has found that for a
Boltzmann gas in the ultrarelativistic limit, the velocities of the transverse modes
increase monotonically between 7

5
kBT=m � v2

l
� 1

5
c2, whereas the two longitu-

dinal speeds satisfy 1:35 .kBT=m/ � v2
l1
� 1

3
c2 and 5:18. kBT=m/ � v2

l2
� 3

5
c2.

Other analyses of the properties of waves in relativistic hyperbolic heat-conducting
and viscous fluids can be found in Bressan ((1978) and van Weert (1982).
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17.3 Relativistic Kinetic Theory

Supplementary information about the coefficients appearing in the entropy and the
entropy flux can be drawn from a kinetic approach. Here we follow the work of
Israel and Stewart (1979); other significant references on the connection between
relativistic kinetic theory and EIT may be found in (Kranys 1967, 1972;
Schweizer 1985; Liu et al. 1986; Dreyer and Weiss 1986; Boillat and Ruggeri 1996;
Struchtrup 1998; Banach 2000). We study here the general case of quantum rel-
ativistic gases, following the main lines of Grad’s classical analysis, and for the
sake of simplicity, we will skip all the details of calculations which are rather
cumbersome.

The microscopic expression for the four-dimensional current vector J�, the
energy–momentum tensor T �� ; and the entropy four-vector S� are

J� D c

Z
dPp�f .x� ; p�/; (17.25a)

T �� D c

Z
dPp�p�f .x�; p�/; (17.25b)

S� D �kBc

Z
dPp�



f ln

f

y
�
�
1˙ f

y

�
ln

�
1˙ f

y

��
; (17.25c)

where p� is the four-momentum of a particle, with p�p� D m2c2, dP D
.�g/1=2dp=p0, the invariant volume element (g is the determinant of g��/, and
y D .2sC1/=h3, with s being the spin of the particle. In (17.25c) upper sign refers
to bosons and lower sign to fermions. Remember that T �� may be decomposed in
terms of the heat flux q�, viscous pressure… and viscous pressure tensor …�� :

T �� D "u�u� C .p C…/��� C 2c�1q.�u�/ C…��: (17.26)

The distribution function f .x�; p�/ gives the number density of particles in the ele-
ment dxdp at .x�; p�/. In equilibrium, f .x�; p�/ is given by the Jüttner expression

feq D



exp

�
˛

kB
C u�p

�

kBT

�
� 1

��1

: (17.27)

Introduction of (17.27) into (17.25c) leads to the equilibrium entropy expression

S�
eq D p.˛; ˇ/ˇ� � ˛J� � ˇ�T

��; (17.28)

with ˇ� D 1=.kBT /u�, ˇ D mc2.kBT /
�1u� and ˛ D �
=T . Out of equilibrium,

f obeys the relativistic Boltzmann equation

p� @f

@x�
� 	�

��
p�p� @f

@p�
D J .f /; (17.29)
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with 	�

��
being the Christoffel symbols and J .f / the collision operator. It is not

necessary to solve (17.29) to obtain an expression for the stationary distribution
function. Rather, we shall follow an approach similar to the non-relativistic Grad
formalism. To this end we set

ln

"
f

y

�
1˙ f

y

��1
#
D � (17.30)

and expand� in its first moments with respect to p�:

� D �eq C ".x/Cm�1"�.x/p
� Cm�2"��.x/p

�p�
: (17.31)

The 14 parameters ".x/, "�.x/ and "��.x/ will be related to the dissipative fluxes.
Note that the non-equilibrium distribution function may be written in terms of� as

f � feq D


feq

�
1˙ feq

y

���1

ı�; (17.32)

with ı� D � ��eq given by (17.31). Accordingly,

f � feq D ".x/Cm�1"�.x/p
� Cm�2"��.x/p

�p�

feq
�
1˙ .feq=y/

� : (17.33)

We assume that the tensor "�� is trace-free, i.e. "�� D 0. The actual non-equilibrium
distribution function is thus specified by (17.33). Introduction of (17.33) into (17.29)
leads to the evolution equations for ", "� and "��.

We now calculate the change of J�, T �� , and S� with respect to their equilib-
rium values in terms of f � feq. First of all, we define �.f / as

�.f / D f

y
ln
f

y
�
�
1˙ f

y

�
ln

�
1˙ f

y

�
; (17.34)

and expand it around �.feq/ up to the second order, it is found that

�.f / D �.feq/C �0.feq/.f � feq/C 1
2
�00.feq/.f � feq/

2; (17.35)

where

�0.f / D ln
f=y

1˙ .f=y/ (17.36a)

and

�00.f / D 1

Œ1˙ .f=y/� .f=y/ (17.36b)

are the first and second functional derivatives of � with respect to f . Introducing
(17.35) into expression (17.25c) for the entropy yields
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S� D �kBc

Z
dP�.f /p� D S�

eq � T �1q� � 1
2
kBc

Z
dP�00.feq/.f � feq/

2p�:

(17.37)
Taking into account (17.33), one finds for the non-equilibrium expressions of J�

and T ��

J� D "c

Z
dP�00.feq/p

� C "�.c=m/

Z
dP�00.feq/p

�p�

C"��.c=m
2/

Z
dP �00.feq/p

�p�p� (17.38)

T �� D "c

Z
dP�00.feq/p

�p� C "�.c=m/

Z
dP�00.feq/p

�p�p�

C"��.c=m
2/

Z
dP�00.feq/p

�p�p�p� (17.39)

respectively. We require that the local-equilibrium particle and energy densities
�.˛; ˇ/ and ".˛; ˇ/ equal their actual densities, given by u�J

� and u�u�T
��

respectively (this is equivalent to the requirements (4.31) in classical kinetic the-
ory) and we fix the nine remaining variables in terms of q�, …, and …�� . From
(17.38) and (17.39) it follows that (Israel and Stewart 1979; Udey and Israel 1982)

"�� D B0.��� C 3u�u�/…C 1
2
B1.u�q� C q�u�/C B2…��; (17.40a)

"� D D0u�…CD1q�; " D E0…: (17.40b)

The coefficients in (17.40a and b) are given by

B0 D � m

4kBT � 0�
; B1 D � 1

kBTƒn
; B2 D � m

2kBT � 0 ; D0 D �3B0C2;

D1 D B1

J41

J31

; E0 D 3B0C1; �
0 D ."C p/kBT

m
; � D 3

�
@ ln � 0

@ ln �

�
�=�

� 5

ƒ D D31

J 2
21

; C1 D �1 � 4J31J30 � J41J20

D20

; C2 D J31J20 � J41J10

D20

;;

with

Jnq D 4�ym2

.2q C 1/ŠŠ
Z 1

0

d�

�
feq

y

��
1C feq

y

�
sinh2.qC1/ � coshn�2q �; (17.41)

where � is obtained from m cosh� D �p�u�. In terms of (17.27), feq=y takes the
simple form

feq

y
D 1

exp.ˇ cosh� � ˛/˙ 1 ; (17.42)

with ˛ and ˇ as defined in (17.28). This is a usual variable transform in rel-
ativistic kinetic theory, in terms of which dP D 4�m2 sinh2 �d�. Though the
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procedure is simple from a conceptual point of view, to obtain the above coeffi-
cients is very intricate. The interested reader is advised to go to the work of Israel
and Stewart (1979).

Once ", "�, and "�� have been expressed in terms of the fluxes, one may
substitute (17.33) in (17.37) to obtain the non-equilibrium entropy

S� D S�
eq C T �1q� � u�vT �1

�
˛0…

2 C ˛1q
�q� C ˛2…

��…��

	

Cˇ0…q
� C ˇ2…

��q� ; (17.43)

where the coefficients ˛i , ˇi stand for

˛1 D 1

2vT
D41nmƒ2J21J31; ˛2 D 1

4vT
ˇ� 02J52; (17.44a)

˛0 D 3

2vT�2
ˇ� 0



5J52 � 3J31.J30J31 � J41J20/C J41.J41J10 � J31J20/

D20

�
; (17.44b)

ˇ0 D .D41D20 �D31D30/Tƒ�
0J21J31;

ˇ2 D �.J41J42 � J31J52/Tƒ�
0J21J31; (17.44c)

with Dqn defined by Dqn D JqC1;nJq�1;n � J 2
qn. In the limit of non-degenerate

gases, i.e. ˛ � 1 in (17.42), the asymptotic expressions for these coefficients in
the classical gases [ˇ � 1 in (17.42)] are v˛1 D 1

5
m.pkBT /

�1, v˛2 D 1
4
p�1,

and ˇ2 D �2
5
.pT/�1, which are nothing but Grad’s results. From the other hand,

v˛0 D 3
5
m2.pk2

BT /
�1 and ˇ0 D 4

5
m.pkBT

2/�1, but these coefficients will play
no role as they are multiplied by the bulk viscous pressure, which is zero in this
limit. In the ultrarelativistic case (ˇ � 1/, one obtains v˛1 D 5

8
p�1, v˛2 D 3

8
p�1,

ˇ2 D �1
4
.pT/�1, v˛0 D 108.pˇ4/�1, and ˇ0 D 6.pTˇ2/�1.

The knowledge of the coefficients (17.44) allows one to write �, �, and 
 in terms
of the relaxation times �0, �1, and �2. Such relaxation times depend themselves on
the collision term of the Boltzmann equation, and their derivation is an extremely
laborious task. For the present purpose, it suffices to say that the kinetic theory
corroborates the form of the evolution equations for the fluxes (17.10–17.12) and
provides explicit values for the coefficients (17.44).

17.4 Nuclear Matter and Relativistic Ion Collisions

Relativistic hydrodynamics is the root of the theory of collisions of heavy ions,
and the analysis of these collisions is helpful to determine the nuclear equations
of state and, to search for the phase transition from the hadronic matter to the
quark-gluon plasma (Griffin 1976; Stocker 1987). It must be noted, however, that
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generally the duration of the collisions between heavy nuclei is only one order of
magnitude higher than the mean free time of nucleons collisions inside the nuclei.
As a consequence, relaxational effects are important in describing the dynamics of
such phenomena. Furthermore, during collisions the nuclei are far from equilibrium,
so that the non-equilibrium corrections of the equations of state may considerably
affect the energy required for the phase transition in nuclear matter.

To formulate the state equations, we need an explicit expression of the Gibbs
equation which means that we must know the expressions for the transport coeffi-
cients and the relaxation times. They have been derived by Danielewicz (1984) from
the kinetic theory by expanding the Uhlenbeck–Uehling equation, the quantum ver-
sion of the Boltzmann equation: the following expressions for the shear viscosity 

and the thermal conductivity � have been obtained


 D 1700

.kBT /2

�
n

n0

�2

C 22

1C 10�3.kBT /2

�
n

n0

�0:7

;C 5:8.kBT /
1=2

1C 160.kBT /�2

(17.45)

� D 0:15

kB
T

�
n

n0

�1:4

C 0:02

1C 10�6.kBT /4=7

�
n

n0

�0:4

C 0:225.kBT /
1=2

1C 160.kBT /�2
;

(17.46)

where kBT is expressed in MeV, 
 in MeV=.fm/2c; � in c=.fm/2, the nucleon
number n in fm�3 and where n0 D 0:145 fm�3 (here, fm stands for fermi, with
1 fm D 10�15 m and c for the speed of light). The corresponding relaxation times
for the viscous pressure tensor P� and the heat flux q are (Danielewicz 1984; Fai
and Danielewicz 1996)

�2 D



850

.kBT /2

��
n

n0

�1=3�
1C0:04kBT

n

n0

�
C 38.kBT /

�1=2

1C160.kBT /�2

�
n

n0

�
; (17.47)

�1 D



310

.kBT /2

��
n

n0

�0:4�
1C0:1kBT

n

n0

�
C 57.kBT /

�1=2

1C160.kBT /�2

�
n

n0

�
; (17.48)

where �i .i D 1; 2/ is expressed in fm/c. The last terms in the right-hand side cor-
respond to binary colllisions amongst nucleons, whereas the first terms describe
collisions of nucleons with the surface of the nuclei. For kBT > 6MeV, binary
collisions are more frequent whereas at lower temperatures, a ballistic regime with
collisions against the boundaries of the nucleus is observed.

The generalised non-equilibrium entropy up to the second-order contributions in
the fluxes is given by

s.u; v; q;P�/ D seq.u; v/� �1

2��T 2
q � q � �2

4
�T
Pv W Pv: (17.49)

Combining (17.47–17.48) with (17.49) results in an explicit expression for the
non-equilibrium entropy. Since the general expression is very cumbersome, we
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particularize the results for high temperature, which is the regime of interest in the
analysis of high-energy collisions. In this case, the expression of entropy which will
serve as a basis to determine the non-equilibrium nuclear equations of state is

s D seq � 1:26
mT3

103n0

n2
q � q � 1:64

mT2

n0

n2
Pv W Pv: (17.50)

Another subject of interest is the problem of the energy transfer, which is also
affected by the relaxational effects. Supplementary applications are concerned with
thermodynamic stability requirements on the nuclear equations of state
(Kozlowski 1989; Olson and Hiscock 1989). The dynamical aspects of the colli-
sions are very relevant, as for instance the propagation of shockwaves in the hot
quark-gluon plasma at the initial stages of the collision taking into account viscos-
ity, relaxation, and finite-size effects. These aspects have been considered in the
framework of a relaxational dissipative thermodynamics by Bidar and Jou (1998),
Koide et al. (2007), and Denicol et al. (2007, 2008), with a single relaxation time, for
the sake of simplicity. It can thus be concluded that a promising field of application
of relativistic EIT in the near future will be nuclear physics, where rather exciting
topics are currently developed.

17.5 Problems

17.1 In the steady state and in the absence of viscous effects, the evolution equation
(17.10) for the heat flux is written as

q� D �����.rT C Ta�/;

with a� being the acceleration four-vector. In the local instantaneous rest
frame, ��� is diag (0,1,1,1), and the spatial components of the equation for
the heat flux take the form

q D ��.rT C Tc�2a/:

Here � is the thermal conductivity, q the three-dimensional heat flux, c the
speed of light in vacuo, and a the acceleration. In the presence of a grav-
itational field �, one has a D �r�. (a) Show that in the presence of a
gravitational field the equilibrium condition is not T uniform but T � uniform,
with T � D T .1Cc�2�/ up to the first order in �. (b) Calculate the difference
in the temperature T between a point located on the earth surface, at 300 K,
and another one 100 m above. Determine the value of a so that the difference
is 1 K. (See Pavón et al. (1980))
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17.2. In general relativity, the conditions of thermal and material equilibrium are

T
p
g00 D constant, 


p
g00 D constant,

with g00 the temporal component of the metric tensor (Landau LD, Lifshitz
EM (1980) Statistical Physics 3rd ed. Part 1, Pergamon, Oxford). In a weak
gravitational field, g00 D 1C .2�=c2/, with � being the gravitational poten-
tial. (a) Show the result of the Problem 17.1 for thermal equilibrium in terms
of the temperature T � introduced there. (b) Taking into account that in the
classical limit the relativistic chemical potential 
 tends to 
0 C mc2, where

0 is the usual equilibrium chemical potential andm the mass of the particles,
show that the condition of material equilibrium reduces in the classical limit
to 
0 Cm� D constant.

17.3. In relativistic transformations, it is generally assumed that entropy remains
constant, S D S0, while volume V changes as V D ��1V0. Here, the sub-
script 0 denotes the values measured by an observer at rest, the quantities
without the subscript correspond to those measured by an observer moving
at speed � with respect to the system, and � D Œ1 � .v=c/2��1=2, with c the
speed of light in vacuo. Show that the non-equilibrium entropy density (per
unit volume) for radiation with energy density e and energy flux J obtained
in (6.64) in the context of information theory, which may be rewritten as

s.e; J / D 1
2
seq.e/.2C x/1=2.x � 1/1=4;

with x D Œ4 � 3.J=ce/2�1=2, may be alternatively obtained from the equilib-
rium entropy density of radiation at rest, with energy density e0 and J D 0,
i.e. seq.e0/ D 4

3
a1=4e

3=4
0 through a Lorentz transformation corresponding to

the average speed of the photons in the direction of the energy flux, which is
given by

v D c
�
3
2 � x
2C x

�1=2

:

(Hints: The internal energy density transforms as e D �2.e0 C p0/� p0, and
p0 D 1

3
e0:) (Dominguez-Cascante R 1997) J Phys A: Gen Math 30:7707.)

17.4. There has been a debate about the relativistic transformation of temperature
(see, for instance, Landsberg PT (1966) Nature 212:571; 214 (1967) 903;
Callen HB, Horwitz G (1971) Am J Phys 39:938). The initial proposals by
Einstein and Planck were that T D T0�

�1, with � given in Problem 17.3,
while in the 1960s Ott claimed that T D T0� . Show that the expression for
the non-equilibrium temperature of radiation with energy density e and energy
flux J obtained in (6.62), namely

T .e/ D Teq.e/ � 2.x � 1/
3=4

.2C x/1=2
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may be obtained by the mentioned Einstein–Planck criterion from the Lorentz
transformation discussed in Problem 17.3.

17.5. Assume that a black body at rest temperature T0 is orbiting around a planet,
and assume that an observer in the planet measures its temperature by using
Wien’s law for the wavelength of the radiation corresponding to the maximum
emitted power. Show that using the Doppler relativistic effect, the temperature
T measured by the planetary observed is related to the rest temperature T0 of
the blackbody as T D T0�

�1, as in the Einstein-Planck proposal (neglect the
gravitational effects on temperature predicted by general relativity).

17.6. A relevant parameter in the equations of state for nuclear matter is the com-
pressibility K , defined as K 	 9 .@p=@�/T , with p the pressure and � the
mass density.

(a) Starting from (17.49) with q D 0 and neglecting (for the sake of sim-
plicity in this problem) the non-equilibrium contributions to temperature,
show that the non-equilibrium pressure pneq may be written as

pneq D peq C �2 @

@�

�
�2

4
�

�
Pv W Pv:

(b) Assume that 
 and �2 are given by the first terms in the right-hand side of
(17.45) and (17.47), respectively. Using this approximation, estimate the
non-equilibrium contribution to the pressure.

(c) Use the non-equilibrium pressure to find how the compressibility coeffi-
cient K is modified in the presence of a viscous pressure Pv.

17.7. To estimate the order of magnitude of the non-equilibrium contributions to
the compressibility K in a typical relativistic nuclear collision, consider a
collision Au + Au at 400 MeV/nucleon. Consider n D 0:30 fm�3, kBT D
45MeV, 
 D 55MeV=fm2 �c, the value of the shear rate is � D 0:07 c � fm�1,
and the viscous pressure P v is of the order of 
� . (Here, fm stands for
1 fermi D 1 femtometer D 10�15 m, and c for the speed of light.) (a) Esti-
mate the value of P � . (b) Using the data of this problem, estimate the value
of Kneq � Keq, the non-equilibrium contribution to the compressibility using
the results obtained in Problem 17.6. (c) The observed order of magnitude of
Keq is 200 MeV; compare with Kneq �Keq.





Chapter 18
Viscous Cosmological Models and Cosmological
Horizons

Thermodynamics plays an important role in cosmological models because the
energy–momentum tensor appearing in the equations of general relativity must be
specified according to the contents of the Universe. The earlier classical cosmo-
logical models do not include dissipation, as they postulate a reversible adiabatic
expansion of the Universe. However, the attention paid to dissipative phenomena
in cosmology and astrophysics is growing up rapidly. The interaction between mat-
ter and radiation, and other phenomena, discussed later in this chapter, depend on
dissipative effects mainly due to bulk viscosity.

Bulk viscous effects play a determinant role as entropy-producing processes in
the early universe; as an example, let us mention galaxy formation, wherein the
typical galactic mass is the mass of the smallest density fluctuation which could
grow against dissipative effects during the period just prior to hydrogen recombi-
nation; another illustration is its possible driving role in inflationary periods (i.e.
periods with exponential expansion) independently of the details of the phase tran-
sitions of the grand unified theories. Furthermore, relaxational effects have to be
included when the relaxation time of some components of the contents of the Uni-
verse become very long, as a consequence of cooling and expansion of the Universe,
as for instance in the decoupling between matter and radiation, a period in which
the radiation behaviour changes from diffusive to ballistic.

At a first stage, the bulk viscous effects were described by the classical Newton–
Stokes equation relating the bulk viscous pressure and the rate of change of volume.
However, this equation is inconsistent with the postulates of relativity theory, as
it yields infinite speed of propagation for viscous signals. Therefore, relaxational
effects granting upper bounds to such speed must be taken into account, as postu-
lated in extended irreversible thermodynamics. In this chapter we give an overview
of this active topic of research. The interest on these subjects has been reinforced
with the cosmological picture that 95% of the energy contents of the universe are
contributed by dark matter and dark energy. The detailed physical nature of these
majoritary constituents is still unknown, but their respective macroscopic effects
have been the subject of a careful scrutiny since the last years of the twentieth
century by means of a number of independent observations.

D. Jou et al., Extended Irreversible Thermodynamics,
DOI 10.1007/978-90-481-3074-0 18, c� Springer Science+Business Media LLC 2010
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18.1 Viscous Cosmological Models and Accelerated Expansion

Thermodynamics enters in cosmological problems through the energy–momentum
tensor T�� which appears in the right-hand side of the Einstein equation of general
relativity governing the spacetime metric tensor g�� (Schultz 1985; Wald 1984;
Weinberg 2008):

R�� � 1
2
g��R D 8�GT�� ; (18.1)

where R�� is the Ricci tensor associated to g�� , R the scalar curvature, and
G the Newtonian gravitational constant. In some occasions, a further term pro-
portional to g�� is added to the right-hand side: it is related to the so-called
gravitational constant (see Problem 18.9), but we will ignore it for the sake of
simplicity.

These equations are extremely intricate, but they may be simplified by assum-
ing isotropy and homogeneity at large scales. These properties follow from cosmic
observations, which have revealed the isotropy properties of our group of galaxies,
and the cosmological principle, which states that, on the average, any two suffi-
ciently large and otherwise arbitrary portions of the Universe look very similar. The
hypothesis of isotropy is strongly supported by the 2.7 K cosmic microwave back-
ground radiation whose spectrum deviates from the Planckian one by less than one
in ten thousand. These hypotheses are also confirmed by the observed abundances
of light elements and redshifts of distant galaxies (Peebles 1993). Accordingly, one
may adopt the Friedmann–Robertson–Walker (FRW) metric

ds2 D �c2dt2 CR2.t/
�
.1 � �r2/�1dr2 C r2.d�2 C sin2 �d�2/

�
; (18.2)

which is the most general representation of the spacetime separation between two
arbitrary events in a homogeneous and isotropic space. Here r , � and � are comov-
ing coordinates and R.t/ is the cosmic scale factor, whose determination is one of
the main aims of the model. The parameter � is a constant related to the spatial
curvature of the hyper-surfaces of homogeneity. An appropriate scaling restricts �
to only three possible values: �D 0 (flat space sections), �D�1 (negative spatial
curvature, spatial sections are 3-dimensional hyperboloids) and �DC1 (positive
spatial curvature, spatial sections are 3-dimensional spheres).

To calculate R.t/ from the Einstein equations, an expression for the energy–
momentum tensor is needed. Its most general form compatible with homogeneity
and isotropy is

T�� D "u�u� C .p C…/���;

where p and … are the equilibrium pressure and the bulk viscous pressure respec-
tively, the four-velocity vector u� and the symmetric spatial projector ��� have
been defined in Sect. 17.1. In the reference frame attached to a comoving observer,
the components of the energy–momentum tensor T�� may be written explicitly as
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T �� D

0
BB@
�" 0 0 0

0 p C… 0 0

0 0 p C… 0

0 0 0 p C…

1
CCA :

Unlike the perfect fluid hypothesis, which states that viscous pressure … vanishes,
here it is assumed that … does not necessarily vanish. In this chapter, as in the
preceding one, we use … instead of pv to denote the viscous pressure, because this
is a more usual notation in cosmology.

Under the above assumptions, the non-trivial components of the Einstein equa-
tion (18.1) take the simple form

 PR
R

!2

C �

R2
D 8�G

3
"; (18.3a)

RR
R
D �4�G

3
Œ"C 3.p C…/� : (18.3b)

The first of these is known as Friedmann’s equation. Note, from (18.3b), that the
rate of change of the expansion, RR, does not depend on the energy density " alone
but on the combination " C 3.p C …/. If the total pressure is negative enough in
such a way that 3.p C…/ < �"=3, the cosmic expansion will accelerate, instead
of becoming slower, as it could be expected from the usual Newtonian gravitational
attraction.

To complement the set of equations (18.3) one needs an equation of state for p
and a constitutive equation for…, and for this we select

p D .�0 � 1/" ; �0
P…C… D �3�

PR
R
: (18.4)

The first relation (18.4) is standard, the second one is nothing but a simplified ver-
sion of the EIT equation (17.11), in which use is made of u�I�D 3. PR=R/ and
r�vD 3H , that follows from the observational result vD dr=dt DHr , with r being
the position vector of the particles and H (Hubble factor) independent of position.
The value �0D 4

3
corresponds to radiation

�
pD 1

3
"
�

and �0D 1 to an ideal non-
relativistic gas

�
kBT � mc2

�
; recalling that the pressure is proportional to T , one

may put pD 0. The bulk viscosity � and the relaxation time � are assumed to depend
on " through the following relations (Belinskii et al. 1979):

� D ˛"� ; � D �=" D a"��1: (18.5)

With this choice, the viscous signals propagate with speed equal to c, since the
speed of propagation of viscous signals is vD Œ�=."�/�1=2. If they propagated more
slowly, � should be higher than the value given by the second of equations in
(18.5). By setting �D 1, (18.5) describes a radiative fluid, whereas the choice
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�D 3
2

corresponds to a string-dominated universe (Lima et al. 1988; Oliveira and
Salim 1988; Barrow 1988; Pavón et al. 1991).

Elimination of " in (18.3) yields, for a flat spacetime (�D 0),

RR
R
C 3�0 � 2

2

 PR
R

!2

D �4�G…: (18.6)

In the standard cosmological model, viscous effects are ignored .…D 0/, and
one is led to R � t1=2 and R � t2=3 for radiation and matter-dominated uni-
verses, respectively (see Problem 18.1). The presence of bulk viscosity may have
several consequences, depending on the relation between � and ". If � is propor-
tional to ", the big-bang singularity with infinite spacetime curvature would not
occur (Murphy 1973). However, more realistic models are based on ��"� , with
0 � � � 1

2
, in which case the big-bang singularity still persists (Pavón et al. 1991).

The initial motivations behind the introduction of bulk viscous effects were,
for instance (e.g. Lima et al. 1988; Calvão et al. 1992 and references therein):
(1) to study the action of the entropy-producing processes in the early universe;
(2) to analyse the initial density fluctuations, which are of pivotal importance in
galaxy formation; (3) shear viscosity could provide a mechanism to eliminate initial
anisotropies in the universe, and transform them in heat (Schultz 1985); (4) bulk
viscous effects could drive an inflationary period independently of the details of the
phase transitions of grand unified theories (Hiscock and Salmonson 1991; Zakari
and Jou 1993).

Viscous dissipation finds its origin in several phenomena. Following a chrono-
logical order, let us first mention the appearance of 4-dimensional superstrings right
after the compactification of the extra spatial dimensions (around the Planck time
tPD hG=.2�c5/ 
 10�44s/ (Turok 1988). Another possibility is the quantum cre-
ation of particles by the intense gravitational field (Hu 1982). Likewise, mini black
holes could spontaneously condense from the radiation at very high temperature
(Turok 1988; Calvão et al. 1992) . These black holes behave as non-relativistic
particles ŒkBT=.mc2/ � 1�, whereby the mixture might result in a radiative fluid
of non-vanishing viscosity. However, a careful study (Hayward and Pavón 1989;
Calvão and Salim 1992) has revealed that this is not the case, for at that stage of the
Universe evolution the interaction time between these mini black holes and the sur-
rounding radiation is greater than the expansion time of the Universe. In the context
of grand unified theories (GUT), bulk viscosity may arise from the production of
superheavy gauge bosons and magnetic monopoles in the broken phase of the GUT
phase transition, or from the existence of a primordial bosonic charge (the differ-
ence between boson and antiboson numbers) initially confined to the Bose–Einstein
condensed ground state (Lima et al. 1988; Barrow 1988; Pavón et al. 1991). Neu-
trinos (whether massless or massive) interacting with matter represent an efficient
mechanism of dissipation owing to their long mean free path (Calvão et al. 1992).
Likewise, photons in contact with matter, e.g. electrons, constitute a radiative fluid
able to generate dissipation (Weinberg 2008).
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In most of these models, bulk viscosity is introduced by means of classical trans-
port equations, i.e. …D � 3� PR=R, but this is inconsistent, since it leads to infinite
speeds and unstable solutions. Belinskii et al. (1979) studied several consequences
of the introduction of the relaxation term in (18.4), which are important when the
product of the relaxation time and the Hubble parameter is higher or compara-
ble to unity. This may happen at several stages of the expansion of the Universe,
because different components of the cosmic fluid may have different collision times.
Indeed, there are several decoupling stages in which some components decouple
from the others, because their collision time becomes comparable to the inverse of
the expansion rate of the Universe.

We analyse here the simple model based on (18.3b) (Lima et al. 1988; Oliveira
and Salim 1988; Barrow 1988; Pavón et al. 1991). This equation may be written in
terms of the Hubble parameter H D PR=R and for a flat spacetime �D 0 adopts the
form

PH C 3

2
�0H

2 D �4�G…: (18.7)

After combining this relation with (18.4) one has

� RH C PH.3��0H C 1/CH
�
3

2
�0H � 12�G�

�
D 0: (18.8)

Resolution of (18.8) implies the knowledge of two initial conditions for H and PH .
In the standard theory, only one initial condition for H is required and is usually
taken to be H.0/D1. In the present case, the initial value ofH can be finite, even
negative. Therefore the analysis of the first moments of the Universe needs not only
a unified theory of the basic interactions, but also a thermodynamic description of
the collective effects, which are usually ignored in standard approaches.

Inserting into (18.8) the relationships (18.5) for � and � and using (18.3a) (with
�D 0), one obtains

˛ˇnH 2n RH C PH �
3˛ˇn�0H

2nC1 C 1�CH 2

�
3

2
�0 � 12�G˛

ˇ�
H 2nC1

�
D 0;
(18.9)

with nD � � 1 and ˇ a shorthand for 3
8
.�G/�1 3

8
. Upon introducing the quantities

h D H

H0

; H0 D


�0

3˛

�
8�G

3

�n�1=.2nC1/

; � ¤ 1

2
; (18.10)

and rescaling the time as t�DH0t , (18.9) may be cast into the simpler form

�0h
2n RhC 3 Ph.�0h

2nC1 C 1/C 9

2
�0h

2.1 � h2nC1/ D 0: (18.11)

From now on an upper dot will denote derivation with respect to t�; the asterisks will
be dropped whenever no confusion arises. The second-order differential equation
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(18.11) which governs the evolution of the reduced Hubble parameter h has two
different stationary trivial solutions hD 1 and hD 0. The first implies inflationary
expansion with a constant rate given by H0.

One may study the behaviour of h near the steady solutions analytically. Setting
hD 1C �, with j�j � 1, one obtains after linearization

�0 R�C 3 P�.�2
0 C 1/�

3

2
�0.2nC 1/� D 0: (18.12)

Its solution reads as

�.t/ D �C exp.�Ct/C �� exp.�t /; (18.13)

where �C and �� are constants which depend on h.0/ and Ph.0/, while �C and ��
are the roots

�˙ D 3.1C �2
0 /

2�0

"
�1˙

s
1C 2�2

0

2nC 1
.1C �2

0 /
2

#
: (18.14)

Note that for n C 1 < �.1 C �4
0 /=.4�

2
0 / the quantity under the square root of

the right-hand side of (18.14) is negative, so that h shows an oscillatory damped
behaviour of frequency

! D 3

2
��1

0

q
.1C �2

0 /
2 C 2�2

0 .2nC 1/ (18.15)

around hD 1. This kind of behaviour has not been explored in the literature. Note
also that if � > 1

2
, one of the roots of (18.14) will be positive, and therefore the state

with hD 1 will be unstable.
Non-stationary solutions of (18.11) are obtained via numerical integration. The

most significant results are shown in Fig. 18.1 and compared with the behaviour
corresponding to a zero relaxation time. Some comments are in order.

1. At short times, the solutions depend strongly on the initial conditions hD 0 and
PhD 0.

2. At short times, there are quantitative and qualitative differences between the
solutions, leading to changes in the chronology of the successive eras of the pri-
mordial Universe. At long times, both sets of solutions attain the same stationary
value.

3. For 0 < � < 1
2

, and an initial value of j Phj not very high, the solutions tend to the
constant value hD 1, whether or not the initial value of h is greater or lower than
unity.

4. For � > 1
2

and h.0/ > 1, the solutions diverge if j Phj is large enough; otherwise
they tend to. For h.0/ > 1, they also tend to h.0/D 0.

5. If � > 0 and the initial value j Ph.0/j is large enough, the solutions of (18.11)
diverge, irrespective of the value of h.0/.
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Fig. 18.1 Behaviour of the reduced Hubble factor h as a function of the reduced time t� for a
fluid with �0 D 1:5 and �D 0:3 according to (18.11). The initial value h.0/ is 0.1. The different
curves correspond to initial conditions for Ph: (a) Ph.0/D 0:02; (b) Ph.0/D 0; (c) Ph.0/D � 0:02; (d)
Ph.0/D �0:04; (e) Ph.0/D 9:0. Curves (a) and (e) start with a contracting phase (h < 0/ and evolve
to a de Sitter expansion. Curves (b) and (c) begin with a Friedmann-like behaviour and tend to a
de Sitter one for long times. Curve (d) starts with a Friedmann-like expansion and evolves towards
a contracting phase (Reprinted with permission from Pavón et al. D (1991) Class Quantum Grav
8:347)

It was also shown by Belinskii et al. (1979) that, in the relaxed model, the effect
of matter creation near the initial singularity is preserved, just as in the absence of
relaxation, but that the tendency towards isotropy during the contraction disappears.
The cosmological singularity still persists, but it may belong to a new type connected
to the accumulation of elastic energy. Furthermore, the Friedmann solutions are
shown to be unstable in the vicinity of the singularity.

The analysis of viscous fluid models with time-varying cosmological constant
has been fostered by the discovery of the accelerating cosmic expansion. (For biblio-
graphical references of the causal viscous effects in these models see Pradhan 2007;
Bali and Singh 2008). Since bulk viscous pressure may be negative, it could pro-
vide an alternative to dark energy in yielding an accelerated expansion, when �."/
is conveniently chosen, providing some unification between dark matter and dark
energy. A viscous pressure given by �."/D 0:236"�0:4 has been found to give a rea-
sonably accurate description of the known behaviour, but it is not enough accurate
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to describe some aspects of gravitational lensing or the spectrum of the cosmic
microwave radiation (Li and Barrow 2009).

Note that (18.4b) for P… is not the most general evolution equation obtained
from EIT. Indeed, if in expression (17.6) for the entropy four-vector one assumes
q�DP�� D 0, it is found that

S� D
�
seq � �…

2

2�T

�
u�: (18.16)

Taking the full derivative of this expression, one obtains for the entropy production

S�I
 D �…
T

�
u�I
C �

�
P…C…T �

�T
u�I


�
; (18.17)

which implies, instead of (18.4b), the non-truncated equation

…C � P… D �3�H � 1
2
…�

 
3H C P�

�
�
P�
�
�
PT
T

!
(18.18)

where we have used the result u�I
D 3H from the FRW model. The influence
of the non-linear terms has been studied by several authors (Zakari and Jou 1993;
Romano and Pavón 1994; Maartens and Mendez 1997; van den Hoogen 1995). The
behaviour of the cosmological models depends both on the equations of state for
p, T , � , and � and on the transport equation being used. For instance, Hiscock and
Salmonson, starting from (18.18) together with the equations of state for the Boltz-
mann gas, found no inflationary phase. With the simpler equations of state …D��,
� D˛�m, �D �� other authors have found that an inflationary phase remains possi-
ble, but with a different expansion rate than in the truncated version (18.4). Both
the values of H0 and the behaviour of the temperature during this inflationary
period have been the subject of recent analyses (Zakari and Jou 1993; Romano and
Pavón 1994; Maartens and Mendez 1997; van den Hoogen 1995).

To summarize, when viscous effects are introduced in cosmological models, it
is imperative to include relaxational equations compatible with causality. This is a
new topic of research in cosmology, whose importance has only been recognized
recently.

18.2 Particle Production and Effective Bulk Viscosity

Another subject of interest related to bulk viscosity concerns particle production,
which in some situations may be described by means of an apparent or effective
bulk viscosity (Zimdahl and Pavón 1993, 1994). Such a decay or production of
particles finds its origin in several effects, as for instance the decay of scalar parti-
cles, production of relativistic particles in the re-heating phase of inflationary eras,
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electron–positron annihilation after neutrino decoupling; decay of heavy bosons to
quarks and leptons, or creation of particles by the gravitational field. Prigogine
et al. (1989) were able to frame these effects in a thermodynamic description by
formulating a balance equation for the number density of created particles in addi-
tion to the Einstein field equations. Another way out is to model the loss and source
terms by an effective viscous pressure (Sudharan and Johri 1994; Sussman 1994;
Triginer and Pavón 1994; Gariel and Le Denmat 1994; Abramo and Lima 1996).

To be explicit, assume that the number of particles in the Universe is not constant,
but that there is a particle production with a rate per unit volume P� . The evolution
equation for the particle number density n is then

Pn D �3n
PR
R
C P�: (18.19)

This is a particular case of the general mass balance equation

Pn D �nr � vC P�; (18.20)

where nr � v describes the change of density due to the variation in volume and P�
expresses the particle production rate per unit volume. In the situation of expanding
universe, one has vDHR and therefore r � vD 3H D 3. PR=R/. Introduction of this
result into (18.20) yields (18.19).

Let us now assume that each created particle carries an entropy s. To obtain the
entropy production, we start from the classical Gibbs equation

T ds D de C pdv D de C pd.1=n/ (18.21)

where s is the entropy per particle and e the energy per particle (i.e. eD "=n, since
" is the energy density per unit volume). Taking the time derivative of (18.21) yields

nT Ps D ."=n/C p.1=n/ D .1=n/P"� ."C p/. Pn=n2/: (18.22)

Since the non-trivial components of Einstein’s equations (18.3a–b) are

3H 2 D 8�G"; (18.23a)

2 PH D �8�G."C p � 3�H/; (18.23b)

the energy balance equation will be written as

P" D �3H."C p/
�
1 � 3�

"C pH
�
: (18.24)

Introducing into (18.22) the balance equations (18.19) and (18.24) leads to

Ps D �"C p
n2T

 
� 9�

"C pH
2 C
P�
n

!
: (18.25)
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Two particular cases are worth to be discussed: (a) non-vanishing bulk viscos-
ity .� ¤ 0/ but vanishing particle production . P�D 0/; in this example one has
simply

Ps1 D 9�

n2T
H 2I (18.26)

(b) vanishing bulk viscosity (�D 0 but non-vanishing particle production . P� ¤ 0/,
then

Ps2 D �"C p
n2T

P�
n
: (18.27)

Comparison of (18.26) and (18.27) shows that one can modelize the entropy pro-
duction due to the particle production in terms of an effective bulk viscosity �eff by
writing

Ps2 D �"C p
n2T

P�
n
	 9�eff

n2T
H 2: (18.28)

This yields for the effective bulk viscosity the result

�eff D "C p
9

P�
n

 PR
R

!�2

: (18.29)

Spacetime geometries more complicated than the FRW model have been studied,
for instance, Bianchi I and II universes include bulk and shear viscous stresses, both
in the truncated and the non-truncated models, and other descriptions include pecu-
liar velocities of the galaxies with respect to the global cosmic motion. Several of
these macroscopic results have been confirmed by the kinetic theory of gases in an
expanding universe (Romano and Pavón 1994; Triginer and Pavón 1994; Triginer
et al. 1996; Zimdahl et al. 1996).

18.3 Extended Thermodynamics and Cosmological Horizons

The cosmological horizon is the boundary of the observable universe. Since we can
not observe beyond it, this horizon plays a role analogous to the event horizon of a
black hole. In the Hawking-Bekenstein thermodynamics of black holes it is known
that the entropy of a black hole of radius R is given by SBHD� .R=lP/2, lP being
the Planck length. The black hole has then a temperature TBHD @E=@S , E being its
energyEDMc2, in such a way that TBH � R�1. These ideas have been applied to
the cosmological horizon, which contributes in this way to the total entropy of the
observable universe in a non negligible way. In this section, we briefly comment on
this aspect of cosmological thermodynamics
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The qualitative differences between Eckart’s version of relativistic thermody-
namics and extended relativistic thermodynamics also appear in the context of the
de Sitter model of the Universe. The latter possesses an event horizon endowed
with an entropy and a temperature of quantum origin (Gibbons and Hawking 1977)
given by

Sh D 8�2

H 2
; Th D H

2�
; (18.30)

where the subscript h refers to horizon. (In this section we use units in which
8�GDh=.2�/D cD kBD 1 and the size of the visible universe is of the order of
cH�1.) The horizon is a closed spherical surface purely geometrical in nature such
that events at one side of it cannot enter into causal contact with events at the other
side. This follows from the spacetime metric of this model, which can be found in
the specialized literature (Peebles 1993).

It is currently thought that, at some very early epoch, our Universe undergoes a de
Sitter phase of exponential inflation (i.e.R� exp.Ht/, withH being a positive con-
stant) driven by the energy density "v and pressurepv of the quantum vacuum, which
dominates at that time all other forms of energy (subscript v stands for vacuum).
Roughly speaking, a de Sitter universe should contain no other forms of energy than
that of the vacuum. However, in the case of our Universe one can take for certain that
other forms of energy may contaminate the mentioned vacuum. As a consequence,
the Hubble parameter deviates slightly from its otherwise steady value.

In virtue of (18.30), the horizon entropy change is

PSh D �16�2
PH
H 3

; (18.31)

and will increase or decrease depending on the sign of PH . By using Eckart’s theory,
Davies (1987) has shown that, if the fluid (let us say matter plus radiation) perturbing
the vacuum obeys a reasonable equation of state of the form of the first of equations
(18.4), then the time derivative of the total entropy of the fluid plus the horizon PSh,
will be positive or zero so long as �0 > 0, a relationship not violated by any known
kind of fluid. Note that the first of equations (18.4) implies that the fluid fulfils the
dominant energy condition (Schultz 1985)

"f C pf � 0; (18.32)

with subscript f referring to the fluid. Moreover, if the fluid has a bulk viscosity of
the form �D ˛"f with ˛ being a positive constant, it was shown Davies (1987) that
the entropy of the fluid plus the horizon satisfies

PS D PSf C PSh D 8�2

H 3
�0"f ; (18.33)

which is positive, provided that �0 � 0. It is worth noting that (18.33) is met
whether the dominant energy condition, which for a viscous fluid in standard
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thermodynamics reads
.�0 � 3˛H/"f � 0; (18.34)

is satisfied or not.
The rate of variation of total entropy S by using relativistic EIT instead of

the traditional one was calculated by Pavón (1990). The relevant relations are
the Friedmann equation, the first of equations (18.3) with �D 0 and the energy
conservation equation

P"C 3.�C p/ D 0; (18.35)

with "D "vC "f and pDpv C pf where units have been chosen so that 8�GD 1.
These have to be supplemented by appropriate equations of state for the vacuum
pvD � "v and for the material fluid pf D .�0 � 1/"v C …f , where the bulk vis-
cous pressure obeys a relaxational equation, the second of equations (18.4), with
�D˛"f . Combining these equations results in

P" D �3 �.�0 � 3˛H/"f � � P…f

�
H: (18.36)

Substituting in the rate of entropy variation associated with the evolution of the
horizon,

PSh D �8
3
�2 P"H 4; (18.37)

leads to

PSh D 8�2

H 3

�
.�0 � 3˛H/"f � � P…f

�
H: (18.38)

On the other hand, the rate of entropy variation associated to the material fluid

PSf D R3

Tf �
…2

f ; (18.39)

becomes

PSf D R3

˛"f Tf

�
3˛�fH C � PHf

�2
: (18.40)

The term � P…f in (18.40) may bear either sign. For decreasing bulk viscous pressure
rate, P…f < 0, since causality demands � > 0, hence PSh > 0, and the rate of
variation of total entropy is positive. However, if P…f is increasing, PSf could be
negative, which implies that PSf C PSh could become negative, in clear contradiction
with the second law of thermodynamics.

The total rate of entropy production, with Tf DTh, is given by

PS D 8�2

H 3

 
�0"f C

�2 PH 2
f

3˛"fH
C � P…f

!
: (18.41)
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This is a positive quantity unless the last term on the right-hand side becomes dom-
inantly negative. Although ordinary fluids are not expected to present very large
values for � P…f , this cannot be ruled out in principle, especially at the very early
stages of cosmic expansion where exotic quantum fields may play a crucial role.

Nevertheless, if the dominant energy condition holds, which in the formalism of
EIT reads as

�0"f � � P…f C 3˛"fH; (18.42)

then combination of (18.41) and (18.42) implies that

PS � 8�2

3˛"fH 4

�
� P…f C 3˛"fH

�2 � 0: (18.43)

In other terms, it can be stated that the second law . PS � 0/ is guaranteed if and only
if the dominant energy condition (18.42) is satisfied. This contrasts with the result
of Davies, according to which the second law holds irrespectively of the dominant
energy condition (18.34).

18.4 Astrophysical Problems: Gravitational Collapse

The relaxational terms in the transport laws have been exploited to interpret fast
explosions or implosions in astrophysics (Martı́nez and Pavón 1994; Herrera and
Falcón 1995; Martı́nez 1996; Herrera et al. 1997). In rapid processes, as in the
fast collapse phase preceding neutron star formation, the relaxational effects are
important and the fluid is far from hydrostatic equilibrium. Such effects cannot be
accounted for in classical models wherein the evolution of the star is regarded as a
sequence of hydrostatic states. In contrast with cosmological problems, two differ-
ent metrics must be introduced, one for the interior and the other for the exterior of
the star. Furthermore, the inhomogeneity generates a heat flux, which plays a deci-
sive role. Among other results, it turns out that the behaviour of the system depends
strongly on the observers: for an observer at rest at infinity, the total mass loss of
the star is the same but with greater speed (i.e. higher luminosity) than in the non-
viscous case, whereas the comoving observer perceives a larger mass loss. Another
result is that the energy of the neutrinos at the surface of the star is not correlated
with that at the interior. In (Martı́nez and Pavón 1994; Herrera and Falcón 1995;
Martı́nez 1996; Herrera et al. 1997) it was shown that when the heat flux relaxes,
the evolution of the star depends critically on the thermal relaxation time, thermal
conductivity, proper energy density and pressure.

Starting from a Maxwell–Cattaneo equation, Herrera and Falcón (1995) have
studied the secular stability of nuclear burning in accreting neutron star envelopes,
which is at the basis of X-ray bursters models, for times shorter than the effective
relaxation time of the heat flux. The characteristic time scales for the growth of the
nuclear burning instability spans a wide period, from milliseconds to minutes. The
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relaxational effects of the heat flux (its relaxation time is of the order of milliseconds
for a highly degenerate matter) produce a fast oscillation in the luminosity as a
precursor of the X-ray burst.

18.5 Problems

18.1. From (18.3a) show that for a plane universe (�D 0) dominated by matter
(namely " � R�3), R.t/ behaves as R � t2=3. Show that for an universe
dominated by radiation, for which " � T 4 � R�4, R.t/ behaves as R �
t1=2.

18.2. Compare the entropy in the 2.7 K microwave background radiation with the
entropy in the baryons to conclude that the ratio between the number of
photons and baryons in the Universe is about 108. Assume that the expansion
of the Universe is adiabatic and that the present number density of baryons
is roughly 1m�3 and that the entropy per baryon is the Boltzmann constant.

18.3. Using the data of Problems 5.4 and 5.5, find the bulk viscosity of a gas com-
posed of photons, electrons, and protons at 3,000 K, with nD 4; 000 elect-
rons=m3. Neglect the collisions between photons and protons, and between
the particles themselves. See Appendix C for numerical values of the physi-
cal constants.

18.4. (a) Starting from (18.7) and assuming that…D�3� H , show that a constant
bulk viscosity leads to inflationary behaviour of the universe (i.e. behaviour
with H D const and therefore an exponential increase of R with time). (b)
Study the stability of the solutions in terms of the dimensionless quantity
c2H=.G�/. (c) Compare the results with those obtained under the assump-
tion that the bulk viscosity is of the form �D ˛" with ˛ a constant. (See
Murphy (1973))

18.5. Show that, for a viscous fluid with pD�" and with a bulk viscosity �D
a"1=2, the Einstein equations yield a behaviour for the scale factor of the
Universe of the form R � ta, with a�1D 3

2
Œ1C � � 2a.6�G/1=2�.

18.6. The mixture of neutrino and electrons is especially relevant at the so-called
leptonic era, which lasted between 10�3 and 10 s, with temperatures ranging
from 1012 to 1010 K. The cross-section of the neutrino–electron collisions
due to weak interactions is

�wk D
�
2�GFkBT=.hc/2

�2
;

with the Fermi constant GFD 1:4 � 10�62 kg m5 s�2 (a) Evaluate the neu-
trino mean free path at the initial and final stages of the leptonic era, for an
electron density given by nD Œ2�kBT=.hc/�3. (b) Determine the neutrino
collision time � and �H , i.e. the ratio of � to the characteristic expansion
time of the universe H�1. (c) The neutrinos are said to decouple from
the electrons when �H D 1; find the decoupling temperature of neutrinos
(remember that in a radiation-dominated era, R / t1=2 and T / t�1=2).
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18.7. The bulk viscosity of a mixture of neutrinos and nuclei in a collapsing
stellar core has been estimated to be of the order of 1023 kg m�1 s�1. The
compression rate r � v is of the order of 103 s�1. Evaluate the entropy pro-
duction per unit time per baryon for a temperature of 1 MeV and a density of
1015 kg m�3. If the time interval during which the bulk viscosity is effective
is 1 s, what is the total entropy production per particle?

18.8. The classical entropy production has the form

�CIT D �T �1…r � v;

whereas the entropy production found in EIT is given by

�EIT D �T �1…Œr � v � .�=�/ P…�:

This expression suggests writing � P… C …D � 3� H . (a) Show that for
constant � and up to the first order in � one may write…D�3�.H�� P…/ for
r � vD 3H . (b) Evaluate the ratio �EIT=�CIT at the beginning of the leptonic
era and at the neutrino decoupling time, by using the data of Problem 18.5
(recall that in a radiation-dominated era R / t1=2/.

18.9. Show that if one uses the non-truncated transport equation (18.18) instead
of the truncated equation (18.4b), one obtains (for 0 < � < 1

2
/ a de Sitter

expansion with constant reduced Hubble factor hDH=H0D Œ2=
.2 � �0/�

1=.2��1/ instead of hD 1, with H0 and � defined in (18.10) and
(18.5) respectively (see Romano, Pavón (1994)).

18.10. Einstein introduced a ‘cosmological constant’ƒ by writing instead of (18.1)

R�� � 1
2
g��R D 8�GT�� �ƒg�� :

A possible solution to the puzzle of the cosmological constant (i.e. to under-
stand its low present value in contrast with its possibly high values in the
past) has been to introduce a variable cosmological ‘constant’ in the Einstein
equations. (a) Show that in the presence of a time-dependent cosmological
constant, the entropy production reads as

S˛ I˛ D 9�H 2

T
� c5

8�G

Pƒ
T

:

(Méndez, Pavón (1996)). (b) Show that if ƒ depends on t as � t�2,
its effects are similar to those of a bulk viscosity in a fluid with null
cosmological constant in the radiation era (Beesham (1993)).

18.11. Assume that instead of the classical equation …D � 3� H one has a non-
linear relation yielding a saturation behaviour as the flux limiters used in
Sect. 10.6, i.e.
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… D � 3� Hp
1C .aH/2

:

Find which requirements should obey the parameter a in order that the
fluid fulfils the dominant energy condition (18.21) at high values of H (see
Maartens, Méndez 1997), for the use of a slightly different model of flux
limiter).

18.12. From the arguments of Sect. 18.3, estimate the entropy of the current cos-
mological horizon, by taking for the Hubble parameter H the approximate
value H 
 72 Km s�1 =Mpc , pc standing for parsec
 3:26 light years.
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Appendix A
Summary of Vector and Tensor Notation

In general, we have used tensorial notation throughout the book. Tensors of rank 0
(scalars) are denoted by means of italic type letters a; tensors of order 1 (vectors) by
means of boldface italic letters a and tensors of rank two and higher orders by cap-
ital boldface letters A. In some special circumstances, three-dimensional Cartesian
coordinates are used:

a.ai / vector;

A.Aij/ tensor of rank 2;

U.ıij/ unit tensor .ıij is Kronecker’s symbol/;

J.Jijk/ tensor of rank 3:

A.1 Symmetric and Antisymmetric Tensors

Denoting by superscript T the transpose, the symmetric and antisymmetric tensors
are respectively defined as

symmetric A D AT .Aij D Aji/; antisymmetric A D �AT .Aij D Aji/: (A.1)

The trace of a tensor is defined as the sum of its diagonal components, namely

trace of a tensor Tr A D
X

i

Aii : (A.2)

A.2 Decomposition of a Tensor

It is customary to decompose second-order tensors into a scalar (invariant) part A, a

symmetric traceless part
0

A , and an antisymmetric part Aa as follows
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A D 1
3
.Tr A/UC 0

A CAa D 1
3
Aıij C

0

AijCAa
ij : (A.3)

Note that this decomposition implies Tr
0

A D 0 .P
i

0

Aii D 0/.
The antisymmetric part of the tensor is often written in terms of an axial vector

aa whose components are defined as

aa
i D

X
j;k

"ijkA
a
jk; (A.4)

where the permutation symbol "ijk has the values

"ijk D

8̂
ˆ̂<
ˆ̂̂:

C1 for even permutations of indices .i:e: 123; 231; 312/

�1 for odd permutations of indices .i:e: 321; 132; 213/

0 for repeated indices.

(A.5)

A.3 Scalar (or Dot) and Tensorial (Inner) Products

We have used for the more common products the following notation:
Dot product between

two vectors a � b DP
i

aibi .scalar/;

a vector and a tensor A � b DP
j

aijbi .vector/;

a tensor and a vector b � A DP
j

bjajk .vector/;

two tensors A � B DP
k

aikbkj .tensor/:

(A.6)

Double scalar product between tensors

A W B D
X
i;k

aikbkj .scalar/: (A.7)

The trace of a tensor may also be written in terms of its double scalar product with
the unit matrix as TrA D A W U.
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A.4 (Inner) Tensorial Product (also Named Dyadic Product)

between two vectors .ab/ij D aibj .tensor of rank 2/;

a vector and a tensor .aB/ijk D aiBjk .tensor of rank 3/;

a tensor and a vector .Ba/ijk D Bijak .tensor of rank 3/;

two tensors .AB/ijkl D AijBkl .tensor of rank 4/:

(A.8)

A.5 Cross Multiplication Between Two Vectors
and Between a Tensor and a Vector

.a � b/k D "ijkaibj .vector/;

.B � a/ik D
X
j;l

"jklBijbl .tensor/: (A.9)

A.6 Differentiation

The most usual differential operators acting on tensorial fields may be expressed in
terms of the so-called nabla operator, defined in Cartesian coordinates as

r D
�
@

@x1

;
@

@x2

;
@

@x3

�
: (A.10)

Gradient (defined as dyadic product)

.ra/i D @a

@xi

.vector/; .ra/ij D @aj

@xi

.tensor of rank 2/;

.rA/jki D @Ajk

@xi

.tensor of rank 3/:

Divergence (defined as the scalar product)

r � a D
X

i

@ai

@xi

.scalar/; .r � A/i D
X

j

@Aji

@xj

.vector/: (A.11)

Rotational or curl (defined as the cross product)

.r �a/i D
X
j;k

"ijk
@ak

@xj

.vector/; .r �A/ik D
X
j;l

"ijk
@Aij

@xl

.tensor of rank 2/:
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The most usual second-order differential operator in tensorial analysis is the
Laplacian, defined as

r � r D
X

i

@2

@xi@xi

: (A.12)

A.7 Tensor Invariants

Some combinations of the elements of a tensor remain invariant under changes of
coordinates. Such invariant combinations are

I1 D TrA D A W U D
X

i

Aii;

I2 D TrA � A D A W A D
X
i;j

AijAji; (A.13)

I3 D TrA � A � A D
X
i;j;k

AijAjkAki:

Other invariant combinations may also be formed, but they are combinations of I1,
I2 and I3; for instance, one often finds the invariants I , II and III defined as

I D I1; II D 1
2
.I 2

1 �I2/; III D 1
6
.I 3

1 �3I1I2C2I3/ D det A: (A.14)

The invariants I , II and III appear as coefficients in the “characteristic equation”
det.�U� A/ D 0:
It is also possible to form joint invariants of two tensors A and B as

I11 D Tr A �B; I21 D Tr A �A � B; I12 D Tr A �B �B; I22 D Tr A �A �B �B:
(A.15)



Appendix B
Useful Integrals in the Kinetic Theory of Gases

We present here some useful integrals appearing in several calculations based on
the kinetic theory of gases. Let F.C / be any scalar function of the peculiar velocity
C such that the integrals appearing below converge, and let Cx and Cy be two
components of C . Then

Z
F.C /C 2

x dC D 1

3

Z
F.C /C 2dC ; (B.1)

Z
F.C /C 4

x dC D 1

5

Z
F.C /C 4dC ; (B.2)

Z
F.C /C 2

xC
2
y dC D 1

15

Z
F.C /C 4dC : (B.3)

The following definite integrals are also useful

Z 1

0

exp.�˛C 2/C rdC D
p
�

2

1

2

3

2

5

2
: : :

r � 1
2

˛�.rC1/=2 .r even/; (B.4)

Z 1

0

exp.�˛C 2/C rdC D 1

2
Œ.r � 1/=2�Š˛�.rC1/=2 .r odd/: (B.5)
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Appendix C
Some Physical Constants

Boltzmann’s kB 1:38 � 10�23 J K�1 D 8:62 � 10�5 eV K�1

constant
Stefan-Boltzmann’s �0 5:67 � 10�8 W m�2 K�4

constant
Radiation constant a D 4�0=c 7:56 � 10�16 J m�3 K�4

Atomic mass unit amu 1:66 � 10�27 kg
Electron charge e 1:60 � 10�19 C
Electron mass me 9:11 � 10�31 kg
Proton mass mp 1:673 � 10�27 kg
Planck’s constant h 6:63 � 10�34 J s D 4:14 � 10�15 eV s
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Giambó, S., 340
Giannozzi, P., 117
Giardina, R., 234
Gibbons, G.W., 433
Gibbs, J.W., 3, 15, 22, 30, 32, 48, 49, 51–54,

56, 62–64, 74, 82, 85, 93, 102, 103,
115, 123, 125–127, 143, 146, 149,
151, 186, 212, 292–294, 308–310,
313, 315, 316, 318, 328, 331, 332,
341, 349, 352, 355, 369, 375, 384,
385, 393, 395, 407, 418, 431

Giesekus, H., 348, 364, 365, 369, 375–376
Ginzburg, 34, 293
Goldstein, H., 158
Goldstein, S., 297
Gorban, A.N., 103
Grabert, H., 169
Grad, H., 31, 93, 99–103, 110, 114, 149, 153,

214, 263, 267, 269–271, 414, 415,
417

Grandy, W.T., 143
Gray, 106
Greco, A., 225
Green, A.E., 106, 107, 127, 174, 184, 202,

331, 348, 349, 368
Greenspan, M., 254, 260, 261
Griffin, 417

Grmela, M., 4, 32, 33, 35, 74, 113, 214, 215
Gurney, W.S.C., 148
Guyer, R.A., 208–211, 222, 223, 234
Gyarmati, I., 3, 48

H

Haase, R., 3
Hafskjold, B., 184
Halperin, B.I., 338
Hamilton, 3, 32, 33, 83, 113, 145, 157, 158,

170, 172, 293, 383
Hanley, H.J.M., 184–187
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Öttinger, H.C., 4, 32, 34, 35, 113, 383, 399
Owen, 30
Ozisik, M.N., 201, 243

P

Pankratov, O., 338, 339
Pavón, D., 131, 133, 270, 407, 410, 426, 427,

429–432, 434, 435
Pecora, R., 276
Peebles, P.J.E., 433
Peltier, 333
Pennisi, S., 334, 335, 337
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